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Perfectly Regular and Perfectly
Edge-Regular Intuitionistic Fuzzy Graphs
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Abstract: A Perfectly regular intuitionistic fuzzy graph is an
intuitionistic fuzzy graph that is both regular and totally regular.
I'n this paper we introduce and classify these types of intuitionistic
fuzzy graphs and study several of their properties, including how
two classes of intuitionistic fuzzy graphs structurally relate to one
another and several of their spectral properties such asisospectral
intuitionistic fuzzy graphs and when the energy of intuitionistic
fuzzy graph is proportional to the energy of their underlying crisp
graphs. These propertiesare studied in particular due to having at
least one constant function w and 3 .

Keywords: Intuitionistic fuzzy graph, perfectly regular,
perfectly edge regular intuitionistic fuzzy graph, Graph energy,
Spectral intuitionistic fuzzy graph theory, Intuitionistic fuzzy
matrix.

I. INTRODUCTION

Regular and totally regular fuzzy graphswerefirst introduced
in [5]. The fuzzy edge analog of these concepts, edge
regularity and total edge-regularity, were introduced and
studied in [18]. These concepts of regularity for both vertices
and edges in fuzzy graphs led to many advancements in the
structural theory of fuzzy graphs. Several relevant marquee
results stemming from this research include
[1,3,4,6,8-17,19-23,25-30].

The purpose of this paper is to prepare for a study of those
intuitionistic fuzzy graphs that concurrently exhibit both
intuitionistic fuzzy vertex and edge-regular properties. These
graphs will eventually help link certain intuitionistic fuzzy
systems and crisp systems, allowing for greater case in
computing properties of these fuzzy systems for modeling
purposes [2] or optimizing these fuzzy networks[7]. We first
study perfectly regular intuitionistic fuzzy graph which are
both edge regular and totally edge-regular. Spectra
properties of these classes of intuitionistic fuzzy graphs in
particular will help relate notions of regularity in
intuitionistic fuzzy graphsto crisp graphs, thus allowing for
a deeper understanding of these specia classes of
intuitionistic fuzzy graphs.

Perfectly regular intuitionistic fuzzy graphs will be
characterized in section 3 along with several initial resultson
perfectly regular intuitionistic fuzzy graphs. A similar study
of perfectly edge-regular intuitionistic fuzzy graphs will be
given in section 4.
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From there, we will study the combination of these properties
in intuitionistic fuzzy graphs by first studying the
relationships between perfectly regular and perfectly edge
regular intuitionistic fuzzy graphs in section 5 and then by
providing a study of their adjacency matricesin section 6.
The intention of thisbody of work isto serve asthe necessary
preliminaries for the introduction and study of those
intuitionistic fuzzy graphs which are both exhibiting
concurrently constant function ¢ and ¥ including those
intuitionistic fuzzy graphs which are both perfectly regular
and perfectly edge — regular. For an introduction to fuzzy
graph theory and its basic definition, the reader is referred to
[8]. For analysis notations and relevant limit theorems, the
reader isreferred to [24].

II. PRELIMINARIES

Definition 2.1
Anintuitionistic fuzzy graph is of theform G = (V, E) where,
i) V={v, v .1y } suchthaty,: V—[01]
and ¥ : ¥V — [0.1] denotes the degree of membership and
non-membership of the element v; € ¥V respectively and
0z wv)+yw)=lvy el (i=1l2..m—= (1)
i) EcV =V where
gy VxV =[01]andy, : V xV = [0,1] are such that

fa (g, va) < min {uy (v, gy (00} -+ (2)
vz (vy,v7) < max {y; (v} v, (v} - (3)
and
0= p-lvyv.) +y v ) =1v (v, v) eE(L2 ....n)
= (4)
Definition 2.2

The degree of avertex in an intuitionistic fuzzy graph is d {1}
= (dy(v), d, (v)) where

d_u{v] = Eu zplz (W 17) and
dy () = Ey opvz (wv)
Definition 2.3
Thetotal degree of avertex in an intuitionistic fuzzy graph
is td(v) = (td,(v), td, (v)) Where

td, (v) = d,(v) + p, ()
and td,(v) = d,(v) + y, ().
Definition 2.4
A regular intuitionistic fuzzy graph is an intuitionistic
fuzzy graph with if al vertices have same degree.

Definition 2.5

A totaly regular intuitionistic fuzzy graph is an
intuitionistic fuzzy graph if al
vertices have same total degree.
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Definition 2.6

A perfectly regular intuitionistic fuzzy graph is an
intuitionistic fuzzy graph that is both regular and totaly
regular.
Definition 2.7

The degree of an edge in an intuitionistic fuzzy graph is
d,luv) = d,(w) +d, () — 2p.(ur) and
dy(uv) = d,(u) +d,(v) - 2y, (uv).
Definition 2.8

The total degree of an edge in an intuitionistic fuzzy graph
is
td, (uv) = d, () + g, (w) and
td, (uv) = d,(uv) + y, (wv).
Definition 2.9

An edge regular intuitionistic fuzzy graph is an
intuitionistic fuzzy graph having
dy(ur) = kand d,(uv) =kVur e E
Definition 3.0

A perfectly edge-regular intuitionistic fuzzy graph is an
intuitionistic fuzzy graph that is both edge-regular and totally
edge-regular.
Definition 3.11

The order of an intuitionistic fuzzy graphiis
0, (G) =Zper oy (w)  and I::';r'(G) = Eper v: ).
Definition 3.12

An intuitionistic fuzzy graph is complete if
poluv) = p G A gy () and yz (ur) = 3 wdA ¥, (v)
W uvek,

1. PERFECTLY REGULARINTUITIONISTIC
FUZZY GRAPH.

Let G = (v, u.¥) be an intuitionistic fuzzy graphs that are
not totally regular and of totally regular intuitionistic fuzzy
graph that are not regular. In that same work, Theorem 3.2
provided a necessary (but not sufficient) condition on the
intuitionistic fuzzy subset ¥ of ¥ u; and ¥, of ¥ for perfectly
regular graphs, namely that wu;: ¥V — [0.1] and
¥t ¥V = [0,1] must be a constant function.

Theorem 3.1

Let G = (V. u¥) be aperfectly regular intuitionistic fuzzy
graph. Thenu, = ¥ = [0,1] andy,: V — [0.1] isaconstant
function.

Proof

Since G is perfectly regular.

We have G isboth K regular and K- totally regular.
Then we have that,
td(v) = [(d, () + 4, (v)). (d, W) + vy (v))]
= [(dy ) + py () (dy @) + vy (u))]
= [td, (u), tn’;f.{u]] Vu, v eV

Since, [d,(v).d, ()] = [d,(u).d,(u)] =K,
and  [td,(v), td, (v)] = [td,(u), td, (u)]= K,
We have that,

CRONALIE (.Ul{u]' o (ul)

Hence if G is perfectly regular then 4, and ¥, must be a
constant function.
Theorem 3.2

An intuitionistic fuzzy graph G = (V.u.¥) is perfectly

regular if and only if it satisfies the following conditions
i) Ek:l’ (42 {Vl'vk] Y (vig)]
:EL‘:_{[.“:{U_{UR}' }’:{V_i'vk]]
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i) (ewed va(vid) = Qv ()
vijve{l2...Iv]}

Proof

Let G be perfectly regular.
Be definition G isregular.

Hence it trivially satisfies (i).

Theorem 3.1 implies that condition (ii) is also met.
Conversely,

Let G be an intuitionistic fuzzy graph satisfies both
conditions (i) and (ii) (&,.¥;) =cisaconstant function.

[tdu{v].tdk.{v]] =k +c VvV,
and thus G is both regular and totally regular.

Hence G is perfectly regular.
Corollary 3.3

Let G be a perfectly regular intuitionistic fuzzy graph.
Let (p, (v} 1 (v)) =c¥ el
Then the order GisO(G) =c [Vl.

Theorem 3.4
Let G be a perfectly regular intuitionistic fuzzy graph and
Let [d, (). d,(1)] =k ¥ vel .
Then thesize of GisS(G) = — .
Proof
Since Gis perfectly regular, we have that
(d, () d,(w))=kvvell .
Hence, I, [d, (1), d, ()] =k lvl.
However, since  (d,(v).d, (1))
Yuer (p2Guv), vy (ur)).
Wehavethat — I,[d,(v).d, )]
Doer Zu=y (H2(uw), yy(ur))
=2 Xyper (uzlu), vz ()
=29(G).
Thus we conclude that the size of a perfectly regular

)

intuitionistic fuzzy graph is — .

IV. PERFECTLY EDGE - REGULAR
INTUITIONISTIC FUZZY GRAPHS

Theorem 4.1

Let G = (V. ¥) be a perfectly edge-regular fuzzy graph.
Then w, - V xV =[0.1l andy» : V xV =[0.1] is a
constant function.
Proof

Since G is perfectly edge —regular, We have that G is both
K, edgeregular and & totally edge-regular.
Then we have that

K, = td (uv) = {n’_u{m:] -I—.u:{uv]].{d:f.{m:] + o lur))
- @

td (xy) = [((dy Cey) + o Cey)), (dy (ey) + vz Geyd)]

= Ky +(u ), v, () )

Sinceur and xy were arbitrarily choosen edges.
Hence the proof.

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

A
o
,e”—'nor |B\-‘°"
WWW.IJEAT.ORG,

Exploring Innovation


http://www.ijeat.org/

OPENaACCESS

Theorem 4.2

An intuitionistic fuzzy graph & = (V, w. V) is perfectly
edge regular if and only if it satisfies the following
conditions.

) Zpen (aluzd vo(uz)) + Eopp (alvz) vy (vz)) - 2
() yy(ur) )= Topy (uo(x2) 72 (x2)) +
Lrey (2 (rz).v2(y2)) - 2 (u2lxy). vz (x3))
Vur,xye E
i) (o Q) vz (uv)) = (2 Ceyd, vz (xy))
Yur,xyeE.
Proof

Since G is perfectly edge- regular and since (i) is the
definition of an edge-regular intuitionistic fuzzy graph.

G obviously satisfies (i). By theorem 4.1, G also satisfies
(ii)

Conversely,

Let G beanintuitionistic fuzzy graph satisfiesboth (i) and
(i) ie) Gisk - edgeregular and hasaconstant u = ¢.
Since (i) isthe definition of being edge-regular.

iii)[td, (uv) + td ()] =k+¢
= (td,(xy), td,(xy)) Vuv,xye E.
Corollary 4.3

Let G be aperfectly edge regular intuitionistic fuzzy graph

and let,(u.(ur), ¥, (ur)) = c ¥uv e E. Thenthesize of G is

S(G)=clEl
Theorem 4.4

Let G be a perfectly edge regular intuitionistic fuzzy
graph. Then the order G is bounded between
EL'EL’ Er:u':.“:{-rv]-}’: (xv) = 0(G) < lvl.
Proof

As the upper bound is obvious, we need only to prove the
lower bound.
Thisfollows directly from the definition of
(2 luw), v () < (W v () A (a0, (0))
Thuswe havethat (i, (1), ¥, (1)) = Epap V' (2 lav), v (x17))
isalower bound for (4, (v}, ¥, (v) ¥ veV.
The sum of theseindividual lower boundsfor (u; (¥}, ¥, (%))
is precisely the lower bound stated for O(G) in the theorem.
Theorem 4.5

Let G be aperfectly edge — regular complete intuitionistic
fuzzy graph and let uel if there exists veN(u) 3:
(e Gy (u)) = (e, (w). v, (v)). Then there exists an edge
uveE 30 (unluw), yo(ur)) = (u G,y (ud).
Proof

Since G is complete.
((2Gd v (ur)) = (e Gy () A (o (o), vy ()
choose v 3 veN (u) and (u, (wh. ¥, (v)) = (u, (). vy (u))
Then (uz (uw), y2(uv)) = (uy @y (u))
Theorem 4.6

Let F, be an ordering of the veN () such that x = y =
(e 0)y (x)) = (o by (y)). 1f B, does not have a
unique greatest element for al ueV | then .o Aoy
(uz (o). v (x1) = O(G).
Proof

Since G is complete and since there is no unique greatest

elementin F, V ueV.

We have tha WV vel thee exists uelV 3
(P!'_'L [v)r '}"l [1‘}) ) i: (p’l (v}r '}"l [V})
We have that

EUEV h.xiv[luz (xv)r ¥z [xv) =0(G)
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Hence the proof.
Theorem 4.7
Let O (G) represent the order of a perfectly edge-regular
completeintuitionistic fuzzy graph G with constant (u2.¥=) =
c. Let T be the independent set of al vertices
v 3 uveE 3 (p.luv), v (wr)) = (e why(v)) and let

ITl = «lvl  Then (1 a(l-c) ) O(G)
= Zper Mamr (02 Gevd v, Gevd) = 0(6).
Proof
As the upper bound was established.
We need only to prove the lower bound.
Let ¥ be the set of vertices

veV 3 uveE 3 (u,luv),y, () ) = (u, (w) ¥, (v)) and
let 1, = V\I7.

ie) V. isthe independent set described in the statement of
the theorem.

Hence [V] = alV].
Thus we may write a lower bound for O (G) as
Loe ¥y Py (@2 Gevd y, Gev)) + K, 5 ey (a2 (20}, 32 (w) )
= EL'EL’, (u L{V] J (vt EL'EL—': {.“L{V:Ia ¥i(v))—= (1)
By Definition of ¥, .
We have that
EL‘E 1] {_U J_':L-‘:], }’L{v])
So we may rewrite this lower bound as
EL‘E ] Ny (112 (), ¥z (xw) 1= Eue N (u J_':L?] (v} with
equality holding only when ¥ = a@.
Since (4..¥2) = cisaconstant function due to the perfect
edge-regularity of G.
We may obtain an upper bound on the difference between the
two sides of our inegquality as
o I:]. - I:':]H"?l = EL‘EI-"—_- {.U L{U] ’
EL-'E 1 Nz (2 (xv), ¥z (xv)) = (2
Thus we may bound Z,. Myeplp-Cxr). 2 (x12)) in both
direction asfollows
EL'EV':.“L{U:], }’L':v]) -o (1 - C]“”lﬂ
El,-'El--" ﬁx:b‘{.u Z {’rv] o ]": {IU] ]

e, Mrao itz (), v2 (ev))

() ) -

= B (u, () N ALD)) =3
By dividing through by p(G) we obtain
1- a@ [L—&) |V < el Dpzplialxv) p (x0) <1 = (4)
oE) (&)
By noticing that 1= ——-= =

and making a small sacrifice to lower bound, we obtain

Ever Npzp(ia (xw) s lawly

le(l—c)= o =1 = (5)
By multiplying through by O (G)
Hence the proof.

V.RELATING VERTEX AND EDGE -REGULARITY
ININTUITIONISTIC FUZZY GRAPHS

In this section we study what additional properties are
needed for one form of regularity in intuitionistic fuzzy
graphs to imply the other form of regularity. A perfectly
regular intuitionistic fuzzy graphs that is regular and has a
constant function & .

Theorem 5.1

If Gisregular and i = ¢ isaconstant function then G is
perfectly edge — regular.
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Proof

Let G bearegular intuitionistic fuzzy graphand let 1 = ¢
be a constant function. Then
(dy (), d, (1)) =k ¥ veV.

Where k is simply a multiple of c. The degree of an
arbitrary edge of G isthen
(d_u (uv), d:r'l:uv:l) = (d_u{u]' d:r'l:u:]) + (d_u{v:]'d;r":v:]) -
2(u-uv), y2 (wr)) = 2k—2¢ =2 (k- ©)

Hence G isedge - regular.
Since the total degree of an edge in an intuitionistic fuzzy
graphis
(td, (uv) + td, (ur)) =

(dy (), () + (i (uw) vz (200

We have,
(td, (v} + td, (ur)) = 2 (k-c) + c =2k — c for all edgesin
G.
Thus G is totaly edgeregular and therefore perfectly
edge-regular.

Example 5.2

Consider figure is totally regular and not a regular and
cannot betotally edge — regular asit is not edge regular.

02,02) b O-Lo- g (02,02)
(0.1,0.1)
(0.1,0.1) (0.1,0.1)
(02,02) a 4,001,071
(0.1,0.1)
(. ad v (e) = (u.le). ¥, () = (0.2,0.2)
(1 (B)y, (0)) = (. (d).y,(d)) = (0.1,0.)
and (.u:(ﬂb].}r: {nb]) :(,U:':-[Jﬁ'].}’: I:.[Jﬁ']) — (01, 01)

(uzlcd).y2(cd)) = (uzlad).y:(ad)) = (u(bd).y2(bd)) =
(0.1,0.2).
While the degree of band d is (0.3, 0.3).
The total degree of every vertex is (0.4, 0.4).
Hence,
A an constant (u-.¥-) and istotally regular but is not regular.
To seethat it is not edge — regular.
Consider the edges ab and bd.
We have,
(dylab), d,(ab))= 03= 0.4= (d,(bd), d,(bd))
Since i is constant.
Clearly, this figure cannot be totally edge-regular as it is not
edge-regular.
Theorem 5.3
If Gis perfectly regular and complete, then G is perfectly
edge — regular
Proof
Since G is perfectly regular.

py (), vy (W) = @y (v), v (v)
Since G is complete.

(tta (uv), s (uv)) = (uy (), ()

— (1)
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Ay (v), (V)
YuvekE

(1) and (2) = (5, ¥3) isaconstant function.
Hence the Proof.

— (2

VI. SOME SPECTRAL PROPERTIESOF
EDGE-REGULAR INTUITIONISTIC FUZZY GRAPH

In this section we study some basic spectral properties of
perfectly edge -regular intuitionistic fuzzy graphs. The
adjacency matrix of an intuitionistic fuzzy graph A (G) is
defined as A (G) = (ai;) = (uz (vyvy). vz (vyy)).
Remark 6.1

Let G be aperfectly edge-regular intuitionistic fuzzy graph
with (u-.¥:) =c andlet &* be the underlying crisp graph of
G.Then A(G) =cA (&7)
Theorem 6.2

Let G beaperfectly edge- regular fuzzy graph and let G pe
its underlying crisp graph. If A is an eigen value of G then c A
isan eigen value of G.
Proof

From 6.2 we have that the multiplicities of the eigenvalue
from will be unchanged and that the eigenvalues of the
intuitionistic fuzzy graph will both scaled by c,
Hence 1 and ©2 are isospectral
Theorem 6.3

Let : and &2 be two perfectly edge-regular intuitionistic
fuzzy graphs with respective underlying crisp graphs 61 and
Gz respectively. If &1 and &z are isospectral and €1 = ¢z
then &1 and @z are isospectral.
Theorem 6.4

Let G be aperfectly edge-regular intuitionistic fuzzy graph

and let & be its underlying crisp graph. If the energy of &~
iSE (G) then theenergy of GisE (G)=cE (¢").

Proof

By definition the energy of G given by E(G) = Zi=:%
wherethe: arethe eigen valuesof & .
From theorem 6.2 We have that energy of G is given by
E (G) = Zi=tlehil= (EL Nl = g (67,

VIlI. CONCLUSION

In this paper, we began a systematic study of two classes of
intuitionistic fuzzy graph perfectly regular and perfectly
edge-regular of intuitionistic fuzzy graphs that link
intuitionistic fuzzy graph theory to fuzzy graph in severa
important aspects, most notably by studying some of the
structural and spectral properties of these intuitionistic

graphs.
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