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Termina Wiener Index of Fibonacci trees

Sulphikar A

Abstract: The terminal Wiener index of a tree is defined as
the sum of distances between all leaf pairs of T. We derive
closed form expression for the terminal Wiener index of
fibonacci trees. We also describe a linear time algorithm to
compute terminal Wiener index of a tree.
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l. INTRODUCTION

For a tree T, the terminal Wiener index TW(T)[7] of T is
defined as the sum of the distances between all pairs of
leavesof T. That is

TW(T) = 3

1<i<ji<k

dr(vi, vj)

wherev; ,v; areleavesin T.

Let T be an n-vertex tree with k leaves. Then TW(T) can be
expressed as

TW(T) = Xcp(e)p'(e)
D

where p(e) and p'(e) are the number of leaves in two
components of T — e[6]. Section 2 outline an algorithmic
approach to compute terminal Wiener index of fibonacci
trees and binary fibonacci trees. Section 3 explain an
algorithm to compute TWI of atree. The paper[9] describe a
method to compute terminal Wiener index of balanced trees.

. PROPOSED METHOD

We propose a method to compute terminal Wiener index of
fibonacci trees.

2.1 Fibonacci trees and Binary fibonacci trees

We begin with lemmal below.

Lemmal:

Let T beatree composed of two digointtreesT; and T»
respectively. Let x € V(T1) ,y € V(T2) and xy be a
cutedgein T. Let |1 and |2 be the number of leavesin T1and

T» respectively.

For any vertex u ¢ V(T) let d*(u) denote the sum of the
distances from u to every leaf in T. Then
TW(T)=TW(T)+TW(T2)+d*(y)+ [.d*(X)+al2.

(2) Let F denote the k™ Fibonacci number. The Fibonacci
tree Ty of order k [2,10], is defined recursively in the
following way:

T -1 and Tt o are both  fibonacci trees consisting of a
single node. For k>=1, T consist of two fibonacci trees T
ik-1 and T -2 of orders k-1 and k-2 respectively, where T -2
isthe rightmost child of the root of the other.
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Figure 1. A Fibonacei tree Ty,

Let TrP denote the binary Fibonacci tree of order k [2,10],
is defined recursively in the following way:

TP and Tr:® are both rooted trees consisting of no nodes
and a single node respectively.

For k>=2, Tx" consist of aroot with two fibonacci trees, T
1 and T2 as left and right child respectively.

Figure 2 shows binary fibonacci trees T through TP
Terminal Wiener index of a Fibonacci tree

Theorem 2.1
Let Tw be afibonacci tree. Then its terminal Wiener index
isgiven by
TW(Ta)=TW(Tr-)+TW(Tr2)+FRd ¢ F(k-2)+F1  dr(k
D+F Fes, k=3 (3)
wherek isitsorder.
A
T T b

4

Figure 2. Binary Fibonacci tree T}’A_

Proof.

In order to compute TW(T+), we first obtain aclosed form
expression for d*rs (k), sum of the distance between root of
Ts (k) and its leaves.
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From fig.1, we have

d*i(K)=d*ri(k-1)+d*1i(k-2)+Fi.1,  (4)

with d*r(0)=0, d*r(1)=1, and d*1(2)=2.

We introduce the generating function G(z) as

G =dn(Dz+d Q22 +d QB +d (4 z*+ .. ..

(5

22

From (eqg:4) and (eq:5) we get

(1-z-22)G(2)=1+F1z + F.z> + Fsz+Fiz* +
(6)

G(2) can be obtained from (eq:6) as

G(2)=1/(1-z-2)+(1-z-2%)%} =1/5z(1/(1-p2)*+1/(1-
©'2)%}+42/(1-2-2%)

where @ = (1 ++/5)/2 and p'=(1 —/5)/2.

It follows(see [8]) that k+1

[Z4G(2)=d" 11 (K) = F+ Y. Fj-1 Fijer= 5l [(k+4)Fi+2KF.1].

j=2

substituting 11=F¢ and l>=F.1 inlemmal we get

TW(Tfk):TW(Tfk.l)+TW(Tfk.2)+deTf+(k‘2)+Fk_1 ot +(k-
1)+Fka.1, k>=3

with TW(T¢1)=0 and TW(Tr)=2.

The following algorithm computes TW(T ).

1.Procedure TWI-FIB(k)

2. Fori=1l to k do

3. Compute F;

4, TWi=0

. TW,=2

. For j=3 to kdo

D =0.2((j+3)F-1 + 2(j-1)F;-2)

D' =0.2((j+2)Fj-2+ 2(j-2)Fj-3)

TW = TW+TW2+ F..D+FD’

10. TW1=TW;

11. TW=TW

12. return TW

13. EndProcedure

Theorem 2.2

For a fibonacci tree of order k denoted by T we can

compute TW(Tx) in O(logFy) time.

Proof.

Itis easy to see that in TWI-FIB(K) step 2 requires atmost

logF« additions and steps 7-12 require atmost logFx

multiplications and additions.

2.3 Terminal Wiener index of a Binary fibonacci tree

Theorem 2.3

Let Tw be a binary fibonacci tree of order k[10]. Then its

terminal Wiener index is given by

TW(Ta®)=TW(Tk1?)+TW(Tric.2) +Ficadri® (K-2)+Fieo0r™ (k-
D+Fc1Fe2, k=4 )

Proof.

Consider the Fibonacci tree Tq of fig.2 . In computing

TW(Tw), we first obtain a closed form expression for

d*r°(k). From fig.\ref{fig: 7}, we have

d*reb(K)=d*1°(k-1)+d*1°(k-2)+F, (8)

with d*1(0)=0, d*r°(1)=0, and d*r; °(2)=1.

Using method similar to section 2.2, we get

[21G(2)=d*"(K)=X 21 FjF k —j+ 1—Fk

= ~[KFie2 +(k-3)Fid.

By taking l1=Fx.1 and l>=F2, by lemmal we get

TW(Tfkb) :TW(Tfk_ 1b) +TW(Tfk.2b} )+Fk.1deb+(k' 2) S

R [ pp—

1-z-2z2

O~
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deb+(k-l)+Fk.1Fk.2, k=>4, 9
with TW(T+2?)=0 and TW(T:3?)=3.

Using eq:9 we can compute TW(Tx?)
algorithm TWI-FIB(k).

similar to the

1. AN ALGORITHM TO COMPUTE
TERMINAL WIENER INDEX

We outline an algorithm to compute TWI of atree T, which
uses tree reduction and vertex weighting. Each vertex u is
assigned two weights, wlu] and w'[u].

1. procedure TWI(T) & This computes TWI of a tree using tree reduction

2. pel

3. fori=Ito[V(I) do

4, wli] 0

5. fli]+0 > Indicates whether vertex i is visited or not
6. if degreet;] =1 then

T, peptl

8. fli]+1

9. end if

10.  end for

—

1. fori=1t|V(T) do
12, if degree(v;) =1 and f[i] = 1 thenp Check whether v; is pendent vertex

or not
13, Choose a neighbor y of v;.
14 wly] ¢ wfy+p-1
15, Remove the edge (v;,3)
16. Remove the vertex v;
17. end if
18, end for
19 w=w

20.  while E is not empty do
2L, Select a pendent vertex v
22, Choose a neighbor u of v .

2, zeufilf(p-1)

24, w'lu] & o' [u] + w']o]

5. b ol ol o)
2. Remove the edge (u,v)

2. Remove the vertex v

28 end while

29. end procedure

The best case occursif T is a star and the worst case occurs
if Tisapath.IftheT isastar, thewhileloop in lines 20-28
is not executed at all. The maximum number of iterations
for both while loops together can not exceed the number
of vertices in T. Therefore, the complexity of the above
algorithm is O(n).
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IV.RESULT ANALYSIS

The above algorithm is implemented using Python 2.7 and
NetworkX. The input to the algorithm is a tree and the tree
is reduced by removing pendent vertices one at atime. Each
time a pendent vertex is removed, the weights are updated.
Finally the tree reduces to single vertex, in which case its
weight gives TWI of the tree. Fig.3 shows a tree with
terminal Wiener index=82 and Table 1 list the values of w
and w’ during the execution of the algorithm.

8 0
]
1 4 10
»
'R R T E
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Figure 3. A tree T with TW({T) = 82

vertex(v) | edge(v-u) | w(u) | w’(u)
1 1-2 6 -
4 4-3 6 -
8 8-7 6 -
6 6-5 6 .
9 9-10 6 -
12 12-11 6 -
13 13-11 12 -
2 2-3 18 12
3 3-5 34 18
T 7-5 46 24
10 10-11 24 18
5 5-11 82 42

Table 1. Steps [or computing TWI of tree in hig.3

V.CONCLUSION

This paper introduces an efficient way to compute
terminal Wiener index of Fibonacci trees and binary
fibonacci trees. For fibonacci trees, we developed an
algorithm to compute TWI in O(log(Fk)) time. We aso
intoduced an algorithm for computing TWI of any tree in
linear time.

Retrieval Number: B4542129219/2020©BEIESP
DOI: 10.35940/ijeat.B4542.029320
Journal Website: www.ijeat.org

2535

International Journal of Engineering and Advanced Technology (IJEAT)
I SSN: 2249-8958 (Online), Volume-9 I ssue-3, February 2020

REFERENCES

1. Y. H. Chen, X. D. Zhang(2013) On Wiener and terminal Wiener indices
of trees, MATCH Commun. Math. Comput. Chem. 70, 591-602.

2. T. H. Cormen, C. E. Leiserson and R. L. Rivest(1994) Introduction to
Algorithms, The MIT Press.

3. P. Dankelmann(1993) Computing the average distance of an interva
graph, Inform. Process. Lett. 48, 311-314.

4. A.A. Dobrynin, R. Entringer, |. Gutman(2001) Wiener index of trees:
theory and applications, Acta Appl. Math. 66, 211-249.

5. A. A. Dobrynin, I. Gutman, S. Klavazar and P. Zigert(2002) Wiener
index of hexagonal sytems, Acta Appl. Math. 72, 247-294.

6. 1. Gutman and B. Furtula(2010) A survey on termina Wiener index, in

I. Gutman and B. Furtula(Eds.) Novel Molecular Structure Descriptors

- Theory and Applications, Kragujevac, 173-190.

|. Gutman, B. Furtulaand M. Petrovic(2009) Terminal Wiener index, J.

Math. Chem. 46, 522-531.

8. D. E. Knuth The Art of Computer Programming. vol. 1, 3/e, Addison-
Wesley, 1997.

9. A Sulphikar(2019) Terminal wiener index of balanced trees. vol. 8,
Int'l Journal of Recent Technology and Engg, 2270-74.

10. K. Viswanathan lyer, K. R. Uday Kumar Reddy(2009) Wiener index
of binomial trees and Fibonacci trees, Int'l. J. Math. Engg. with Comp.

11. The distances between internal vertices and leaves of a tree, European
Journal of Combinatorics, 41, 79-99.

~

AUTHORSPROFILE

Mr.Sulphikar.A B.Tech, M.Tech is doing
Ph.D a Nationa ingtitute of technology,
Tiruchirappalli, Tamilnadu,India. Hisresearch
areas include algorithms and graph theory.

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

B
o

/e"fﬂor |B\-‘°"
WWW.


https://www.openaccess.nl/en/open-publications
http://www.ijeat.org/

