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Abstract: Dynamic computation include the process of
determining the forces and energies that would cause a
manipulator to move certain distance at a given angle. The
complex nature of available materials has made this process
difficult. Thedynamicsequation for a 3-linksrobotic manipulator
was designed using the Lagrange archetypal. The result shows
that the energies (including Potential and Kinetic Energy) as well
as the torques required to cause motion at each joint can be
computed separately. The torque equations represents the
dynamic models required.
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I. INTRODUCTION

Machinesthat possessthe ability to automatically carry out
tasks with little or no human aid is referred to as Robots [8].
Raobotics is therefore the sum of all actions that are directed
towards the design, development and study of robots.
Robotics is a complex system that requires the efforts of
multi-discipline to develop, which is necessitated by the
involvement of different parts requiring various forms of
controls energies by actuators providing forces or torque [1,
2]. The development of Robotic system involves multiple
steps of complex computational estimation for necessary
torque to enable motion for the manipulator.  The
manipulator being an electronicaly controlled mechanism
with linkages, otherwise known as the robot arm [9]. One of
these complexity involves the estimation of the dynamics of
the robotic system, which implies the computation of the
forces or torque that would act at the various joint and hence
creating motion on the entire arm [1, 2]. According to

Revised Manuscript Received on February 05, 2020.

* Correspondence Author

Chukwuemek C. Obasi*, Department of Computer Engineering, Edo
University lyamho, Edo State Nigeria

Email: Obasi.c_chukwuemeka@yahoo.com.

Ikharo A. Braimoh, Department of Computer Engineering, Edo
University lyamho, Edo State, Nigeria

Email: ikharo.braimoh@edouniversity.edu.ng

Alphaeus Odaba, Electrical Electronics Engineering Department, Air
Force Inditute of Technology, Kaduna, Nigeria (email:
a pheousl7@yahoo.com)

Leonard lyase Ogbewey, Computer Engineering, Federal Polytechnic,
Offa, Kwara State, Nigeria (email: Leonard_Ogbewey @yahoo.com)

Bambe Adeduntan Oluyomi, Computer Engineering, Federa
Polytechnic, Offa, Kwara State, Nigeria (email: oluwatooni 80@gmail.com)

© The Authors. Published by Blue Eyes Intelligence Engineering and
Sciences Publication (BEIESP). Thisis an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

Retrieval Number: C5370029320/2020©BEIESP
DOI: 10.35940/ijeat.C5370.029320
Journal Website: www.ijeat.org

1908

Featherstonein [3], robot dynamicsis a concept that explains
the relationship between the force acting on the actuator of a
robot manipulator that produces equivalent acceleration.
Featherstone [3] went further to classify robot dynamics into
two main category, including Forward Dynamic, which isthe
computation of acceleration when the force is known, and
Inverse Dynamics, which is the computation of the force
when the acceleration is known.

The development of robot dynamics has attracted
numerous research in years gone by, of which Lewisin [2]
was one, where the Lagrange-Euler Dynamics of motion was
used to represent the general form of robot dynamics.
Newton—Euler and L agrange approachesfor the formulation
of robot manipulator dynamic have been presented by Craig
in [5] and Asada in [3]. Both inferred that Newton—Euler
approach is force based, while Lagrange approach is energy
based. However, Asada claimsthat the former is known with
the issue of force constraint, which the later provided the
solution. Moreover, ageneralized form of robot manipulator
dynamics was presented in both cases. A review of
computational agorithm of the robotic dynamics for
tree-structured mechanism was presented by Featherstone in
[7], where the equations were generalized still. The dynamic
computation of 2-links planar manipulator was presented by
Jazar in [6] and by Lewis in [2], where both used the
Lagrange approach for the computation. The computational
analysis of 3 — Link Articulate Robot Manipulator was
presents by Obasi et al. in [10].

This paper intends to formulate the dynamics of a 3-linkes
articulated robotic manipulator using the Lagrange
formulation approaches. Thisis directed towards providing
necessary information for a guide in the study of robotic
manipulators in a more simplified way. Thisis afollow up
on the work presented in [10] by Obasi et al.

[I. METHODOLOGY

The equation of the Lagrange formulation method is shown
in Eq. 1 below:

d oL

dat 9g

oL
Friaiid eq. 1
Where q is n-vector of generalized coordinates g, T is an
n-vector of the generalized forces ti, and L the Lagrangian is
the difference between the kinetic and potential energies (L =
KE - PE).
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n n
KE = Z KE®©), PE= ) PE(®)
i=1 i=1

L

Where PE and KE are the total potential and kinetic energies
at lo, 11, and I respectively. Hence, sum of al the energies at
thejoints.

»,KE(0) =KE, + KE, + KE,, and Y ,PE(6) =
PE, + PE, + PE,

Now calculating the energies at each joint given in free body

diagram shown in figure 1 below:
plx y,8)

Jitasyr)

Jo %5 Yo) 6o

Figure 1: Free body diagram of the threelinks
manipulator [10]

The base of the robot performs only rotational motion.
Hence the energies at the base are:

5(1 = - llél Sln 91 and )./1 = llél Cos 01 Eq. 7
Putting Eq. 6 and Eq. 7 into Eq. 4,
v,2 = (= 1,6, sin 61)2 + (116, cos 91)2 Eqg. 8

Computing the kinetic energy at thisjoint, Eq. 8 was put into
Eq. 3 asfollows:

KE, = %ml ((— 1,6, sin 91)2 + (llé1 cos 91)2) Eq. 9
Also,

PE; = mygl, sin6; Eqg. 10
At Joint J2

v,2 = (=16, sin6; — 1,6, sin 92)2 + (16, cos 6, +

1,0, cos 92)2 Eq. 11

KE, = %mz ((_1191 sin6; — 1,6, sin 92)2 +

(1,6, cos 6, + 1,6, cos 92)2) Eq. 12
PE2 = ng(ll Sln 91 + l2 Sln 92) Eq. 13

Now the sum of kinetic energy is

=1 242 =147 2 1 .
KE, . = Smr 0y or KE,os = 21090 Eq. 2 Z KE(0) = _10902
i=0,1,2 2
Where | =inertia 1 ) 5
Here, PE = 0 (rotational motion) + Eml ((— 1,6, sin 91)
Linear energies at the links: . 5
+ (l191 cos 91) )
1 ) 1 - - 2
KEjinear = S Miv; Eqg. 3 + Emz ((—l191 sin6; — 1,6, sin 92)
. . 2
+ (46, cos 8, + 1,6, cosH
v2 = (8,2 + 9.2) Eq. 4 (10 cos 6, + 16, 2))
PEjinear = migh; Eqg. 5
At Joint JO
= % 1,0, + %ml(llzél2 sin? 8; + 112912 cos?8,) +
1 . 2 1 24 2 PR
KE,, = 51090 ,PE =0 M, ([l1 0, sin? 8, + 21,1,6,0, sin; sinh, +
2
At Joint J1 1,0, sin® 92] +
[112912 cos? 0, +
x, = lycosB;and y; = [;sin6, Eq. 6
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21,1,6,6, cos 6, cos 6, + 122922 cos? 92])

% Io6, + %mlllzélz(sin2 0, + cos?8,) +
%mz ([llzélz(sin2 0, + cos?8,) + l229'22(sin2 0, +

cos? 92)] + [241,6,6,(cos 8, cos 8, + sin 8, sin 92)])

Eq. 14

But
1= cos?a +sin?p Eg. 15
cos(a — B) = cos(a) cos(B) + sin(a) sin(f) Eq. 16

Simplifying Eq. 14 with Eq. 15 and Eqg. 16,
1 . 1 . 1 . 1 .
KE = E 1090 + Emlllzelz +§m2l12912 + Emzlzzgzz

1 .
+Em2211129192(COS 61 - 92)

KE = % 1090 + %(ml + mz)llzélz + §m21229'22 +
mzlllzgléz(cos 91 - 62) Eq 17

Potential energy was calculated thus:

012 PE(0) = mygl, sin6; + myg(ly sin6,; +
l,sin8,) Eq. 18
Using the equation, L = PE + KE, Hence,
1 . 1 24 2 1 24 2
o L = E 1090 + E(ml + mz)ll 91 + Emzlz 92
+ mzlllzélgz(cos 91 - 62)

— [mygl; sinB; + m;g(l; sin 6,
+ 1,sin6,)]

1 . 1 24 2 1 2. 2
= E 1060+ E(m1+m2)l1 61 + Emzlz 92

+ mzlllzéléz(cos 91 - 92) - (m1

+ m;)gl, sin 8, — m,l,sin0,

According to Lagrange equation of motion,
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4oL o _
ac aq  aq  ©
oL _ 1,6
69'0 — o%Yo
d oL
dt 090 — foYo
aL 24 2 K3
5 = (my + mu)1%6;," + myli1,6,(cos 6, — 6,)
1
E ﬁ = (ml + mz)ll 91 + m2111292 Cos(gl - 02)
1

- mzlllzéz Sln(@l - 92) (él - 62)

oL .
30. = myly1,0,0,sin(6; — 6,) — (my + my)gl, cos b,
1
L4 oL oL _ o _ 24
.e dt 66-1 891 - Tl - (m1 +m2)l1 61+

mzlllzéz COS(G]_ - 92) - m2l1l2é2 Sin(@l - 62) (91 -

92) - mzlllzéz Sin(@l - 92) - (m1 + mz)gll Cos 91

Eqg. 19
oL L2 .
- = mzlz 92 + m2l1l291 COS(91 - 62)
a6,
d oL L%, +myl1,6; cos(8; — 6,)
— —=m m Cos -
dt 892 2t2 Y2 2t1%2Y1 1 2
- mzlllzgl Sin(Ql - 92)(91 - 02)
oL .
— = mzlllzglez Sln(91 - 92) - nglz CoSs 92
26,
d oL oL - -
. E 6_92_ E =T, = m2l2292 + m2111291 COS(Q]_ -

92) - mzlllzél Sin(Ql - 02)(91 - 02) -

m,l;1,0,0,sin(6; — 6,) — mygl, cos @, Eq. 20
Simplifying Eg. 19 and Eq. 20,
7o = Iobo

Eq. 21

T, = (m1 + mz)llzél + mzlllzéz COS(@l - 92) -
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mzlllzézz Sln(Ql - 92) + (ml + mz)gll Cos 91
Eq. 22

TZ = mzlzzéz + mzlllzél COS(@l - 92) -
mzlllzélz Sln(Gl - 62) + nglz Cos 92 Eq 23

These equations are specific for the three link robotic arm

described by the free body diagram shown in figure 1.

[1l. RESULT ANALYSIS

The summary of the result of this computation is presented in
table | below:

Table- I: Summary result of the computation

Joints Torque Value

N To Ioéo

\b Tl (m1 + mz)llzél + mzlllzéz COS(91 - 92) - mzlllzézz Sln(91 - 92) + (m1 + mz)gll CosS 91
JZ TZ mzlzzéz + mzlllzél COS(G]_ - 62) - mzlllzélz Sll‘l(@l - 92) + nglz CosS 92

In the end of the computation exercise, Table-l shows the
dynamics equations at the various joints. These egquations
represents the values of the torque (t) that will be required to
cause a displacement at the variousjoints. Parameter present
in these equations are discussed in table-11.

In summary, Table- Il shows the parameters produced from
the eguations

Table-l1: Description of parameterspresent in the
equations

Parameter Symbol Description

The vaue of
forcesrequired to
cause joint
displacement

Torque Ty, T; and T,

Value of
displacement on
ajoint

Angle 64,0, and 6,

The vaue of the
length of the
robot am at
various joints

Length of arm lo,l; and 1,

The value of the
mass of am
segment

mgy, my and m,

Table Il shows the descriptions of the parameters used in the
computational models shown in table I. The parameters
T, T, and T, represent the force (torque) that must be
provided by DC motor to move joints jo, j» and j2 to angles
specified by 6o, 61 and 6, respectively, while I to |, are the
length of the respective links, and my, my and m, are the
masses of the various links.

By these computations, the robot easily operates
seamlesdy with predictable loci while fully operational. The
directional motionsis resolved with the capability of forward
and backward movement without susceptibility to delays and
failuresin itstrajectory.

V. CONCLUSION

The process of robotic systems requires the kinematics and
dynamics of the robotic manipulators. As afollow up on the
computational process of kinematic presented in [10], the
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computational dynamics of a robotic manipulator has been

presented here. A simplified approach involving the use of

Lagrange method for the determination of the manipulator

dynamics of a 3-links manipulator was considered. In this

approach, the energies and forces acting at each joint were
computed separately, forming mathematical models for the
required torques at those joints.

The results obtained from these analysis show that:

1. Thetorques at the respective jointsin amanipulator isa
product of the mass, length, and angle of thejoint.

2. The computed values can be used to determine the
rating of actuator to be used in the robot
implementation.

3. The approach simplified the process of determining the
dynamics of jointsin arobot manipulator.

4. Thisisanovel approach to evaluating dynamic 3-links
articulated robotic manipulator.
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