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Abstract: The ultimate purpose of this article is to introduce
and examine some new kind of algebraic structures such as Soft
topological fields, Soft topological groups and Soft monoids with
illustrating counter examples. Also we established that every Soft
field over a topological field is a Soft topological field and we
have given an example GF(16), the finite field of 16 elements
which is a soft topological field
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l. INTRODUCTION

In our day-to-day life, we look out problems with
unreliabilities. To handle the lack of unreliability and to
solve the problems related to uncertainty, a short time ago
numberless theories have been developed like Rough sets
[Pawlak 1982], Fuzzy sets [Zadeh, 1965], Vague sets [Gau
and Buehrer, 1993]. However, these methodologies have
their own risks. To circumvent these difficulties, Mol odtstev
[1999] developed Soft set theory to deal with unreiability.
The development of Soft set theory is whistle stop now-a-
days. Contrivance of Soft theory in algebraic structures was
instigated by Aktas and Cagman [2]. They deliberated Soft
groups and come into possession of some of their
fundamental traits. Acar.et.at [1] initiated the notion of Soft
rings, which is a framework of subrings of a ring over a
ring. In the milieu, we define the notation of Soft monoids
and soft topologica fields as an extension work carried out
by Nazmul and Samanta [16].

. NOTATIONS AND PRELIMINARIES

We call the following definitions with illustrative
examples for the outpouring of this article.

Definition 2.1. Let p be an initial universal set and B be
a set of parameters. Let A < B. The pair (n,A) is a soft set
over p, here m is a mapping given by n: A — P(p). Put
another way, a soft set over p is a parameterized family of
subsets of the universal set p. For e € p, n(€) represents the
set of e-appropriate el ements of (1,A).

Considering the definitions on Soft sets, we refer to

[11], [14], [15]. Notwithstanding, we anamnesis a part of
definitions and results on algebra and soft sets.
Example 2.2. Suppose p = Set of all real numbers on the
closed interval [a,b], B = Set of parameters. Each parameter
is aword or a sentence. (i.e.) B = {Open, Closed, Compact,
Connected} . In this case, to define a soft set means to point
out closed set, connected set and so on.
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We consider below the same in detail, where e, stands for
the parameter ‘compact’, e, stands for the parameter
‘closed’, ejstands for the parameter ‘connected’, and e,
stands for the parameter ‘open’. Suppose that n(e;) = {A <
[a,b] : Every open cover for A has finite subcover}, n(e,) =
{[a.p] = [ab] : op € R}, n(e;) ={A < [ab] : Separation
does not existsfor A in [a,b]}, n(e,) = {(a,p) = [ab] : o, B
e R}. The soft set (n,A) is a parameterized family of the
subsets of the set p. n(e;) means set of all subsets of p
which are compact whose functional valuesis the set {A <
[ab] : Every open cover for A in [ab] has a finite
subcover}. Hence the soft set (n,A) is the collection of
approximations given below : (compact, { A < [a,b] : Every
open cover for A in [ab] has a finite subcover}), (closed,
{[a.p] = [ab] : o,p e R}), (connected, {A < [ab] :
Separation does not exists for A in [a,b]}), (open, {(a,B) <
[ab] i a.p € R}) = (n, A).

Definition 2.3. A topological group is a group G
which is aso atopological space such that the multiplication
map of G X G into G by (x,y) — xy (where x,y € G) and the
inverse map of G onto G by x — x~1 are continuous.

The unit circle S, the matrix group GL(n, R)and
the direct product of S* with the product topology are some
examples of topological groups.

A. Soft Topological Groups And Soft Topological
Rings
In this section, we recollect the definitions by Tariq

Shah et.at. [17] and proved examplesin our own way.

Definition 2.4. Let G be a group and let t be a topology
defined on G. Let (n,A) be a non-null soft set defined over
G. Then (n,A,7) is called a soft topological group over G if

i. m(a)isasubgroupof Gforallae A

The mapping (x,y) — xy~ ! of n(a) x n(a) onto n(a)
iscontinuous for all a e A
Example 2.5. Consider the group G =S; and let A =
{e1, e, e3} be the set of parameters and the base for the
topology T is
B = {{e},{(lZ)}, {23},{(13)},{(123)},{(132)}}. Define
n(e;) = {e},n(ex) = {e, (12)}.n(e;) = {e, (123), (132)}.
Heren(e,) isatrivia identity subgroup of G. Since n(e;) is
generated by {(12)} and n(e3) is generated by {(123)}, so
n(e;) and n(e;) are also subgroups of G. Here n(e;) %
n(e;) » n(e;),i = 1,2,3 is continuous. Hence (n,4,7) is a
soft topological group.
Example 2.6. Consider G = Z, the infinite cyclic group. Let
A ={e; e, e3 ..} and 1 ={0,7Z, 27,47, 87,167, .... Define
the set valued functions by 7n(e;) =2Z,n(e;) =
47Z.n(e3) = 8Z,n(e,) = 16Z,... (i.e) n(e,) = 2"Z. Clearly
n(e,) is a subgroup of G for al n € N. Also the maps
(x,v) = xy~tof n(a) x n(a) onto n(a) is continuous, for
al a € A. For example, consider n(e;) x n(e,) onto n(e,).
The function is continuous at (2,8). For, Consider the
neighbourhood 2Z of — 6,
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there exist neighbourhoods 27 and 4Z of 2 and 8 such that
27 — AZ = {£2,+6, ...} € 2Z. Similarly we can check the
continuity of other points. Hence (n,4,7) is a soft
topological group.
Definition 2.7. Let T be a topology defined on aring R. Let
(n, A) be anon-null soft set defined over R. Then the triplet
(n, 4, 1) iscalled a Soft topological ring over R if
i. n(a)isasubringof Rforala e A
ii. (x,y) > x+y of n(a)xn(a) onto n(a) is
continuousfor al a € A
iii. (x,y) > x.y of n(a)xn(a) onto n(a) is
continuousfor al a € A

Example 2.8. Consider R =7Z, = {0,1,2,3} and let A =
{2,3}. Consider the topology © = {®, Z,, {0},{0,2},{0,1},
{0,1,2}}. Define the set valued function n: A - P(Z,) by
n(a) ={b € R:a.b = 0}. Now, n(2) ={b €R:2b = 0} =
{0,2} and n(3) = {b € R:3b = 0} = {0}. Both are subrings
of R. Consider the map f:{0,2} x {0,2} - {0,2} such that
(0,0) = 0,(0,2) - 2,(2,0) > 2,(2,2) » 0. Now, clearly
g:{0} x {0} » {0} is a zero map. Now we check the
continuity of f at (2,0). Take any arbitrary neighbourhood
of 2 (the image of (2,0)) say {0,2}. Then there exist{ 0,2} of
2 and {0} of O such that {0,2} + {0} < {0,2}. Also take
another arbitrary neighbourhood of 2 say {0,1,2}. Then
there exist {0,2} of 2 and {0} of O such that
{0,2} +{0}={0,1,2}. Similarly we can check the continuity
of other points. Hence f and g are continuous. Thus
(n, A, t) isasoft topological ring.
Example 2.9. Consider R = Z, x Z3; = {(0,0), (0,1), (0,2),
(1,0),(1,1),(1,2)}and let A = {(2,0), (3,0)}. Let T = {@, Z, X
Z5,{(0,0)},{(0,1),(1,0)},  {(0,0),(01),02)  }{(0,0),
(0,1,(0,2,(1,00}}. Define the set valued functions by
n(a) = {b € R:a.b = 0}. Now, 1((2,0)) = {(0,0), (1,0)}
and ((3,0)) = {(0,0), (0,1), (0,2)}. Here both are subrings
of R. Now we check the continuity of f from n((2,0)) X
1n((2,0)) onto 7n((2,0)) and g from 7((3,0)) xn((3,0))
onto n((3,0)). Consider the point ((1,0),(0,0)) in the domain
of f. Take any arbitrary neighbourhood of (1,0) (the image
of ((1,0),(0,0))) say {(0,0),(0,1),(0,2),(1,0)}. Then there exist
{(0,0),(1,0)} of (1,0) and {(0,0),(1,0)} of (0,0) such that
{(0,0,(1,0)} +{(0,0),(1,0} ={(0,0),(1.0)} <{(0,0),(1,0)}.
Similarly we can check the continuity of other points. Hence
(n, A, T) isasoft topological ring.

(. SOFT MONOIDS

Throughout the article M denotes the semigroup with an
identity element e.
Definition 3.1. Soft Monoid over a monoid M is a non-null
soft set (n, A) with the property that n(x) is a submonoid of
M for all x € supp(n,A) where n: A » P(M) defined by
n(x) = {y € M:(x,y) € p} where p isarelation between A
and M.
Example 3.2. Consider the monoid M = (Z,.). Let (n, A) be
asoft set over Z where A=N={1,23,...} and n: A = P(Z)
defined by n(x) = {y € Z: xpy & x/y} U {1}. Here
n)={yez1/y}u{1} =12
n2)={ye{yer2/ytu{l}
={0,2,-2,4,—4,..}U{1} = 2Z U {1}
nB)={ye{yer:3/ytu{l}
={0,3,-3,6,—6,..} U {1} = 3Z U {1}
and so on. In generadl,
n=e{yeii/yrv{l}=izv {1}
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Note that n(i) isasubmonoid of Z for al i € A. Hence
(n, A) isasoft monoid over Z.

Proposition 3.3. Let (a, A) and (8, B) be soft monoids over
M. Then the soft set (a, A)A(B, B) is a soft monoid over M
if itisnon-null.

Proof: By the definition of A, we have (a,A)A(B,B) =
v, C), where y(x,y) = a(x) n B(y) for dl (x,y) €C =
A X B. Assume supp(y,C) # @. Then y(x,y) =a(x) N
B(y) = @. Since a(x) and S(y) are soft monoids over M
ten the intersection is a'so a monoid namely y(x,y) for al
(x,¥) € supp(y, ().

Definition 3.4. Let (o, A) and (8, B) be a soft monoid over
M. Then (B, B) iscaled a Soft submonoid over M if B € A
and B(x) isasubmonoid of a(x), for adl x € supp(B, B).
Example 3.5. Consider the monoid M = GL(2,F,) where
a2 ={( 1) )G )0 06 DG o)
where A = M and n:A -> P(M) defined by n(4) ={B €
GL(2,F,) : BpA & B = A™ for somen € N. Here

(6 9)=(6 )

(¢ D)-16 D0
)
)-
{

[ERY

=
=

(G
o((3 )16 9G 9
(G D)-1G DG D)

(G D)=16 D6 D0 D)
noetratn((1 3))=n((§ 1)) aan((@ 1))isa

submonoid of M for al matricesin M.
Proposition 3.6. Let (a, A) and (B8, A) be two soft monoids
over M. Then
i The Bi-intersection (a,A) 1 (B,A4) is a monoid
over M if itisnon-null.
ii. If B(x) c a(x) for dl x € A, then (B, A) is a soft
submonoid of (a, A).
ii.  (a,A) M (B,A) isasoft monoid of both (a, 4) and
(B, 4) if itisnon-null.

o

Proof:

i By definition of n, we have (a,A) N (B,A) =
v, A) where y(x) =a(x)NnpB(x)#® which
implies y(x) is a submonoid of M for al x €
supp(y,4)

ii. AssumepfB(x) c a(x) foral x € A. Since a(x) isa
submonoid of M, B(x) is aso a submonoid of M
and by our assumption we have (B,4) is a soft
submonoid of (a, A).

iii. Here (a,A) N (B,A) =(y,A) whee y(x)=
a(x) N B(x). Assume (y,A) is non-null. Also
y(x) € a(x) and y(x) € B(x) and so the result is
obtained.

Theorem 3.7. Let (a;, A;);e; be a non-empty family of soft
monoids over asemiring M. Then

i.  A(a;A4;)isasoft monoid over M if it isnon-null.

ii. 1 (a;, A;) isasoftmonoid over M if it is non-null.
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Proof:

i By the definition of A, A (a;, 4;) = (8,B) where
B=1I[4; and B(x)=neafor al x=(x)€
supp(B,B). Assume that (B,B) is non-null. Let
x = (x;) € supp(B,B). Then B(x) =N a;(x) # 0.
The fact that («;, 4;) is a soft monoid of M. Hence
B(x) is a submonoid of M for al x = (x;) €
supp(B,B). Thus A (a;, 4;) is a soft monoid over
M.

ii. By definition of n, n(e; A4;) = (8,B) where
B=n4; and B(x)=ngqa; for adl x=(x)€
supp(B,B). Then B(x) =N a;(x) # @. The fact
that («;, 4;) isasoft monoid of M implies a;(x;) is
a submonoid of M. Hence B (x) is a submonoid of
M for al x = (x;) € supp(B, B). ThusA (a;, 4;) is
asoft monoid over M

V. SOFT TOPOLOGICAL FIELD

Definition 4.1. Let © be a topology defined on a field F and
(H,A) be a non-empty soft set over F. Then the triplet
(H, A, 1) isaSoft Topological Field over Fif forall a € A
i. H(a)isasubfieldof F
ii. The mapping (x,y) = x — y of H(a) X H(a) onto
H (a) is continuous
iii.  The mapping (x,y) —» x.y of H(a) X H(a) onto
H (a) iscontinuous.

Example 4.2. Let A = N,R = R and 7 be interval topology
onR. Let (H, A) be soft set defined by
H= {Q(\/E) if aisnot aperfect square
Q otherwise

Here Q(va) and Q arethe subfields of R, for all a € N.

Example 4.3. Let A={01,x*+x,x>2+x+1},F =
GF(16). Define n(x) by n(f(x)) = {g(x):f~g < f.g €
A}.GF(16) = {ax® + bx* +cx +d+<x*+x+1>
:acdeZ? =1,0xx2x3 x+1, x2+1x3+1 x+x2,
XFX3x24x3, x3+x+1Lx24+x+1, ¥34+x2+xx3+x2+x+1
Heren(0) = F and

n(1) ={g9:1.g€A4}={0,1,x>+x, x*>+x+1}

n(x?+x)={0,1,x*+x,x? +x+ 1}
n(x2+x+1)={01,x2+x,x2 +x + 1}

Note that A is a subfield of F. Hence it is a soft topological
field.

Theorem 4.4. Every soft field over a topological field is a
soft topological field

Proof: Let (H,t) beatopologica field. Let (H', A) be a soft
fiekd over F. Then by definition H' (a) is a subfield of F for
al a € A. Since H is a topological field the two mappings
are continuous for each H'(a) and hence (H, 4, ) is a soft
topological field over (H, 7).

Theorem 4.5. Let (H, A, 1) and (G, B,7) be soft topological
field over F, where 1 is a topology defined over F. Then
i. The Bi-intersection (H,A,7)f1(G,B,7) is a
topological field over Fif itisnon-null.
ii. The extended intersection (H, A,t) Nng (G,B,7) isa
soft topological field over F.
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Proof:

i By definition, their Bi-intersection over F is the
soft topologica set (K, C,7) where C = An B and
K(c)=H(c)nG(c) for dl ceC. Since
intersection of two subfields of F is a subfield of F
and since K(c) € H(c) and K(c) € G(c) the
continuity follows.

ii. By definition, their extended intersection over F is
the soft topological set (K,C,t) where C = AU B

H(c) if c € A\B

G(c) if c EB\A

H()nG(c)ifc EANB

Here, K(C) is a subfield of F by (1). If ¢ € A\ B then
K(c) = H(c), since the two mappings are continuous for
H(c) is dso hold for K(c). Similarly if ¢ € B\ A then
K(c) = G(c). Since the two mappings are continuous for
G(c) it dso holds for K(c). If c€ AnB, then K(c) =
H(c) N G(c) and so the continuity follows by (1).

Theorem 4.6. If (H,A,7) and (G,B,7) ae two soft
topological rings over F. Then (H,A,t) A (G, B, 1) is a soft
topological ring over Fif it is non-null.

Proof: Since (H, 4, 7) and (G, B, T) are soft topological field
over F, by definition (H,A,t)A(G,B,7) ={K,AXB},
where K((a,b)) =H(a)nG(b) for al (a,b)€AXB.
Since the intersection of two subfields is again a subfield we
have K((a, b)) is a subfield of F. Since the two mappings
are continuous for H(a) and G(b) it aso holds for

K((a, b)).

Definition 4.7. A soft topological field (H,A,t) over Fis
soft trivial if H(a) = {0} for dl a € A and soft whole if
H(a) = Ffordla € A.

and K(c) =

Definition 4.8. Let (H, A, t) be a soft topological field over
F. Then (G, B, 1) is said to be a soft topological subfield of
(H, A7) if

i. B c A and G(a) is a subfield of H(a) for all
a € supp(G,B)

ii.  The mapping (x,y) = x —y of the topologica
space G(a) X G(a) onto G(a) is continuous for
al b € supp(G,B)

iii. For dl b € B, the mapping (x,y) = x.y of the
topological space G(a) X G(a) onto G(a) is
continuous.

Theorem 4.9. If (H,A,7) and (G,B,7) ae two soft
topological fields over F, then K(a) c H(a) foralla € B c
A, then (K, B, 7) isasoft topological subfield (H, 4, 7).

Proof: Since the restriction map of both subtraction and
multiplication induced from H(a) X H(a) is continuous we
have (K, B, T) isasoft topological subfield of (H, 4, 7).

Example 4.10. In Example 4.3. we take F = GF (16) and
note that n(x) is a subfield of F, for al x € A. Since
n0)=F, n1)={g:1.9g€eA}={0,1,x*+x,x>+x+
1L,n(x?2+x)={0,1,x> +x, x> +x+ 1} and n(x% +x +
1) ={0,1,x? + x,x% + x + 1}. Note that the three non-zero
elements of this subfield must be cyclic subgroup of order 3
and upto isomorphism there is exactly one such group.
Hence this n(x) is the only
subfield of order 4.
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V. CONCLUSION

In this paper, we investigate some notions such as soft
monoids and soft topological fields with illustrated counter
examples. Also we prove every soft subfield over a
topological field is a soft topological field and we give an
example with GF (16), the finite field of 16 elements, which
is a soft topological field.
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