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Abstract: Based on the gtate of the problem related to high-
quality and reliable insulation coating of high-voltage cables, the
problems of mathematical modeling of pro-cesses in the loading
zone and the delay of the polymer mixture in a single-screw
extruder are formulated, which is crucial in terms of providing a
high-quality insulation coating. An iterative numerical -analytical
method for solving the corresponding nonlinear boundary value
problems is proposed, based on the use of finite integral
transformations in the spatial and temporal domains and their
implementation.
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[.INTRODUCTION

Due to the high productivity of the extruders, their
substantia value, and the high cost of polymeric materials,
experimental studies on equipment upgrades and
technological regimes lead to costly materids and time
costs. This leads to the development of theoretica
foundations of the processes under sudy. One of the main
tools that helps to get the results you need and allows you to
minimize expensive fied tests is mathematical modeling.
Although the vast majority of theoretical work on the
description of processes of heat transfer is based on the
classical Navier - Stokes equations [1,2,3], at the same time,
existing approaches to the modification of the processes of
flow, heat exchange and phase transformation of polymers
in channds of extrusion equipment [4] do not provide a
gualitative and quantitative anaysis of the processes, since
the vast majority of them are formulated either in one-
dimensional formulaion [5-11] or formulated in three-
dimensional formulation, but the corresponding boundary-
value problems are not given or solved communications link
toknow "~ standard " packages numerical solution, which by
their nature are not designed to solve nonlinear models. In
addition, in our view, when setting these problems, the
boundary conditions inherent in such a complex physical
phenomenon are incorrectly formulated [4]. In addition, a
number of problems have not been solved in the theory of
plastic extrusion.
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Asarule, therheological states of the polymer mixtures are
not taken into account, the effect of the heat transfer
processes in the auger on the processes of plastic extrusion
are practically not considered.

Addressing these issues is important in terms of improving
product quality, improving work efficiency when designing
and upgrading extrusion equipment, and improving
technological modes.

I.LMETHODOLOGY AND MATERIALS

I1.1 Object description

InFig. 1[5], provides a diagram of an extruder for coating
plastic wires

Feed
|

Sections: Feed section Compression | Homogenization Metering extrudate
: | ) | section | section section | comes out
Temperature,  20.40°C | 80..100°C 100...130°C 100..190°C 30..90°C

Fig 1. Schematic of single screw extruder

The object of this study is the loading zone and the delay
zone in which the polymer mixture is heated to a
temperature close to the melting point of the polymer.

The main source of heating of the body of the extruder is
induction heating. The density of internal heat sources is the
dectromagnetic energy released per unit time per unit
volume. Due to the surface effect, the distribution of internal
heat sources is significantly heterogeneous and depends on
the dectrophysical properties of the load, which change
during heating.

The whole process of heating is divided into intervals, in
each of which the loading properties are assumed
unchanged.

L, (m) ={0.9;1.45;2.05;2.65} .
I1.2 Heating the extruder housing

The distribution of the temperature field of the body T, is

described by the equation of thermal conductivity, which in
the cylindrica coordinate system hasthe form

oT, _ 1 6( 6Tkj 62Tk
— =] | r—= |+ |
ot ror or 0z

where a, = A4, /(C p, is the coefficient of thermal

conductivity; A,,C, o, is
the coefficient of thermal
conductivity (W/ (m°C),
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the specific heat and density of the body materid,
respectively ; g(r,z) is the function of the densty
distribution of the internal energy sourcesin the material, W
/ m . Given that the depth of penetration of

electromagnetic energy from the inductor is small, A <1,
we assume that it acts on the outer surface of the housing

I =T,. Then the boundary conditions for the housing:
aT, q

Tk |r=0:T0k; ¢ Ir:r =

o % h

[ +hy (T, TOk):|rr g(r,, 2),

i e P

where h = o, /A,; @, isthe heat transfer coefficient of
the enclosure into the environment. For the contact surface
of asteel pipewith air o, = 9W/(m? °C).

Substitution T =T, —T,, reduces the problen to the
equation

6T 1 6 ] ﬂ j+ ﬂ )
or “&( T ror\ or ) oz
with boundary conditions
T |r=O: 0; ﬁ |r=r = _i1
8 3 A
IGL
—+mﬂr=MuA @)
8r
_E - h.lT_ |,-0= (=) Ty,
oT |
oz +hT | = W, ©)

The val ués of therm_ophysjcal parameters for the housing
(sted) at temperature T = 300K are equal to: p = 7845

kgm®, ¢, =046l kw/ (kg -c-K), A= 58

a =10.51/K . Find the temperature field of the body of

the extruder on the first section of heating (the area of
polymer loading).
Z native conversion functions

0,
Z2(6,2) = ——[sin6,z——coss,z]. (4
‘ IIZkll ho
oT 190
o —Fa( o J Qz, (6y)- ®)

Qz, = {h{sin oL —%cosék LJ +(1-h) %}TO,(

Applying to (5) the integral transformation on the variable
I leadsto the search for the solution of the Bessdl equation

10( oR(r)), < _
rar(r or j+5kR“(r) 0

with homogeneous boundary conditions
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dR dR
—..=0; | —+hR||_ =0.
=0 | TenRll,

Ther eigenfunctionstake theform:

= I0 D 3‘J0
R.(pr) = R (BT )||2[ (fr) =D, (£r3) o (Br)]. (8)

Given (6) and (4), we have an expression for the
temperaturefield of the auger housing.

T(r.zt)= ZZ 5[0 (Br) =D, (5,1

= |qu|
xZ,(6,2) O (1 e ””ktj ©
nk
where 77, = A4 J(C,0)(B7 +6¢)

In Fig. 2 results of simulation of auger housing temperature
field.
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Fig.2 Screw housing temperatureﬂeld at fixed t

I1.3 Simulation of Polymer Temperature Field in
Loading Area

When formulating the boundary value of the process of
heating the dry polyethylene mixture at theloading area, it is
necessary to take into account the presence of a rotational

motion of the screw at a constant speed V , with cutting at
an angle @ . Theheat transfer equation looks like:

oT 8T oT,
Vg, —+Vy —
PeSy ( o Tz a J
oT,\ o°T
=, 1004 % ), > | ®)
ror( or 0z

For polyethylene, C, is essentially dependent on the
p

heating temperature [4]. The heat capacity coefficient is
approximated by the dependence

G, =C+GT +CT°~25-0,024-T+57.10" - T*.

At the boundary of the housing and the auger, the condition
of equality of heat flows must be fulfilled

T T.
%a” 9 ©)

—=|
& or

Given (7) we have a boundary condition a I = I, for the

screw temperamure'

(20 k- ZZR(H

r= r3 r=ry

oI (BN -

r—r3
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xZ, (5, z)( )(1 e ”Ektj (10)
nk

T Leo=To, (11)

[aal +h,T,, } =0. (12)

The temperature field of the polymer mixture in the loading
zone is described by the boundary value problem (8) - (13).
Given the dependence of the coefficient of thermal capacity

of the polymer on the temperature Cp» the thermal

conductivity equation for the polymer in the loading zone
can be written as:

T, 1o(. T, +82Tp
~& T ror ar foria

where a, = 1,/(,0¢,,) -

J+ NT,(r,zt), (13

’ ’ 2 8-I-p
NT,(r,zt) =[c,,T, +C5,T,] S (14)

where Cj; = —C;1/Cyy, Cyy = —Cyy/Cyy.
Since the equation (1) is nonlinear, we will look for an
iteration scheme. Solution of the linear part of the equation

oY _ 1o or?) o
a, r +— (15)
ot ror| or 0z

The difference is the condition a the boundary r =r,,

which gives the expression for the temperature field at that
boundary (11). When applying integra transforms for

gpatial variables to a boundary-value problem (14) - (16),
we take into account (11) the following condition:
- M
T" (r3, 7,t) == Z[Io(ﬁnrs) — D, (1) 3o (B.13)]
n=1
X[ZZZUG | 1-e “1k1 (16)

n=1k=1 =1

Using this expression as a boundary condition for solving
the problem of heat transfer (14), (12), (13) and (17) results

in operations with M x N x N components of appearance

2
.
uG 1-e "k
”1'k!k1[

them again. So let's simplify this expression.

Y|, making it virtually impossible to use
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simplification is offset by an iterative process when solving
a nonlinear problem. Write the heat transfer equation in the
screw (the temperature field of the polymer mixture) after
applying the transformations on the spatial variables z,T :

TOnk(t) +770, T k() = 0Z, + G, 1)
Wewill have t inimage space

TOn(p) = — [P

p+77n.k p
k _ gr.:Ln,kan,k) + gr.:Ln,k(p_i_an,k)]
(p+an,k)2+(a)n,k)2
_9Z, 1  tOp*+toMp
Mo P0G +t0G p
In the space of originals we have

TO(,21)= 3> R (NZ,2TOW),

n=1k=1
TO(t) = ga™
g™t [tlg'" sin(@™*t) + 1~ cos(a)”*"t)]
This expression takes into account approximate equality
1 top* +t0)* p
p+7™ tOF* +t0}* p+ p?

10k sin(w™t) + 117 cog(w™t) |

19)

K
n (g "

(20)

(21)

—€e

After obtaining the solution of the equation in the form (21),
taking into account (22), we will ook for the solution of the
equation (14) according to the iterative scheme. Recall that

o,
NT( 2.0 = [0 + O],

The genera scheme for solving the nonlinear equation is
written in the form

T (r,zt) =TOr, 2t) + NT"(r, z,t), m=12K  (23)
We replace the expr on (20) with (15).

(22)

©-P 8T . P
To ZZFﬁﬂDAﬂéma
p mM2
x(?;l e !
( )f‘lk1

M M
x§g¥ﬁm&ﬂgﬁﬂ

“aP)2, t
2t ok nzkz 2, 6t | (24)
T (5 70t) = ZZZUG (| 1-e o a2 |
n =1k =1 K kz
N M Mo _ak[(ﬂp)2+(5p)2] =870 & = AP ).
DHICTE
0
it (T0)? =2 ZZ&wnaw%a
+e " Y (gr™ sin(w™t) + gr™ cog @™ )] (18)
The algorithm behind this simplification is outlined in the
section. The error that naturally arises from such
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p n\2
G [ !
(7"

M M
3 Z_anE(ﬂnSr)zkz ((6”), 2)

n2—

Z Z Rnp(ﬂnsr)zﬁ(apa

ny =1k, =1

(25

Applying integra transforms to (14) on spatial variables
leads to the following equation:

TPu(p) =T (p)+ NTOp(r, zt). (17
Further, given the temperature field of the polymer mixture,
theindex p isomitted to smplify the calculations. Integral

transformations on the variables Z and r (after replacing
(26), (27) in (15)) lead to the calculation of integrals from
the products eigenfunctions on the variables z and .

Unlike the integration of the product of ZIﬁ (0, 2), which
1

is not difficult, to integrate the product of R, (5, )
I j

Bessdl functions of the second kind, these functions are
approximated the sum of second-degree fractional-rational
functions, after which the process of integration is reduced
to the integration of second-order fractional-rational
expressions. An algorithm for such transformations is
described in [15,17]. Therefore, after applying the integral
transformations for spatia variables to the nonlinear part of
the equation (28), we obtain:

TOw(P) =T (p)
- 22t
ok G| 1€ “1k1 kz ke

n

+£{c,G

T 2Munnn, 4 klkzka Cuk nzkz Gk,

(1-e k! 1 ek2 _"“sks}. (18)

TO Ap)zﬁnk(p)

ey > ek

o)

=1, k=1
N N M M
I et et
s, =lng =l K =1ig=1

Recall that due to the notation introduced, the coefficients
d;,d,, s, i=1,5, depend on the eigenvalues of the

spatial variables. Apply to the Laplace transform equation
over time (theinitia condition is zero). We have:
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TOo(p) =T (p) +— [d{ T 12j
P+iy (P+S p+s

1 1 1
d? -
" (p+s3 p+s4+p+35J]

The expression in square brackets ((20)) omits (for clarity)
the sums of theindices N, N,, N, and K;,K,,k;. For one ™
point”, the inverse Laplace transform to ((20)) gives the
expression:

e f— 5 i
TO () =TOu(t) + Ee "™ + S Ee ™,
i=1

(20)

(21)

Summation by the indices of the right-hand side of the
equation (31) will result in such an expression with respect
to the operator P, which makes it impossible for its
practical implementation by means of computer engineering.
For the solution in the second approximation we have to
substitute in (29) which will result in the production of
expression expressions (31), etc., that is, the increase of
congtituents relative to elementary chains in geometric
progression.

Thisleads to the devel opment of algorithmsthat prevent this
growth. The accumulated errors can be compensated by
additional iterationsin the corresponding a gorithm.

So, let's go back to the equation (31) and consider the

expression in sguare brackets, taking into account
thsummation of the index K,

Zd

o p+§ p+s

. bi+bip
by + b p+ bt p?

In turn, the resulting expression can be approximated by the

same pattern

W blebip  cFedip
b b p+bip? G2+ p+ 2 p?

increase quite rapidly with

1 1 1
BT 5 e ——
Ky ky k2 p+sk3 p+5k3 p+Sk3

Given that the eigenval ues of 772

increasing N and M, we can redrict ourselves to

N =M =4. An dgorithm for such simplified fractional
expressionsis given in the section that resultsin:

M d nk + d nk p
Dr(ﬁ)( p) Z nk nk : nk 2 °
dy +d p+d)p
This expression corr&sponds to the original (in the space of
integra transformati ons by spatial variables)

Dr(mi)(t) = Z e nd elnk fo,t+€2, f,o,t, )
n=1k=1
Then the solution in the first approximation will take the
form

T(l)(r , Z,t) = iiR(é‘nr)Z(ﬁkZ)

n=1k=1
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x [% (1- el )+ DO (t)}. (22)
77nk

Further approximations are implemented in the same way:

T(m) (r , Z,t) = iiR(énr)Z(ﬂkZ)

n=1k=1

x {% (1-emdyy DY (t)} (23
Tk

In Fig. 3,4 graphs of the temperature field of the polymer in
the loading zone at the first and third iteration are shown.
Third approximation error is 0.05 %

T,rz)

Fig 3 Screw housing temperaturefield at fixed t - first
iteration

8

o 8 8 8 8 8

Fig.4 Screw housing temperaturéfor fixed t - third
iteration

I1.4 Delayed Processes

After heating the polyethylene mixture in the loading zone
to the melting point in the delay zone, a boundary layer of
polymer melt is formed. In this zone, the mixture is
transitioned from solid to liquid in the boundary region to
form athin film of molten polymer.

This problem is mathematically described by two-phase
equations of thermal conductivity in the solid and liquid
phases, known as the two-phase Stefan type problem.

The peculiarity of this problem is the abrupt change in the
coefficient of heat capacity at the boundary of the transition
of the mixture from solid to liquid.

Many problems are devoted to solving problems of the
Stefan type. They are al based on the use of difference
schemes in mathematical physics and are usualy limited to
solving one-dimensional relative spatid variables by chance.
Consider the problem of transitioning a mixture from a solid
state to a liquid with the formation of a thin melt film in the
boundary zone of the screw - housing.

From the point of view of computational algorithms, the fact
that Stefan's problem permits the formulation under which
conditions at the phase trangtion boundary are included in
the thermal conductivity equation is important [17]. This
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formulation is called enthalpy.

The domain Q7 (t) of the liquid phase, where the
temperature exceeds the phase transition temperature T, is
Q') ={(x,Y,2)inQ,T(X,y,2) >T'}. Accordingly,
the domain Q (t) ={(X,y,2) e QT(X,y,2)<T}.
We use the same notation for thermophysical valuesin each
phase.

In the solid phase, we have the eguation of thermal
conductivity

o 8; =div(k gradT )+ £, (xy,2eQ, (24

where Q" ={(X,y¥,z1) | (X, y,2) e Q",0<t <t .}
Given the convective transfer in the liquid phase,

oT*
c'p’ +vgradT™

=div(k'gradT")+ ", (X,y,2€Q". (25
[T]1=0, (Xx,y,2 S (26)
where [-] denotes a jump in the boundary of the S phase

trangition.

The phase transition is accompanied by the release /
absorption of a certain amount of heat. Therefore, the
therma flux at the boundary of the phase transition is
discontinuous and is determined by the magnitude

[ﬁ} =-LV,, (Xx,y,2 €S

(27)
on
Here L is the enthalpy of the phase transition, V, the

vel ocity of the phase transition boundary at normal.
At the boundary of the phase transition conditions of the
first kind are fulfilled:

T(XY,zt) =T, (X,Y,2) € S(t). (28)
Conditions (37)-(39) -- Stefan conditions, and the
corresponding problem for the equations (35), (36) is called
the Stefan problem. From the point of view of constructing
efficient algorithms, it is important that the Stefan problem
admits a generalized formulation under which the conditions
(37)-(39) are included in the thermal conductivity equation
itself.

Cp(i:tr +vgrade =div(kgradT) + f, (x,y,2) Q. (29)
Near the boundary of the phase transition, we introduce a
local orthogonal coordinate system (X,Y',Z), whose
metric coefficients are equal to one. In these new
coordinates, the surface &  -function Oy s
Og = 0(X' —X,), where the equation X' = X defines the
limit S. Similarly, for the speed of free boundary motion
we have V, = dX'/dt. The Stefan condition ( ref stef.05)
corresponds to the fact that in the new coordinates
T=T(X,y,Z,t), X,y,Z,t)=T".

dx’ ~ dT
OV, =0(X —=x)—=6(T-T )—.
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Substituting ( ref stef.10) into ( ref stef.09) gives the desired
equation

[co+Lo(T —T*)](aa—-[ + vgrade

=div(kgradT) + f, (X, Y,2) €Q. (31
Considering the phase transition heat is equivalent to setting
the effective heat capacity:

Cy = e+t Lo(T-T).
o,

PCy (% + vgrade = div(kgradT) +q,, (32

0, isthebulk density of internal sources.
In [18] proposes an approach based on the implementation
of the interna energy density function &(T). The

disadvantage of this approach is the lack of a convective
component in the proposed thermal conduction equation
(see (43), which must be present in the equation for the
liquid phase of the polymer state The disadvantage of this
approach is the lack of a convective component in the
proposed thermal conductivity equation (see (43), which
must be present in the equation for the liquid phase of the
polymer state.

We formulate the problem of polymer melt motion in the
boundary region of the auger - auger housing, taking into
account the convective component. To the equation (43)
must be added the equation of mation of the melt film. Since
the mdlt film is thin, it is sufficient to consider the velocity
distribution of the fluid along the axial coordinate Z. Then
we will have;

p[a—v+vgj=—@+ya—2\/ (33)
ot oz oz "oz
Cy = e+t Lo(T-T).
o)
s OT
[pcO, +L(T-T )](E +vgrade
=div(kgradT) +q, . (34
Initial conditions:
V(z,0) =V,(2), T(z0)=T,(z0). (35)
Boundary conditions:
V(t) o0 =V, (1), T(0)on =T, (1),
T(r=r,zt)=T,,,- (36)

The iterative procedure for solving the given system of
equationsisasfollows.

1. First, we obtain the solution of the linearized equation
corresponding to

8V(0) aZV(O)

=+ .
a e
2. The solution obtained for the velocity V@ (z,1) to solve

the equation of the linear part of the equation with respect to
temperature

[T
[pcO, —LT"] —— +v©gradT©
Y ot

p (37)
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= div(kgradT@) +q, . (39)
3. Find the solution of the equation taking into account the
dependence of the heat content coefficient on the melt
temperature O, + L(T -T") - TP(z,1).
4. Determine the expresson for pressure

— 1

p - pRT( )(Z’t) .
5. We obtain the solution of the equation (44) in the first
approximation, that is, we solve the equation

using

vt 0 oV
P =—a—2+yg—Nv(v(°),T<l’) (39)
© &
N, (v, T®) =vO(z1) N, Rp o
0z 0z

6. Repeat steps 2--5 until [T ™V (z,t)-T™ (z,1)||> A

with theindexes 0 and 1 replaced by m and m+1.

Since the iterative procedure for solving nonlinear equations
isoutlined in the previous sections, we do not giveit in this
section.

I11.RESULTS AND DISCUSSION

Mathematical modeling of the processes of heating of the
screw housing and the polymer mixture in the loading zone
and the delay zoneis performed.

The solutions of the nonlinear boundary value problems of
heat transfer in the loading zone and the delay are obtained,
taking into account the nonlinear properties of the
coefficient of heat capacity and convective transfer of speed
in the delay zone. An algorithm for solving the problem of
moving boundaries of the solid and liquid phases of a
polymer is proposed.

IV.CONCUSION

The problem solved,in our opinion, is essential for solving
the problem of optima heating of the polymer mixture in
terms of providing high-quality insulating coating of the
cable to ultra-high voltages.
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