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Abstract: In this paper we introduced a variable time step
method to obtain interface to moving boundary problem for Slab
and Sphere. We present the basic difficulty, apart from the need to
find the moving boundary, that there is no domain for the space
variable. This difficulty is handled by the age old principles of
basic mathematics. Naturally, giving symbolic names to the
unknowns develop equationsinvolving them and solve it using the
conditions of the problem. High order accurate initial time step
sizes for given space step size are obtained with the help of Green’s
theorem. The Subsequent time steps are obtained by an iterative
scheme. This variable time step method handles Dirichlet’s
problem of freezing or melting of a Slab and spherical droplet.

Keywords: interface, Finite difference method,
Crank-Nicolson scheme, stefan problem, variable time step.

I. INTRODUCTION

If thin rod of a solid materia is melted by suppling heat, at
one end, melting takes and the interface keeps moving.
When a spherical ball is frozen (or melted), the equation for
the heat diffusion along aradia line is governed by [1].The
spherical polar coordinates governing equations are reduced
to
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Diffusion coefficient is normalized to unity and diffusion of
heat beyond =(t]) is assumed to be not taking place. Stefan
number § is a constant depending on the density, specific
heat and latent heat of the material. The basic methodology
will be developed in section 2.In section 3, we derive two
equations involving the two unknowns using Green’s
theorem for the given problem and obtained T; ; to start the
solution procedure. Once we do this, we can find
Ty 3. T; 7 provided k5. This can be continued to solve the
diffusion equation for n = 3, 4, 5.... . The number of points
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along the line parald to x-axis increases one by one for
increasing n. In section 4, iterative procedure to find &,,, for
n = 3and the computational procedure as an algorithm is
given in this section. Consideration of the convergence to
find k&, isdonein section 5 and an exampleisgiven in section
6. The well known one phase problem of freezing (or
melting) of a spherical droplet is given as an example.
Stewartson and Waechter [10] obtained solution by
asymptotic expansion of the variables and discussed the
results qualitatively. Similar exercise was done by Soward
[9]. Davisand Hill [1] isone of the few researchers, who gave
guantitative details about the time taken for the interface to
reach the centre. Numerical Methods to obtain approximate
solution relevant to our work, was first introduced by
Douglas and Gdllie [2]. Although no specific results were
presentedfor a fixed space step, they used variable time step
sizesto track the front. Guptaand Kumar [3] and Marshall [6]
have subsequently improved the iterative procedure of [2] for
finding the time step. Kutluay [5] obtained numerical
solution of a specific problem with variable space grid; even
these front tracking methods have made certain
transformations of the original problem [11-12].

[I. BASIC FRAME WORK OF COMPUTATIONAL
METHODOLOGY

For a fixed space step size, the time intervals needed for the
interface can be fine. If T;, is the temperature
a x;=ih  t, =L, kT, =0.i=n ;i=n gives a
temperature on the interface.
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Fig. 1. Moving boundary with variable time step.

Using theCrank-Nicolson scheme the diffusion equation
becomes

lr[,r!+1 B Tl.i" 1

k :ﬁ’(Ti-Li’Hl_ET[,R’!+1+T[+1,R’!+1)+ (Ti-i,r!_zri,r! +Ti+Ln)] ©)
n+l =

Sometimes we need the fully implicit scheme (for
manipulations at a later stage)
as
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To enable us using this scheme, we need to know T at three
points,(0,2), (1,2) and (2,2)(see figurel).Of these three; Tj;
isgivenintheproblem, T; ; = 0 and T ;isnot known. To
know these starting ingredients, we need to find k; andk;.

This is a first order approximation in x and t. Apply the
Green’s theorem in the region OPS in the first cell. In the
process, we need the second degree polynomia to the
interface passing through the points (0,00, (k,. k) and

(ky +K;.2h) as
th  thie—kydlky —kJ . .
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We know that by Green’s Theorem
$f [T, —T)dxdt =0 == [, [T,dt+ Tdx] =10,

Where cisthe boundary of Rand ¢ = OF U P5 U 50

Hy k
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Here, we approximated Tl by —=—=
T\, =801 — x)3(0) and
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Thus I, = ?g{kl:]{]'g = 0 being on the interface)
Nowls = [o[Tedt + Tdxl = [ [T,dd] (T = 0 atS)
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By the green’s theorem Iy + 1. +1; = 0
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We thus have one relation involving two unknowns &; and
k; as
gl ky (ky + k)R — ky) — BRP(2 — h) () 4+ &y ) = 011)

To derive another equation involving k; andk;, we have from
Stefan’s condition at (2, 2) gives

Using the equation (13) in (12) we get
Thus
kyg(t:)(2ky — B2} + 28R (1 — 2h)(2ky + K2) = 0 (14)

We can solve (11) and (14) to find &; and k. using the
relation (13).
We have (n+1) unknowns

(T..T2.Ta. ... . Ty oy oy at £ = £, ) with negquations coming
from the Crank-Nicholson scheme. Much needed another
equation comes from the Stefan condition at (n+1, n+1) as

Bl —nh)— = (T s nes — 4T nes + 3Tnasnea)/2h

|l-i‘-'i’!+1.

This can be written as:

4Ty ner = Taognes = 28(1 — mh) (15)

Fir 1
With i = n in the system (7), we have

Trrsi—Tem _ I:T'r: 2ime1—ITp ey +Thq megl

Fmer h2
On simplifying to (In fact, we cannot use Crank- Nicolson
scheme at (n, n+1) since the point outside the domain occurs

in the difference equation)
K+

Thus Tr!_r!+1. = mrn—i_rwi (16)
This, when substituted in (16), we get

2RRE (1-nhy (2 iy +02)
Tooiner = kmeq (R2— 20y 2q) (17)
Using (17) in (16) we get Ty sy = —f’_:”':: (18)

Considering (17) asaquadratic in &, , 1, the positive root can
be obtained as:

k Tt = 4800 10) = (g + 49001 + 1681~ )T, g
(

\
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19)

Choosing an initial approximation fork,, . ,; calculately ;41
using (18). Solvethefinite difference equationsfori =1, 2...
n —1with T, »., asaboundary condition. From the resultant
vaue for Ty_yns1, Obtain k., from the relation (19).
Caculate T, .41 using (18) and solve the difference
equations as earlier. Repeat the process until the desired
degree of accuracy occurs.

1. CONVERGENCE

If k,.is chosen on the manifold given by equation (15) for
every iteration, convergence of the solution of the method is
assured by Koneru and Lalli [4]. But to reduce the
computational effort, we have solved the system by Thomas
algorithm. We have to make sure that &, ., after each such
solution, has to be chosen satisfying (15), equivalently (17)
and (18). Thus we calculate k;, . ;using (19) satisfying (17)
and obtain T,, from (18) with this &, .4 and use it as a
boundary condition. After choosing &, . ; to start the iteration
process, somevalue of T, existsand lieson the manifold. Any
starting value for k, ., works, as this implies any starting

28Kh2 (1 — 2h) AT, - o) vauess for T, and
ko 1.2 : (12) Tysatisfying (17) and (18);
g glt)
At(1,2), from (7)T, ; = 2= (13)
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and that means (15). We have to first calculate T, and solve
forTu—s. Tn—zs Tpogo oo T2, Ta.

IV. EXAMPLES

We obtained the numerical solution using the algorithm of
section 2.Time for the interface to reach the centre with
varying step sizes and for several vaues of the Stefan
constant () are presented in the table 1. Results from Davis
and Hill [1] with first three terms of the expansions are given
in the last column. These obtained present results are
compared well with ref. [1].

Table 1.Time taken for the interface to reach the centre
for glt) = -1

Present Results for different valuesof
P {004 (002 000 0005 Resultsofref. 1]
025 |01219 01270 01266 01265 0131
05 (01826 01805 01300 01799 019
10 02781 02760 02733 0272 0290
300|096 0978 0971 0967 0987
00 (15088 18092 18087 18084 L3
o0 | 84697 BARSL G480 84B86 830

The interface for the one phase sphere problem has been
presented graphically with g =1, 10,50 in figure 2.The impact
of Stefan number £ isclearly seen from the graphs drawn.

Fig 2. Interface for the sphere proble

It may be noted that even if the freezing process on the
surface is time dependent, our algorithm works well without
any difficulty. Indeed, this statement applies to al the
problems considered by us. The computational method to
obtain an approximate solution to the classical two-phase
Stefan problem with quadratic polynomial approximation to
the front has been discussed in [8].
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Thisthesisis concerned with the development of computational methods
for obtaining sol utions of moving boundary problems. The moving boundary
problems occur mostly during the heat flow with phase changes. The
phenomena of solidification and melting are associated with many practical
applications such as metd processing, solidification of castings,
environmental engineering, thermal energy storage system in a space station
and medical sciences (cryosurgery).Materia is subjected to a phase change
in these processes. Thus, aboundary separating the two phases develops and
moves.

The position of the moving boundary cannot be identified in advance, but
has to be determined as a part of the solution process. These problems are
also referred to as Stefan problems. If the diffusion of heat takes placein both
phases (possibly with different diffusion rates), the problem is known as a
two phase problem, whichisredlistic.

While attempting to solve this problem the moving boundary or interface
that separates the two regions presents a major difficulty. A systematic and
well defined methodology is developed in this work for solving both
formulated partial differential equations, which cannot be solved by
analytica methods.

Numerical methods usualy applied for problems involving
discretization of the independent variables with afixed sizein each of them.
Techniques are available to make the discretization finer depending on the
gradient of the dependent variable in certain parts of the domain. But in
moving boundary value problems, domain itself is not known a priory. A
variety of methods has been developed and is available in literature, namely
Boundary immobilization method, Momentum integral method, Variable
step method, enthalpy method etc.

| have developed an efficient simple Computational Technique to solve
such moving boundary value problems and easy to implement using
computer programming. The technique developed can handle problems with
Dirichlet’s data; even problems with source (or sink) terms on the interface
can be handled, provided, one is willing to develop equations. This method
can be generalized and effectively used to obtain accurate solutions to two
phase problems. Efforts in this direction have fructified and being reported
for publication. The method developed can possibly be extended to
multi-dimensional problems.
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In the recent research work, aim isto introduce anew Computational method
to obtain approximate solution to one phase Stefan problems. Severa
methods exist, but each of them is mostly specific problem oriented and is
not general enough to be applicable to a wide range of problems. The work
developed a front tracking finite difference method with variable time step.
This variable time step method was suggested earlier; but without a
well-defined complete methodology. For a fixed space step, first two time
steps are obtained using collocation and/or Green’s theorem of vector
calculus. Subsequent step sizes are obtained by an iterative process with
assured convergence. For a non-thermal diffusion, Stefan condition is of
implicit nature. For such class of two point boundary value problems,
method of bisection is efficient to obtain their solutions. The methods are
illugtrated by presenting three examples one of which is much discussed
oxygen diffusion problem, which is published. The procedure is general
enough to be applicable to a broad class of moving boundary problems.
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