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Transient Solution of M* /M /C Queueing Model
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Abstract: In this paper we analyze MX /M /C Queueing mode! of
homogenous service rate with catastrophes, balking and vacation.
Here we consider the customers, where arrival follow a poisson and
the service follows an exponential distribution. Based on the above
considerations, under catastrophes, balking and vacation by using
probability generating function along with the Bessel properties we
obtain the transient solution of the model in a simple way.
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I.INTRODUCTION

Queueing system can be classified as customer arriving,
waiting for service and leaving the system after being served.
More contributions have been developed in different directions
of queueing theory. Ammar [1] has discussed the transient
behavior of amultiple vacations queue with impatient customers.
Bharathidass et a [3] describe the single server of bulk service
gueue with the concepts like vacation, breakdown and repair and
also, he explained about the expected number of units in the
system under various positions of the server. Doshi [5] has
developed the queueing system with two types of vacation
named as primary and secondary aso he gave an overview of
some results and his methodology used to obtain various results
for two vacation models. MaragathaSundari and Srinivasan
[6]lanalyze a M/G/1 queue with single server vacation of
Bernoulli schedule.

The governing equations are

dPip(t) _

Pazhani et a [7] analyze a single server queueing system of
infinite capacity along with second optional service. Sasikalaand
Indhira[9] explain about an overview of bulk service with
gueueing models. Dharmargja [4] found that the transient
solution for markovian queueing model with heterogeneous
server and catastrophes. Ayyappan and Sathiya[2]declare that
the bulk arrival queue with two types of service, vacation in the
transient model.Sherbiny [10] describes the varying arrival and
departure rate with an infinite server queue in the transient
model. Based on the above literature the transient solution for
bulk customers entering the system under catastrophes, balking
and vacation effects are analyzed.

II.MODEL DESCRIPTION

In this paper we consider a queueing model forMX/M/C
homogenous servers wherethe service rateis g with exponential
distribution. Customers arriving at the system follows a poisson
distribution with rate 1.The system follows First- come, First -
served (FCFS) basis and let B,(t) denotes the probability that
there are n customers in the system. Suppose the system may
suffer with catastrophes . The impatient customers followa
distribution rate 8.Moreover, the homogenous server goes for a
vacation at the rate of 6. Additionally this model having i
customers at initially.

dP;—,;(t) = AP (t) + (A4 + O)P; 1 (t) — (A + e+ + )Py (£) + (M + D pP; 44 (0)
1<n<C )

O = Ay + 0)Piey () — (AaB + £+ i + OP() + CuPres () n=c (3

dPin(t) _

dt

= (A28 + 0)Pypy_1(t) — (A + e+ cu+ O)Py (t) + CHPi,n+1(t) ,n>c (4)

By defining P(z,t) = q.(t) + £y Pasc ()2 ©)
P(2,0) =1 and qc(t) = o Pn(t) ©)
Adding egn (1) — (3) we get
D = —(Ay B+ B)Pic(£) + CHP, e (1) — €4 (1) + & W)

dt
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Now multiplying the equation by z™ summing over the corresponding limit values, we get,

d Z‘;.;;l Pi,n+c(t)zn
dt

= (A B + 6)zP, (¢)

(i B+ £+ et 0) + (R B+ 007+ 2| B Prern ()27 -
Cl'lPi,c+1(t) (8)
Adding egn (7) & (8) using (5) we get

dP(z,t)
a
cu cu
K(AZB +0)z+ 7) —(AB+e+cu+ 9)] P(z,t) — [((/12[3 +0)z+ 7) — (4B +cu+0)]q.(t) + ¢
+(A2B + 0)(z — 1)P; . (0) ©)
By Solving the abovefirst order differential equation we get,
P(z,t) =

e[((/12[3+9)z+c7”)—(/12E+£+cu+9)]t+

t
[ 162 B+ 0)G- DR - [((Azﬁ +0)z+ C—“) — (2 B+ e+ 0)]ac ()
0

cu cu
e[((Azﬁ+6)z+7)—(Azﬁ+s+cy+6)](t—u)du e fote[((22/3+6)z+7>—(/123+s+cy+6)](t—u)du (10)
I _ _ [Ga5+0) -
By considering, a = 2,/(1, + 0)cu &b = T then we obtain

e(epr0z )t _ g (pnp (ar) (11)
By Applying egn (11) in egn (10) we get
P(z,t) =

® t
e—(AZB+s+cu+9)t[ Z (bz)"In(at)] + (/125 + 9)] e—(/lzﬁ+s+c,u+9)(t—u)
0

n=-—oo
(2o o(b2)* [b ™ yqa(t — u) — La(t — WP (W]du + f, e Pafretento)c=w

(o)

Z (b2)"[~(A+0)b y_sa(t —w) + (A28 + 0 + cp)lnalt —u) — cubly,ia(t —w)] gc(wdu +

n=-—oo

£ fot e~ efreteurt-w) g0 (h A" a(t —u)du (12)
By comparing the coefficient of z"on both the side of eqn (12) we obtain for n=1,2... by using egn (5)

Pin+c(t) = e_(AZB+£+CH+9)tbn1n(at) +
(LB +6) [ e~GabreseusO)e=w) [pn=1p,  a(t —u) — bPl,a(t — u)]P(Wdu — [, e Geb+erent®w [}, p +
O™, _ja(t —u) — (4,8 + 0 + c)b™La(t —u) + cub™ 1, a(t —w)]q.(wWdu +
£ fote_(’123””’”9)“‘”)b"Ina(t —u)du (13)
Again, comparing the constant terms in eqn (12) and substituting n=0 we get

qc(t) — e—(lzﬁ+e+cu+9)tlo(at) +
1B +6) fote_(’123+£+9+c“)(t‘“) [b~*La(t —u) — lya(t — w)]P(w)du + fote‘”25+£+w+9)(t‘”) [—ala(t —uw) +
(A8 + cu + O Iya(t —w)]q.(wdu + & fot e~ ebreteut)t-—W] o(t —y)du (14)

Egn (13) impliesthat
t
J- e—(/126+e+c;4+6)(t—u) [(Azﬁ + 9)1n+1a(t _ u)bn—l
0

— (B + 0+ cu)b™La(t —u) + cub™ L, _ja(t
—w)]q(wdu = e RebrerentOipny (ar)
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+(1,8 + 6) fot e~aBreteutO)t-w [pn-1p - q(t —u) — b",a(t — w)|P;.(W)du + ¢ fote_(’12[”+8+c"+9)(t_”)b"Ina(t -
u)du (15
By using (15) in egn (13) we get P, (t) implies that

t —(AzB+e+cu+6)(t—u) Ina(t _ u)
Py c(t) = nb"fo e NS Pic(w)du
(16)
The remaining probabilities P,,,(t) n = 0,1,2 ... ¢ can be found by solving the system of equations
D& (2.

The matrix form of egn (1) & (2) can be represented as

dl;—(:) = AP(t) + cuPi.(t)e, + ce, 7)

where the matrix A = (b;;) cxc) ISgiven as

_(2.0 +2,1 +9 +€) ‘u s 0
0 0 (c— Dp
0 0 M +e+(c—Du+6
P(®) = (Py(), PL() ...Pc_l(t))T e; =(0,0..1D7 and e, = (1,0...0)7  are column vectors of order C. P*(s)

denote the laplace transforms of P(t).

By taking the laplace transforms of egn (17) and solving of P*(s), we get

P(s) = [cuPi" (s)ey + P(0) + e, | [T — 4] (18)
Thuse™P*(s) + Pi."(s) = q.*(s) (29)
By definef(s) = [(s + 1,8 +cu+e+80) — /(s + 1,8 +cu+ e+ 0)2 — a?]
Taking laplace of egn (14) and solving for q.*(s) we get,
s(s+e)q."(s) = (s + &) + 5P (s) % [f(s) — ab] (20)

By using egn (20) in egn (19) we get,

* _ (s+9) 1—SeT[SI—A]_1(P(0)+§eZ)
P (s) = <(s+s+(lzﬁ+e))_%f(s)+C”eT[S,_A]_1el(s+£) (21)

N
Based on Rgju and Bhat [8] by letting [SI — A]™" = (d;;"(5))exe

Here [SI — A]~'isalmost lower triangular matrix, and d;;"(s) is given by

1 Uc j1(S)Ui0(S) = Uy a1 (S)tuco(s)
dij"(s) = u(i];s;)ﬂ teo(s) . j=01,..c—2
uc’,o(S) j=c—1.
(22)
u; j(s) aregiven as,
u; =1 i=01l..c—1

s+ (LB +0)+e+iu

U; L= -
i+1,0 (l + 1)#
=01..c—2.
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s+ (AL +0)+e+inu B+ )u_q i
qul} ( (zﬁ ) (l.u'-l)-ll)luj (Zﬁ ) -1, ]' jSi,izl,Z...C—Z.
o {(s + (B +0)+e+ (c— Duc_y; — (A8 + ey j=01l..c—2
“l 5+ B+0)+e+(c—Du j=c—1

(23)

For otheriandju;; = 0

c—-1
Thus Eqn (21) becomes P,.*(s) = &2 (1-(s+) iz bio (S)C_l
s [(S+8+(lzﬂ+9))——f(5)+Cu(S+£)Z 0bjc-1"(]
(24)
and Eqn (18) yields,
Pe'(5) = (145) bieo" (5) + cttbp ey ()P (5) (25)
where e; = (0,0...1)7 and e, = (1,0 ...0)7

(1+DE()

P’ =
© Lees) [1 _ 2cu(1 - F*(s))
2 (s+ (B +0)+cute)— (s + (AB+0)+cu+e)?—a?
(26)
E*(s) = Ziz (27)
and F*(s) = ¥2¢ Fls , (28)
Here E; = lim(s — )1 —=Xa(s +
)by, (s) (29)
F; —llr?s—sLZ(s+s)blc 1] (30)
Further Egn (26) becomes
o L (-1)m a n+l o
Pie'(s) = ;;(n U= (2(,123 n 9)) (i)
|(1+9) @) (syym (et e Gap oo el o (31

By taking Laplace inverse of eqn(31) we abtain

[ee]

Py (t) = Z ZO (_Ct)m (2(12;4_ g))n+1 (;cl)

n=0m

t
U E(t - u)J e — U)e—((lzﬁ+9)+cu+£)de dv]
o v
e [ JEG(E = w) [ e (u — v)e~((abro)teute @dudv] (32)

Here G(t) = fot E(w)du and F¢™ism-fold convolution of F(t) with F¢©® = §(t) isadirect delta function.

Moreover, Laplace inverse of egn (25) yields

Po(t) = byo(®) + ¢ f broe) du + ¢ f bre-1 () Pio(t — wdu,
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k=01..c—1 (33)
Thus egns (16), (32) & (33) are the state probability values of our model.
[11. CONCLUSION

In this paper by using probability generating function
technique the time dependent solution of the
homogenousM*/M/C queueing model with catastrophes,
balking and vacationis derived. In future, with the use of
transient state probability, the various performance measures
are also analyzed.
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