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Complete Regular Fuzzy Graphs

S. Venu Madhava Sarma, R.Sunil Kumar, T.V. Pradeep Kumar

Abstract: In this paper, some properties of complete degree
and complete regular fuzzy graphs are discussed. They are
illustrated through various examples. It is proved that every
fuzzy graph is an induced subgraph of a complete regular fuzzy
graph. The procedure described in the proof is illustrated
through an example. Also the complete degree of a vertex in
fuzzy graphsformed by the operation Union in terms of the
complete degree of vertices in the given fuzzy graphs for some
particular cases are obtained. Using them, their complete
regular property is studied.

1. INTRODUCTION

Azriel Rosenfeld was introduced Fuzzy graph theory in 1975 [9].
Bhattacharya [1] gave some remarks on
fuzzygraphs.Mordeson.J.N. and Peng.C.S.were
introduced Some operations on fuzzy graphs
[4]. Zadehintroduce a mathematical frame
work to describe the phenomena of
uncertainty in real life situation has
suggested in  1965[3].

Research on the theoryof fuzzy
been witnessing an exponential growth of
both mathematics and in its applications.
This rangesfrom traditional mathematical
subjects like logic topology, algebra,
etc. to pattern recognition, information
theory, artificial intelligence, operations
research, neural networks and planning etc.
Mordeson.J.N. and Peng.C.S were defined by
the operations of union, join, Cartesian
product

and composition
Nagoorgani.A and
the degree of a
fuzzygraphs and the
fuzzy graphs which
given fuzzy graphs
union,join, Cartesian
[8].

In this paper
properties  of
First we go
which can be

been

sets  has

analysis

on two
Radha.

fuzzy graphs
K. was
vertex in  some
Regular  property of
are obtained from
using the operations
product and composition

[4].

discussed

two

aboutsome

fuzzy graphs.
basic  definitions
[1-13].

we  study

complete  regular

through  some
found in

Definition 1.1  ([2]).“A  fuzzy subset of a

set V is a mapping o from V to [0,
1]. A fuzzy graph G is a pair of

functions G (o,u) where o is a fuzzy
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subset of a non empty set V and p is
a symmetric fuzzy relation on o, i.e,
H(uv) = o(uAo(v). The underlying crisp
graph ofG (o,u) is denoted by G
(V,E), where E < V xV
Definition 1.2 ([2]).GO (c0,u0) is a
fuzzy sub graph or a partial fuzzy sub
graph of G (o,uw) if o0S o and pOCS
M; that is if o0(u) < o(u) for every u
€ V and pO(uv) < p(uv) for everyuve
E.
Definition 1.3 ([2]). GO (c0,u0) is a
fuzzy spanning sub graph of G (o,u)
if o0 = o and poOS p; that is if
o0(u) = o() for every u € V and
MO(uv) < p(uv) for every uve E.
Definition 1.4 ([2]). For any fuzzy subset
v of V such that v & o, the
fuzzy sub graph of G (o,u) induced
by v is the maximal fuzzy sub graph of
G : (o,u), that has fuzzy wvertex set v
and it is the fuzzy sub graph H
(v,;t) where t(wv) = t(WAT(W)AM(U,V) for all
uv in V. .
Definition 1.5 ([7]). Let G (o,u) be a
fuzzy graph on G« (V,E). The degree
of a wvertex u is
dG(u) =5 (u#* (uv). The minimum degree
of G is &G) = A{dG(v), VvV v € V}
and the
maximum degree of G is A(G) =
v{dG(v), vV v € V}
Definition 1.6 ([5]). The order and size
of a fuzzy graph G are defined by O(G)
=y (uev lo@l) and S(@G) =Y (uveE
(p@uv).]
Definition 1.7 ([7]). Let G (o,u) be a
fuzzy graph on G« (V,E). Then o is
a constant function if and only if
thefollowing are equivalent:

1. G is a regular fuzzy graph.

2. G is a Complete regular fuzzy graph”.
Note:“Throughout this paper G1* : (o1,l1) and G,* : (o2,H)
denote two fuzzy graphs with underlying crisp graphs G1*:
(V1,E1) and G ,*: (V,,Ep) with |Vi| = pi, i = 1,2. Also dGx i
(ui) denotes the degree of ui in G*I”.

Definition 1.8 ([8]). The union of two fuzzy graphs G1 and

G2 is defined as a fuzzy graph G = GU G; : (06U O ,,ulu
Hz2) on Gx(V,E) where V = V;
UV, and E = EU E> with
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oy (u), ifueV, -1,
o, (u), ifuel, -1,
o(uw) Ve, (uw), ifue,n ¥y

(nV o) (w=

ifecE, —E,

if e€ E, — E,

ife€ E,N E,

Definition 1.9 ([7]). Let G : (o,n) be a fuzzy graph. The
degree of a vertex u in G is defined by

dG’ (u)=zu= 1] ;.L(‘I.!-‘D)= Eua:EE ;.L(‘I.!-‘D)

Definition 1.10 ([8]).“Let G : (o,u) be a fuzzy graph on Gx.
The total degree of a vertex u € V is defined by

tdg (W, 2, i (uv) + o(w) = dg () + o (w)

If each vertex of G has the same complete degree k, then G is

said to be a complete regular fuzzy graph of complete degree
k or a k- completeregular fuzzy graph.

.”'1('9]r
(pg Uy ) () = § o (),
pi(e) Vose,

Notation 1.11. The relation 61 < p2 means that 61(u) < p2(e)
Vu€eVlandV e € E2 where o1 is a fuzzy subset of V1 and
M2 is a fuzzy subset of E2.

Lemma 1.12 ([8]). If G1 : (c1,ul) and G2 : (02,u2) are two
fuzzy graphs such that 61 < p2 then 62 > pl.

Definition 1.13 ([7]Total degree of a vertex). Let G : (o,u) be
a fuzzy graph on G= : (V,E). The total degree of a vertex u €
V is defined by

tdo(U) = Zyzp t(uv) + o(u).

Example 1.14. Consider the following fuzzy graph G : (o,u).
u,(0.6)

uz(0.5) u4(0.4)
Figure 1.

tdG (ul)=[u(ulu2)+p(ulul)+u(ulud)]+s(v)=[0.3 + 0.4 +
0.2+0.6]=15
Similarly,

tdG (u2)=0.8; tdG (u3)= 1.3; tdG (u4)=0.6

2.Complete Regular Fuzzy Graph

regular fuzzy graph or k- complete regular fuzzy graph”.

Example :2.1Consider the following fuzzy graph G : (o,p)
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Let G : (o,u) be a fuzzy graph on G : (V,E). If each vertex
in Ghassame total degreek,then Gissaid to be a Complete

u;(0.6)

uz(0.7)

u4(0.6)

Figure 2.

“ The fuzzy graph in Figure 2 is a 1.2- Complete regular
fuzzy graph. Also it is a 0.6-regular fuzzy graph”.

Example 2.2.
u,(0.6) 0.4 u,(0.5)
0.1
0.2 0.1 0.3
uz(0.7) 0.3 u,.(0.6)
Figure 3.

The fuzzy graph in Figure 3 is a 1.3- complete regular
fuzzy graph. But it is not a regular fuzzy graph”.

Example 2.3.
uq(0.6)
0.3 0.3
u-(0.6) U3 uz(0.6)
Figure 4.

The fuzzy graph in Figure 4 is a 0.8-regular fuzzy graph.

But it is not a complete regular fuzzy graph”.
Example 2.4.

u4(0.4)

uz(0.7)
Figure 5.
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The fuzzy graph in fig.5 is neither regular nor
complete regular fuzzy graph”.

Remark 2.5. From the above examples, it is clear
that in general there does not exist any
relationship  between regular fuzzy graphs and

complete regular fuzzy graphs.

Theorem 2.6 ([7]).“Let G (o,n) be a fuzzy
graph on G+ : (V,E) Then o is a constant
function if and only if the following are
equivalent :

(1). G is a regular fuzzy graph.
(2. G is a Complete regular fuzzy graph”.

3. Properties of Complete Regular Fuzzy Graphs:
Theorem 3.1.“In any fuzzy graph G, if o(v) > 0
for every vertex v €V , thentd (v) > 0, for
every vertex v € V .

Proof. Since o(v) > 0 for every vertex v €V , td
(v) > 0, for every vertex ve V”

Theorem 3.2.“The maximum total degree of any
vertex in a fuzzy graph with p vertices is p.

Proof. For any vertex v,
tde (v) = EquEﬂ[u?]“FS(vj = EquEl+ 1
dg'(v) +1 = [p-1]+1=p”

Theorem 3.3.“The total degree of a vertex v is o
(v) if and only if the degree of v is O.

Proof. The total degree of a vertex v is
tds  (v)=s(v)

= E:w EE ;L[:T.,L?.;Jj] + 5(”] Al EquEﬁ(uv]:O
=dg(v) =0".

Corollary 3.4.“The total degree of a vertex v is o

(v) for every vertex v in G if and only if G is
a null fuzzy graph.

ProoftdG (v) = s (v), for every vertex , v € V
«—dG (v) = 0, for every vertex

VE V. oG is a null fuzzy graph”.

Theorem 3.5.“Every fuzzy graph is an induced

fuzzy subgraph of a Complete regular fuzzy graph.

Proof :Let G : (V;E) be any fuzzy graph with p
vertices and g edges.

If G is Complete regular, there is nothing to
prove.

Suppose that G is not Complete regular.
LetAt max{td(v) / v € V }

Let us prove that G is an induced fuzzy subgraph
of a At - Complete regular Fuzzy Graph.

Take a copy GO of G. Take any vertex v with
total degree less than At

Join it s a copy vO in GO
Assign min  {o(v),At-tdG(v)}as
value of the edge w0

the  membership
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Do this for all wvertices with tdGO (v) <AtinGo
Let the resultant fuzzy graph be G1.
For any vertex v with td (v) <At

If u (wo) = min {o(v),At-tdG(v) } = At -tdG(v)
Then

tdG1(v)=tdG(v)+p (wo)= tdG(v)+At - tdG(v) = At

And all the wvertices which have total degree At
in G and their copies in GO will have the same
total degree At in G1. Also,

tdG1(vo)=tdGo(vo)+u (wo)= tdG(v)+up (vwo)= At

If this happens for every vertices with total degree
less than At in G and their copies in GO, then
the procedure stops here.

If for some vertex v with td (v) <At,
Mo (wo) = min {oG(v),At-tdG(v)}=0cG(v)
Then tdGl(v)<At and tdGl(v)<At

Now, repeat the above procedure for the fuzzy
graph G1 and let the resultant fuzzy graph be
G,. If all the vertices in G, have total degree At,
stop.

Otherwise, continue the procedure till the vertices
have total degree At in the resultant fuzzy graph.

Af—edp ()
alv) / = At
td (v)

Then the procedure stops after n steps with the A"t —
complete fuzzy graph Gn .

Also G is an induced fuzzy subgraph of Gn . Here the number
of vertices in

Let n =|max

Gi=p+p+2p+2°p+
==p+p(1+2+2° +....... 2™
21
(55
=p+(2"-1)p
:an

t
A —rdgtr}J,,
G (¥)

The number of edges in G, = ng+ X, {
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G
u,(0.4) 0.2 u,(0.4)
0.2 0.2
u,(0.4)
uz(0.4)
Gy
u1(0.4) 0.2 u;(0.4)

Uz (0.4)

0.2 0,2

u3(0.4)
Figure 6.
Theorem 3.6.“Let G (o,u) be a fuzzy graph
such that both o and p are constant partially

regular fuzzy graph. Then G is a complete regular

fuzzy graph if and only if G is a partially
regular fuzzy graph.
Proof Assume that G is K-complete regular
fuzzy graph
Let pwuv) = ¢ for all uveV and o(u)=cl for all
ueV where ¢ and cl are constants.
Then td G (u) = dG() + o(u)
=Zyey (ur) + o (u)
- k=cd™*G(u) + cl
->d*g(u) = % for all u €V
So G* is regular abd hence G is partially regular
fuzzy graph.
Conversly assume that G is a partially regular
fuzzy graph
Let G* be r-regular graph
Then
tdG(u) = dG(u) + o (u)
- tdG(u) = cd*G(u) + cl
= c + cl for
all uev

So G is Complete regular fuzzy graph.

The following theorem will be helpful in studying
various properties of complete regular fuzzy graph.

Theorem 3.7 : Let Gl : (91, H4) and G, : (73,
L) be two fuzzy graphs such that oy = U,
then & = gy
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Proof :Since by the definition of a fuzzy graph,
p2 (<o 2 (W o2 (v) for all uvev2 we

have minu, = @,

Now &y = i

> g; T min i,

Therefore oy = min  u, = g,

>0 = Ty

4.Complete Regular Property of Union of Two

Fuzzy Graphs

“ Let Gy : (gy, H4) and G, : (95, H5) be any
two fuzzy graphs underlying crisp Graphs
( Vi and E;) and ( Vy,Ey) respectively.

i) If ueV,UV, and u is arbitrary, then tdgq ez

[td,;l (u), ue Vil

tdg, (u), u €V,

i) If u € VviNnV, but no edge incident at u
lies in EiME, Then any edge incident at * w’
is either in E; or E, but not both. Also all
these edges will be included in G,V G,

tdeyyea(u) = tdgy(u) + tdgs(u)
N ooy(u)

-04 (U)

i) If u € VinV,but no edges incident at ‘u’

are in E1ln E2 appear only once in Glu G2
andfor this uv

tdgiuea(u) = tdgi(U) + tdg(u)  -gp(u) »
T (U)-operings H1(UV) "o (uv)
Theorem 4.1: If Gl and G2 are two disjoint

k-complete regular fuzzy graph, then
GV G, is k-complete regular graph.

Proof : Since G1 and G2 are disjoint fuzzy graphs

tdo, (u), u eV,
tdeyyen :{ffis: (u), u € Vg‘

k for every ue VUV,

Therefore G, G, is k-complete Graph”
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