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 

Abstract: The concept of zero divisor graphs of a commutative 

ring leads to various research topics since it relates both Ring 

theory and Graph theory. Domination in graphs has its own 

development in each field it enters.  In this paper, We have given 

few results on Total and cototal domination number of some zero 

divisor graph on direct product of commutative rings. 
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I. INTRODUCTION 

Let R be a commutative ring (with identity 1) and let 

Z(R) be its set of zero-divisors. We associate a (simple)  (R) 

to R with vertices Z(R)*= Z(R) – {0}, the set of non-zero 

zero-divisor of  R, and for distinct x, y  Z(R)*, the vertices x 

and y are adjacent iff xy = 0. I. Beck introduced Zero divisor 

graph of a commutative ring. The graphic properties of (R) 

and the theoretic properties of R can be learn together from 

its zero divisor graph.  Dominating sets form an important 

research area of Graph theory. B. D. Acharya, E. 

Sampathkumar and H. B. Waliker are some Indian 

Mathematians whose contribution in the study of domination 

in graphs is remarkable. Total domination number was 

introduced by E.J.Cockayna, R.M.Dawes and 

S.T.Hedetniemi in the year 1980. In the year 1999, the 

concept of cototal domination number was defined by 

V.R.Kulli, B.Janajiram, Radha R.Iyer. The total domination 

number and cototal domination of a zero divisor graph was 

found in [7] and [1]. In this paper, we have extended their 

work to find Total and cototal domination number of some 

zero divisor graph of direct product on Commutative rings. 

 

Definition 1.1   A nonempty set R together with two binary 

operations denoted by  " + " and "*" are called addition and 

multiplication which satisfy 

the following axioms is called a ring. 

i)  (R, +) ia an abelian group. 

ii)  ":" is an associative binary operation on R. 

iii)  a*(b + c) = a*b + a*c and (a + b) *c = a*c + b*c for all 

a,b,c  R. 

A ring R is said to be commutative if ab = ba for all a; b  R. 
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Definition 1.2   Let R be a ring. A non-zero element a  R 

is said to be a zero-divisor if there exists a non-zero element b 

 R such that ab = 0 or ba = 0. 

 

Definition 1.3   Let G(V,X) be simple connected graph. A 

subet S  V is called a dominating set if every vertex in V - 

S is adjacent to a vertex in S. The minimum cardiality of a 

dominating set in G is called the dominating number of G. 

 

Definition 1.4  Let G be a graph without isolated vertices. 

A dominating set D of G is a total dominating set if the 

induced subgraph of < D > contains no isolated vertices. 

(i.e)A total dominating set D is the subset of  V such that 

every vertex v is adjacent to some vertex in D. The minimum 

cardinality of total dominating set of G is called the total 

domination number of G and it is denoted by (G). 

 

Definition 1.5  A dominating set D of G is a cototal 

dominating set if every vertex v  V - D is not an isolated 

vertex in < V - D >. The cototal dominating number  (G) 

of G is the minimum cardinality of a cototal dominting set. 

II. TOTAL DOMINATION NUMBER OF SOME 

ZERO- DIVISOR GRAPH 

Here we have found total domination number of some zero 

divisor graph. 

Theorem 2.1   

Proof: Let the vertex set of  be V 

( ) ={(0,1),…,(0,p-1),(1,0)}      as 

{ . Clearly  is adjacent to all other vertices. 

Therefore, a dominating set is { }. Let V1 = 

{  Thus any one vertex from V1 together 

with  becomes total dominating set of . 

Hence  = 2. 

Theorem 2.2  = 2, where p 5 

Proof: Let G =  and 

V  = {(0,1), …, 

(0,2p-1),(1,0)} as { Clearly  is 

adjacent to all other vertices. 

Therefore, a dominating set 

is{ }. Let V1 = 
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{(0,1),(0,2)…,(0,2p-1)}. Thus any one vertex from V1 

together with  becomes total dominating set of G.  Hence 

  = 2. 

 

Theorem 2.3 = 2, where p 5 

Proof: Let G =  and 

V ={(0,1),…,(0,3p-1),(1,0)} as { Clearly 

is adjacent to all other vertices. Therefore, a dominating 

set is{ }. Let  V1 ={(0,1),(0,2)…,(0,3p)}. Thus any one 

vertex from V1 together with   becomes total dominating 

set of  G. Therefore  = 2. 

Theorem 2.4 = 2, where p  5 

Proof: Let 

V = {(0,1),…,(0,4p-1),(1,0)} as { Clearly 

 is adjacent to all other vertices. Therefore, a dominating 

set is { }. Let V1 = {(0,1),(0,2)…,(0,4p-1)}.Thus any one 

vertex from V1  together with  becomes total 

dominating set of .  

Therefore = 2. 

 

Theorem 2.5 = 2. 

Proof: Let V  = {(0, 1),…, (0, q-1), (1, 

0),…, (p-1, 0)}. Clearly  is a complete bipartite 

graph. Now let us split the vertex set into two set V1 = {(1, 

0),…, (p-1, 0)} and      V2 = {(0, 1),.., (0, q-1)}.  Let us 

choose any one point from V1 and any one point from a set 

V2, this is a dominating set. It is also total dominating set. 

Hence  = 2. 

 

Theorem 2.6  = 2 

Proof: Let 

V  = {(0, 1),…, (0, p2-1), (1, 0)} = 

{  

Clearly  is adjacent to all the other vertices. Therefore, a 

dominating set D is { . Let V1 = {  

Thus any one vertex from V1  together with  becomes 

total dominating set of  

.  Hence  =2. 

 

Theorem 2.7  = 2; p; q > 2 and p < q2,  p, q 

are distinct primes. 

Proof: Let us partition the vertex set into 4 sets as multiples of 

p, q, pq  and q2 respectively. 

V1 = {p, 2p,…, (q - 1)p, (q + 1)p,…,       (q2 -1)p} 

V2 = {q, 2q,…, (p - 1)q, (p + 1)q,…,       ((q -1)p -1)q, ((q - 1)p 

+ 1)q,…, (pq - 1)q} 

V3 = {pq, 2pq,…, (q - 1)pq} 

V4 = {q2; 2q2,…, (p - 1)q2} 

The vertices in V3 are adjacent to all vertices in V2 and V4. 

Also V1 and V4 forms a complete bipartite graph. We can 

choose a vertex from V4 and a vertex from V4. These two 

vertices form total dominating set. Hence 

= 2. 

 

Theorem 2.8  = 1. 

Proof: Let 

V = {p, 2p,…, (p - 1)p, p2, (p + 1)p,…,    (p2 - 1)p} 

V1 = {p2; 2p2,…, (p - 1)p2} 

The vertex set V1 form a complete graph Kp-1  and also all the 

vertices in this set are adjacent to all other vertices of 

. Therefore by choosing any one of the vertex in V1 

together with any other vertices, we will get a total 

dominating set.  Hence = 1. 

III. COTOTAL DOMINATION NUMBER 

In this section, we investigate Cototal domination number for 

some Zero divisor graphs. 

Theorem 3.1  = p 

Proof:  Let the vertex set of  be V 

( ) ={(1,0) ,(0,1),…,(0,p-1)}      as 

{ .Clearly v1 is adjacent to all other vertices. 

Therefore, a dominating set contains {v1}. Then all other 

vertices becomes an isolated vertices in V - D. 

Now, let D ={ . Thus D becomes cototal 

dominating set of 

. Hence = p. 

 

Theorem 3.2   = p, where p ≥5 

Proof: Let G =  and 

V  = {(0,1), …, 

(0,2p-1),(1,0)} as {   

The vertex  is adjacent to all other vertices. Now let us 

split the vertex set into two set A = {v2i-1/ 1 i   p – 1} and 

B = {v2i / 1 i   p – 1} 

The vertices in B are adjacent to vp  A. In < V - D >, we will 

get all vertices of A except vp as isolated vertices. So, we 

include all these isolated vertices in the cototal dominating 

set. Therefore |D| = 1 + p-1 = p, where D is the cototal 

dominating set. Hence = p. 
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Theorem 3.3  = 2p - 1, where p ≥ 5 

Proof: Let 

Let G =  and 

V ={(0,1),…,(0,3p-1),(1,0)} as { Clearly 

is adjacent to all other vertices. Therefore, a dominating 

set is{ }.Now let us consider a vertex set V1 = {v 3i /1 i 

  p – 1}. The vertices vp ,v2p are adjacent to all vertices of 

V1. Clearly the vertices in V1 and {vp ,v2p}are not isolated in 

< V-D >. So, we include all isolated vertices in the 

cototaldominating set. Therefore = 3p 

- [(p - 1) + 2] = 2p - 1. 

 

Theorem 3.4  = 2p - 1, where p ≥ 5 

Proof: Let 

V = {(0,1),…,(0,4p-1),(1,0)} as { Clearly 

 is adjacent to all other vertices. Therefore, a dominating 

set is { }. Now let us consider a vertex set V1 = {v2i /1 i 

  p – 1, p+1 i   2p – 1}. The vertex v2p is adjacent to all 

vertices of V1. Clearly the vertices in V1 and v2p are not 

isolated in < V - D >. Also vp, v3p are adjacent to all vertices 

in the set {v4i /1 i   p – 1}. So, we include all other 

isolated vertices in the cototal dominating set. Therefore 

= 4p - [2p - 1 + 2] = 2p - 1. 

 

Theorem 3.5  = 2. 

Proof: Let V   = {(0, 1),…, (0, q-1), (1, 0), 

…, (p-1, 0)}. Clearly  is a complete bipartite 

graph. Now let us split the vertex set into two set V1 = {(1, 

0),…, (p – 1, 0)} and     V2 = {(0, 1),…, (0 q - 1)}. Let us 

choose any one point from V1 and any one point from a set 

V2, this is adominating set. It is also cototal dominating set. 

Hence = 2. 

 

Theorem 3.6   =  - p + 1 

Proof: Let 

V   = {(0, 1),…, (0,p2 - 1), (1, 0)} =  

{ Clearly  is adjacent to all other 

vertices. Therefore, a dominating set D contains  . There 

is a subgraph Kp-1  in . This p - 1 vertices are 

connected in < V - D >. Let us include all other isolated 

vertices in the 

cototal dominating set. Hence  =  - 

p + 1 

 

Theorem 3.7    = 2; p; q > 2 and p < ; p; 

q are distinct primes.  

Proof:  Let us partition the vertex set into 4 sets as multiples 

of p; q; pq; and q2 respectively. 

V1 = {p, 2p,…, (q - 1)p, (q + 1)p,…,       (q2 -1)p} 

V2 = {q, 2q,…, (p - 1)q, (p + 1)q,…,       ((q -1)p -1)q, ((q - 1)p 

+ 1)q,…, (pq - 1)q} 

V3 = {pq, 2pq,…, (q - 1)pq} 

V4 = {q2; 2q2,…, (p - 1)q2} 

The vertices in V3 are adjacent to all vertices in V2 and V4. 

Also V1 and V4 forms a complete bipartite graph. We can 

choose a vertex from V4 and a vertex from V3. These two 

vertices form cototal dominating set. Hence 

= 2. 

 

Theorem 3.8  = 1. 

Proof: Let 

V = {p, 2p,…, (p - 1)p, p2, (p + 1)p,…,      (p2 - 1)p} 

V1 = {p2; 2p2,…, (p - 1)p2} 

The vertex set V1 form a complete graph Kp-1 and also all the 

vertices in this set are adjacent to all other vertices of 

. Therefore by choosing any one of the vertex in V1 

we will get a cototal dominating set. Hence 

= 1. 
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