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The Discrete Rational Cubic Spline Interpolator
)
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Abstract: The problem of Discrete C? Rational Cubic Spline has
been proposed and Error bound obtained. The Discrete Rational
Method have unique representation.
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I. INTRODUCTION

Rational Cubic spline with one free parameter useful to

obtained positive and convex curve from positive and convex
data respectfully. discrete spline obtained by using
differences in place of derivative . Rana and Dubey [3]
constructed discrete cubic spline. Duen [4] study of rational
interpolation with functional values .To find design and
shape of curve rational and discrete rational cubic spline are
applicable So many author studies for shape preservation of
curve ( see [6], [7], [8] ,[9] [10],). Rational discrete cubic
spline preserve convexity and positivity but simple spline not
preserve both. Duan et.a. [4]have found shape of curvesby
using rationa spline and obtained condition that curves lie
to above, blow or between the straight lines . In this paper
authors assumed suitable values of parameters to obtain C?
Conversion Curve and the scheme work for uniform mesh.
Hussain et.a. [5] investigate a rational cubic function which
was used to achieve designs for shape data. They found
relation on free parameters in the description of C* rational
cubic function to obtain desire shapes of the data. In this
paper we have using different values of free parameter to
obtained curves for uniform and non uniform case. We have
developed discrete rational cubic spline with one free
parameter

Remark 1.1

(i) When h — 0, we may obtained C? rational cubic

spline with two parameters this gives particular
case. M.Z. Hussain et.al. [5].
(i) Sarfaraz [6], Abbas [7], Duan [4] and Bao [9] error
bound obtained by sub interval in our paper error
bounds obtain one time full interval [0, 1].
Error bound obtained in our paper is very accurate
and minimum but other paper error bound get
maximum inaccurate.

(iii)
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Chack for
updatas

(iv) When differences is given then our scheme is beneficial
but Broadlieand Butt[11] Abbas et.a [7].Sarfaraze et.a
[6].and so many paper methods are not useful.

[I. C2DISCRETE RATIONAL CUBIC FUNCTION
Now s(X) is defined as

B E—igi
_ _F =N _ Z[:nv;ik:L_E::I g
Stx:] - S(xz':] - q;(8) - g(@)

with. (B X, — X
Q= (X_ X )

h
and wy = f, "
Wi T [hl’di(h‘f — (o~ D) B - 200 — 1) - (? + 3000w}

wy hPh v — vy by, ]

(h? + h2) + 2k

wy = [=dig bil(h +vihi ) — vPR ) — hih vy
+vihiey (hf + 30 h)
2k’ v; + 3kTh + 2v;hi 1]
[2h* h; — h? hyv; — vih]
W3 = VI fi+1
g8 =1 -6 +(1 +v;) 601 — 6) + v; 8

2.2)

Where v;isthe shape parameter used to control the shape

of theinterpolation and Let D;;‘}S(x:]the second differences

with respect to x and di = Dr®s(x;) denote first differences
value at knots x, then C? splining constrains :

S(Xl) = fi , S(Xi+1) = fi+l
Drgl) f ()ﬂ ) = di ' Drgl) f ()g+1) = di+l
D@ (x +)=DP(x —)i =12,....n—1 (2.3)

Where Drd(x) = {f(x+h) — f(x-h) }/2h,
-2f(x) + f(x-h)]/h2.

Dr@f(x) = [ f(x+h)

Using continuity of second derivative we get
2 2 2
hi di_y vi_q[R*(1—v;_)+hi v ]
2 2
{—[1— vi_ i)z h2+ Vi 1hi—1}

2 2 2 2
di[{hivi_ 1 {hR*(1-v;_ vy g+ v +hE vE )
[-(1-v;_)?h?+v hE ]

_|_
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+h;_d;{—2(1 — v,)?h? + (h? + h?)]]

+vihi_qdieq[R*(1—v)+h7]
[-(1—v;)2hZ+h?]
=F *i=12....n-1.
Where

*

Fi
= npl[_l':l + 21:-'[:]
[(1 —w;)(R® + RE) + 2R + 2RE14;
+hvy vy +2)
[(h?_, + B8 — v Jvi, + 2R vf 14,
[(1 —v_)?h? 4+ v KE,] (.n2.4)

Where A; = (fi21— f:)/h; . Different parameter d;
and d._, determinate by end conditions.

Since the system of linear equation is diagonaly
dominant for all ; = 0, it has a unique solution for the
difference parameters dis. We can find solution of above
equation.

Remark 2.1: When b — 0 the Rational Discrete cubic
spline reduce to rational cubic spline.

Remark 2.2: Without shape parameter when ¥7; = 1 sothe
rational discrete cubic spline reduce to discrete cubic spline.

[11. POSITIVITY OF RATIONAL DISCRETE CUBIC
SPLINE FUNCTION

Let
X, fhi =120, X <X, <ooenn <X,
f,>0,f,>0.....f, >0 it is required to construct a

and

positive interpolant S(X) . The rational discrete cubic
function (1) is positive if P (@) and g (6)both positive,
sinceq;(6) = 0,¥ v, = 0.

p(9)
p(0)=a6°+ho*+coH+d. .
Where

a =W, —W, —W, +W,

b =3w, - 2w,

C =—-3W,+W, +W,

d=w,.

So a +b+¢ +d,

=w, =V, f,,>0.

[
Theorem 3.1:
The C? Rationa Discrete Cubic function (1.1) is positive in
each interval [Xi,XM] if the shape parameter v; satisfy
following constraints
vi>0
andws=Vifi+1>0.

Now can be rewritten as follows:

(...3.0)
(..3.4)
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IV. ERRORBOUNDS

For agivenh = 0, weintroduce the set

R, = {a +jh:jis an integer}and define a discrete
interval asfollows:

[a’ b]h = [a’ b]ﬁ Rna

For a function f and three digoint points xi, X2, X3 in its
domain. The first and second divided differences are defined

{f00)=f(x))
" ol x|
X, X% | T =X, % | f
and (%, %, % | (% —x,)
Now we write f® for D?f and the modulus of
continuity of fis V\,(f,p).
And | f ||= max |f(XX discrete norms of a function f

xe[a,bl,

over the interval [a, b]h

To obtained error bound we have to state following
Theorem 4.1:

Let s(x, h)be the unique periodic discrete Rationa cubic
spline interpolant f under the assumption of condition (2.3) .
Then over the discrete interval [a, b]h :

le(x)I1< pk(W(D, p)

Wherek(tt 1 some function of h defined earlier and w (f,
p) isthe discrete modules of the continuity of f.

In order to show the convergence of the discrete rationd
spline. We shall need the following Lemma due to Lyche
[12].

Lemma4.l: Let {aj }T:land {bj }?ﬂ.be given sequence of

[X11X2]f =

respectively.

m n
non negative real number such Zaj :ij . Then for any
j=1 j=1
real valued function f, defined on a discrete interval [0, 1] we
have

Z;,aj [X]’Xj,l_xj,k]f _Zlbj[yjoiyj,l ------ yjn]f
j= j=

< w{Dn®f,|1-khl} Y aj/k! [N

Where Xjk,}r_;.'kf[ﬂ, 1], for rational values of j, k. Replacing
m by DPe(x ) in Equation (2.4).
We have
RZ(1 —v;_y) + hZ vE
e(x) =v; hi_,e_4 [ ¢ L 12) 2 : 12 E 12]
[-(1 = v;_1)?h? + hi_,v{]

+{e; [hi(h?(1 — vi—y) + RE (1 + vi—y) Vg3
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+hi_1{-(1-v)(h2+n2)+2RF)}
{(-(1-v)2h2+n?}
+ej4q[vihi1[(R?) (1—v;)+h]]
[-(1-v;)2h2+h?]
. b vihi_y {—h2(1-v)+2R?}
h;_; (1+2v)[-(1—v)(R2+hF)+2R]] 3T C1-v)2h2+R2)

[-(1—v)2+n?] Clearly k(h)=> 2, =>"b;.
Thistheorem (4.1) is compl eted.

vi—hi(h? (A—vy_y Jvj_y R 11’;-2-1}
[—(1—vj_,)2h2+R2 v

?1?1

] b =

_ (hy (WP (1 — vy dvy g + RE (1 + v v g + by 1{—(1 — vdpsh® + 2h7)
(1 —v;)2h2 + B w2 ]

(....A4)

Ai + hivi—l(vi 1 + 2) [( -1 + hz)(1 —Ui- 1)U1 1 + Zhl lvz—l]
[-(1 —vi_1)2h? + v} k] At

V. CONCLUSION

we have investigate method of Discrete Rational cubic Spline
Interpolations to obtain construction, Shape, error bound and

1 2 2 2
_”i—lhifi—l[h [1_”1'—1}1’1'—1"'}11'—1“1'—1] convergence.
[ ] Table 1. Given Data
(1—v;_,)2h2+h?
t 1V i 1 23 4 5 67 8 9 10 11
[0 2 2 o
Rtk (L—v ) +hi 1 (1+v_4) v_qy} Xx -1 48 16 20 24 28 32 36 40 44
+hy_y {—(1-v)n?+2R2)] yg 18 3 0051 4 8 15 24 34 40 43
[-(1—v;)2h2+h?] a5
1
U':ihi il_i[—hz(l—l?i}-l‘zhiz] 40
{—(1—v;)2h2+n?} il
After using from Lyche [12] formula we get, e
®o 25
Ya;=h;_; (1+2v)[-(1—v)?(r*+h?)+2k7] L2

[-(1—v;)2h2 +R?]

v (i + 2D[(hEy + B2 (A = vie Dvimg + 207 w7 ]
[—(1 —v;_)?h? + v] R ]

:ij
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Figure 2: Rational cubic function

Where X, =% +h
Xo0 =%
X =X +h
Where X, = Y50 = X, +h
X =Yn=%-— h %
Ya0 =X =% +h
y21 - X21 Xl h
X =Y10=%4*h
X31 yll X1 h
and
hi—y Q+20)(—(1+v;(R% +hZ)+2R2) x-axis
a, = = Figure 3. C?2rational cubic curve with constant
[—(1—w)2+1]
par ameter

hivioy (img + 2)[(hf_y +h?) (1 —vi_y) + 2h]_yv] ]
[—(1—v;—)? + h? + v h% ]

a; =
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Figure 4. C? convex rational cubic curve
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