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 

Abstract: A major importance is given to the stability of a 

network by its users and designers. Domination Integrity is one 

of the parameter used to determine the network’s vulnerability 

and its defined for a connected graph G as 

“ set} dominatinga  is X:X)-+m(G|Xmin{|=DI(G) wh

ere m(G-X) is the order of maximum component of G-X”, by 

Sundareswaran and Swaminathan. Here we investigate the 

domination integrity of Tadpole graph, Lollipop graph and a line 

graph of composition of nP  and 
2P  

 

Keywords : Domination Integrity, Line graph, Lollipop graph, 

Tadpole graph.  

I. INTRODUCTION 

A communication network composed of processor (or 

nodes) and connection between the processor as a links. 

Unfortunately, the destruction of links, disturbance in nodes, 

any fault in software, hardware and failure of transmission 

occurs at various terminals (starting and ending points) will 

result in a disturbance of service for a prolonged duration 

may affect its effectiveness which is described as a 

Vulnerability of a network. While constructing the 

communication network, it must be more stable or 

vulnerability must be less. On modeling the network as a 

graph, we number of graph theoretic parameters such as 

binding number, edge tenacity, integrity, edge integrity, 

vertex-neighbor integrity, Domination integrity etc. and 

these are used to estimate the resistance level of a network 

after the failure of certain elements which happened in the 

case of a interruptions. 

 For any modeled graph structure, the vulnerability 

means that „any small damage cause large consequences‟. In 

a graph structure, the vulnerability is nothing but the 

inadequacy of a resistance due to the deletion of vertices or 

edges or both. On analyzing the vulnerability of a network 

after any interruption, the two quantities are necessary which 

are (i) number of non-working elements(edges or nodes), (ii) 

order or the biggest remaining component or sub network 

within which mutual communication can exists. Here the 

first one represents the imperfection (most targeted) nodes 

for more interruption and the second one provides the 

consequences after interruption. 

Swaminathan and Sundaraeswarn[2]-[5] introduced the 
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concept of domination integrity and investigated the 

domination integrity of middle graphs, trees and power of 

cycles. 

A. Definition[1] 

A subset D of V(G) is said to be a dominating set of a graph 

G if every vertex  Vu   is either in D or adjacent to atleast 

one element in D. 

B. Definition[2] 

The Domination integrity of a connected graph G is 

written as DI(G)  and defined as 

set} dominating a is X:X)-+m(G|Xmin{|=DI(G) where 

X)-m(G  is the order(number of vertices) of a largest 

component of X-G . 

The Kothari and Vaidya[7]-[9] studied the domination 

integrity of duplication of a vertex(or an edge) by an edge(or 

vertex), Splitting graph of path and cycle, and Splitting and 

degree splitting graph of some graphs. The domination 

integrity of Shadow graphs of bistar, path, complete bipartite 

and cycle, some path related graphs and total graphs of star, 

path and cycle graphs were analyzed by Shah and 

Vaidya[10]-[12]. Veena and Sulthan seena [6] have 

investigated the domination integrity of Line Splitting and 

central graph of some standard graphs. Some basic 

definitions used here are: 

C. Definition 

The Line graph L(G) of a graph G(VG,EG) is also a graph 

with vertex set as EG (that is V(L(G)) is a edge set of a graph 

G), and the two vertices ei, ej are adjacent in L(G) if and only 

if the edges ei and ej are adjacent in a graph G. 

D. Definition 

The (m,n) – Tadpole graph is denoted by Tm,n and is 

obtained by connecting any vertex of cycle Cm  to the end 

vertex of the path Pn with the bridge and is also named as Kite 

graph or Dragon graph. 

E. Definition 

 The Lollipop graph is a graph obtained by linking any 

vertex of the complete graph Kr to the end vertex of the path 

Ps with the bridge and is denoted by sr,K . 

F. Definition 

 Let G1 and G2 be a two graphs with disjoint vertex sets 

V1 and V2 and the edges sets E1 and E2. The composition of 

two graphs G1 and G2 (lexicographic product) is also the 

graph with vertex set ) 2(G 2V×) 1(G 1V  and the two vertices 

)v,(u 11
 and )v,(u 22

 are 

adjacent if either u1 and u2 
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are adjacent in G1 or 
21 uu   and v1 is adjacent to v2 in G1 

and is denoted as G1[G2].  

 

 

 

 The graphs considered here are undirected, loop less, 

finite and connected and the terminology used are in [1],[13].  

II. MAIN RESULT 

A. Theorem 

 
 
















N0i and 0,1,2j where

j,3i2n       i,4

,1n                      3,

TDI n3,



 

Proof 

Let   pn3TV n3,   and   n3TE n3,   of the 

graph n3,T . We need two cases to prove the result. 

Case (i) 

For n=1, Let the vertex of 3,1T  be 4321 v,v,v,v . Consider 

 3vS    as a dominating set of 3,1T  and we get 

  2STm 3,1  . Therefore,   3STmS 3,1  . If we select a 

dominating set either  41 v,vS or  42 ,vvS  , we get 

  21,3  STm in both the cases we get         

  41,3  STmS .Hence   3TDI 3,1  . 

Case (ii) 

 If  n = 2+3i+j where j = 0 and   Ni 0  (that is, 

for     n = 2,5,8,11,…), consider 

 n33k3 vi}  to0k\{vS     and iS  2  . 

 If n = 2+3i+j where j = 1,2 and   Ni 0  (i.e., 

for         n=3,4,6,7,9,10,12,13…….), consider the 

set  1i  to0k\vS 3k3    and .2 iS   

In the above two cases, the set S is considered as a 

dominating set because  3421 ,, vNvvv   and 

 tt vNvtv 363735 ,    where t = 0,1,2,3,….., and also 

2.S)m(T n3,   

Now we have to check the minimum of  .STmS n3,   

Let us consider any other dominating set 1S of n3,T  with 

  2STm n3,   because due to the nature of the construction 

of the graph n3,T , will have 1SS  . Therefore, 

)()( ,31,31 STmSSTmS nn          (1) 

Consider any other set S2  as a dominating set of n3,T with 

  ,2,3  STm n that is each component in ST n ,3 will be 

the isolated point, then automatically SS2  . 

   2n3,2n3, STmSSTmS       (2) 

Therefore,

    set dominating a is X:XTmXminSTmS n3,n3, 

      )n3,DI(T  

Hence for n≥2, we get 

 
 
















N0i and 0,1,2j where

j,3i2n       i,4

,1n                      3,

TDI n3,



 

B. Theorem 

 
 
















N,0i and 0,1,2j  wherej3i8n ifi,7

N,0i and 0,1j  wherej2i2n ifi,4

,1n if                                                           3,

)DI(T n4,





Proof 

Let  nn vvvvTV  4321,4 ,.....,,)(  and 

)V(T)E(T n4,n4,  . The proof is given by the following 

three cases. 

Case (i) 

If n = 1, then the vertex set of  4,1T  is }v,v,v,v,{v 54321 . 

Now, consider the set  42 v,vS  as a dominating set of 

4,1T then we have   1STm 4,1  So   3STmS 4,1  . The 

other possible dominating set of 1,4T are  41 v,vS and 

 531 v,v,vS , then we have   41,4  STmS . 

Among all these dominating set, 

  3121,4  STmS is minimum. 

Case (ii) For 2 ≤ n ≤ 7 

 If n = 2,3 and 5, consider the set 

 2i  to0k\22   kvS and iS  3 . Moreover 

we have   1,4  STm n . 

 If n = 4,6 and 7, then choose the set 

   1i  to0k\, 3742   kvvvS  and iS  2 . 

Further, we have   .2,4  STm n Then for also 

 2i  to0k\22   kvS  and iS  3 we have 

  .11,4  STm So for both the set S, we 

get   iSTmS n  4,4 . 

The above mentioned set S, will be a dominating set as 

 4531 ,, VNvvv   and  ttt vNvv 373836 ,    for t=0,1.2….. 

Now to analysis the minimality of  :,4 STmS n   

Let 1S be any other dominating set with   ,21,4  STm n  

then it is easily verified that, 

   1,41,4 STmSSTmS nn         (3) 

Now for another dominating set S2 with 

  ,12,4  STm n then each component in 2,4 ST n  is a 

isolated vertex. So, 

   2,42,4 STmSSTmS nn         (4) 

Hence from (3) and (4),   iTDI n  4,4 . 

Case (iii) 

Let  421 ,vvS  . 

 If n = 8+3i+j where j = 0 and  0Ni                       

( i.e. for n=8,11,14,17…), then 
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 1i  to0k\371   kvSS  and iS  5 . 

 If n = 8+3i+j where          j=1,2 and  0Ni  (i.e 

for n=9,10,12,13,15,16…….), then 

 2i  to0k\371   kvSS  and iS  5 . 

For the above mentioned set S in nT ,4 will be a dominating 

set as  4531 ,, vNvvv  and  ttt vNvv 373836 ,   for t = 0, 

1, 2 ….. and we have   2,4  STm n . 

Now to verify the minimality of  STmS n  ,4 : 

Let us consider any other dominating set as 1S with 

  2,4  STm n , then due to the nature of the structure of 

nT ,4 , we get SS 1 such that 

   STmSSTmS nn  ,41,41       (5) 

Now, S2 is any other dominating set with   2,4  STm n , 

(i.e   1,4  STm n ),then obviously SS 2 . So  

   STmSSTmS nn  ,42,42      (6) 

Therefore by (5) and (6), 

    set dominating a is X:min ,4,4 XTmXSTmS nn 

       nTDI ,4  

Hence

 
 
















N,0i and 0,1,2j  wherej3i8n ifi,7

N,0i and 0,1j  wherej2i2n ifi,4

,1n if                                                           3,

)DI(T n4,



  

C. Theorem 

For 5m  

 
 









0Ni and 0,1,2j where,37 if,5

6,5 if,4
1, jimi

m
TDI m

Proof 

Let the   11,  mTV m . The proof is given by the two 

cases. 

Case (i) 

For m = 5 

Let us consider  52 ,vvS   as a dominating set of 1,5T , 

then   21,5  STm . So   41,5  STmS . For any other 

choice of  641 ,, vvvS  or  632 ,, vvv we have  STm 1,5  as 

5 and 6 respectively. So   4221,5  STmS is 

minimum. Hence   41,5 TDI . 

If m = 6, consider  62 ,vvS  as a dominating set of 1,6T , 

then   21,6  STm . So   41,6  STmS . For any other 

choice of  752 ,, vvvS  or  7531 ,,, vvvvS  we have 

 STm 1,6  as 2 and 1 respectively. 

So   4221,6  STmS is minimum. Therefore, 

  41,6 TDI . 

Case (ii) 

If m = 7+3i+j, where j = 0,1,2 and  0Ni   (i. e., for      

m = 7,8,9,10,11,12,…..), then consider the dominating 

set    mk vvS 1i  took\33   and ,3 iS 

  21,  STm m . So   231,  iSTmS m . 

If for any other dominating set 1S with   ,211,  STm m  

then due to the nature of the structure of 1,mT , we get 

SS 1  such that 

   STmSSTmS mm  1,11,1         (7) 

Let 2S be any other dominating set of 1,mT with 

  21,  STm m , (i. e,   11,  STm m ), then obviously we say 

that SS 2 . So 

   STmSSTmS mm  1,21,2        (8) 

From (7) and (8), we get 

    set dominating a is X:min 1,1, XTmXSTmS mm 

       1,mTDI  

Hence, 

For 5m  

 
 









0Ni and 0,1,2j where,37 if,5

6,5 if,4
1, jimi

m
TDI m

 

D. Theorem 

For m = 5,6 and 2n  

   0Ni and 0,1,2j wherej,3i2n if,5,  iTDI nm

Proof 

Let   nmTV nm , . To prove this we need the following 

two cases. 

Case (i) For m = 5 

 If n = 2+3i+j, where j = 0,1 and  0Ni  , 

Consider the set 

   nmk vvS   1i  to0k\32   

of nT ,5  and iS  3 . 

 If n = 2+3i+j, where j = 2 and  0Ni  , 

Consider the set 

   132 1i  to0k\   nmk vvS   and 

iS  3 . 

The above defined set S will be a dominating set as 

 ttt vNvv 323331 ,   for t = 0,1,2 etc., Moreover we have 

  2,5  STm n . 

Let 1S be any other dominating set of nT ,5 with 

  2,5  STm n , then it is easily observed that .1 SS   So 

we have that, 

   STmSSTmS nn  ,51,51         (9) 

Let 2S be any other dominating set of nT ,5 with 

  12,5  STm n , then each component in 2,5 ST n  is an 

isolated vertex and so we get SS 2 . Therefore, 

   2,52,5 STmSTmS nn         (10) 

Hence from (9) and (10), 
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    set dominating a is X:min ,5,5 XTmXSTmS nn 

       nTDI ,5  

Case (ii) For m = 6 

 If n = 2+3i+j, where j = 0,1 and  0Ni  , 

consider the set 

   nmk vvS   1i  took\33 and iS  3 . 

 If n = 2+3i+j, where j = 2 and  0Ni  , consider 

the set    133 1i  to0k\   nmk vvS  and 

iS  3 . 

In the above two cases, the set S will be a dominating set 

since  ttt vNvv 333432 ,   and also  61 vNv  and for t = 0, 

1,2etc. Moreover   2,6 STm n . 

 Let us consider 1S any other dominating set with 

  3,6 STm n , then due to the nature of the structure we 

have SS 1 . So  

   1,61,6 STmSSTmS nn       (11) 

Let 2S be any other dominating set having 

  ,12,6  STm n  then each component of nT ,6  is isolated. So 

SS 2 . We can say that, 

    STmSSTmS nn  ,62,62      (12) 

Therefore, 

    set dominating a is X:min ,6,6 XTmXSTmS nn 

       nTDI ,6  

Hence for m = 5 and 6, 

   0Ni and 0,1,2j wherej,3i2n if,5,  iTDI nm  

E. Theorem 

For 7m and 2n  

  ,6, irTDI nm  if m = 7+3r+s, n = 2+3i+j where 

   0,0  NiNr  and s = j = 0,1,2. 

Proof 

To prove this result, we have to fix each value of m and 

then allow n to vary from 2,3,4 etc. 

 If m = 7+3r+s and n = 2+3i+j where  ,0Nir          

s = 0,1,2 and for j = 0 (that is for 7m and n = 2,5, 

8,11,13…….), consider the set 

 nmkmt vvvS 


































 

3

n
  to0k \1

3

m
  to0t\ 333

 as a dominating set and irS  4 . 

 If m = 7+3r+s and n = 2+3i+j where  ,0Nir  s = 

0,1,2 and for j = 1,2 we consider the set 



































 

3

n
  to0\1

3

m
  to0\ 333 kvtvS kmt  as a 

dominating set and .4 irS   

Further we have   2, STm nm and so 

  irSTmS nm  6, . 

Now to verify the minimality of  ., STmS nm   

Let us consider any other dominating set ,1S  with 

  ,21, STm nm then all the components in 1, ST nm  are 

isolated. So we get SS 1 . Therefore, 

   STmSSTmS nmnm  ,1,1       (13) 

Now consider other possible dominating set 2S with 

  ,21, STm nm then due to the structural nature of the 

graph we have SS 2 . So 

   STmSSTmS nmnm  ,2,2       (14) 

Therefore from (13) and (14), 

    set dominating a is X:min ,, XTmXSTmS nmnm 

       nmTDI , . 

Hence, 

  ,6, irTDI nm  if m = 7+3r+s, n = 2+3i+j where 

   0,0  NiNr  and s = j = 0,1,2. 

F. Theorem 

 







 ;

32s and 3r,1

1,s and 3r          ,
,

jiir

r
LDI sr  

  .0,1,2j and0Ni where    

Proof 

Let   srLV sr , . To prove this result we have to fix 

each value of r and allow s to vary from 0,1,2,….. 

Case (i) 

For r = 3,4,5,….. and s = 1, Consider the set  rvS  and 

,1S then this S will be dominating set as 

 rrrr vNvvvv  1211 ,....,,, . Further we have 

  1,  rSLm sr . So   rrSLmS sr  11, . 

Now to check the minimality of  SLmS sr  , . 

Let us consider 1S any other dominating set with 

   SLmSLm srsr  ,1, , then due to the nature of 

construction of the graph srL , we have SS 1 . Therefore, 

   SLmSSLmS srsr  ,1,1       (15) 

Now choose 2S any other dominating set with 

   SLmSLm srsr  ,2, , then each component of 2, SL sr   

will be isolated vertex. So SS 2 . Therefore, 

   SLmSSLmS srsr  ,2,2       (16) 

Hence from (15) and (16), we have 

    set dominating a is X:min 1,1, SLmXSLmS rr 

       1,rLDI . 

Case (ii) 

For 3r and s = 2+3i+j where  0Ni  and j = 0,1,2 

 If 3r and s = 2+3i+j where  0Ni  and j = 0 

(i.e. for s = 2,5,8,11,……..), consider the set 
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   srkr vkvS   i  to0\3 and also 

iS  2 . 

 If 3r and s = 2+3i+j where  0Ni  and j = 1,2 

(i.e. for s =3 4,6,7,9,10….), consider the set 

 1i  to0k\3   krvS and iS  2 . 

The above mentioned S will be a dominating set as 

 rrrr vNvvvv  1211 ,.....,,, and 

 trtrtr vNvv 31313 ,   where t = 1 ,2,3,4….. Moreover we 

have   1,  rSLm sr . 

Therefore,  

  112,  irriSLmS sr . 

Now to check the minimum of  SLmS sr  , . 

 

 

Let us consider any other dominating set 1S with 

   SLmSLm srsr  ,1, , then due to the nature of the 

structure we have SS 1 . Therefore, 

   SLmSSLmS srsr  .1,1       (17) 

Now consider another dominating set 2S with 

   SLmSLm srsr  ,2, , then each component in 2, SL sr   

will be an isolated vertex and so SS 2 . Therefore, 

   2,2, SLmSSLmS srsr         (18) 

From (17) and (18), we conclude that 

    set dominating a is X:min ,, SLmXSLmS srsr   

 srLDI ,     

Hence, 

  









jiir

r
LDI sr

32s and 3r,1

1,s and 3r          ,
,  

G. Theorem 

   
















411

39

25

2

n,

,n,

,n,

PPLDI n  

Proof 

Let nuuuu ,.....,, 321 be vertices of the path nP and 21,vv be 

the vertices of the path 2P . Let   2PPL n be the line graph of 

composition of nP and  2P with     qPPLV n 2  (that 

is, qeeee ,.....,, 321 ) and the cardinality of edge set of 

  2PPL n is        
2

2
2

1
in vdqPPLE . We need the 

following three cases to prove the result. 

Case (i) 

For n = 2 

Let us consider the dominating set  6531 ,,, eeeeS  of 

  2PPL n . Then 4S and     122 SPPLm . So 

    522  SPPLmS . Also for  6542 ,,, eeeeS   we get 

    522  SPPLmS . For other choice of  31,eeS  or 

 42,eeS  , then     422 SPPLm  and 

    622  SPPLmS . So     522  SPPLmS will be 

the minimum. Therefore,     522 PPLDI . 

Case(ii)  

For n = 3 

Consider the set  111098763 ,,,,,, eeeeeeeS  as a 

dominating set of   23 PPL and 7S . Moreover 

    123 SPPLm . So     923  SPPLmS . For other 

choice of  87531 ,,,, eeeeeS  and     523 SPPLm , then 

    1023  SPPLmS . Hence     923  SPPLmS  

is minimum. Therefore,     923 PPLDI . 

Case (iii) 

For n=4, Consider the set  13128642 ,,,,, eeeeeeS   as a 

dominating set of   24 PPL and 6S . Then 

    524 SPPLm . Therefore,     1124  SPPLmS . 

If we consider the other dominating set 

 16151097531 ,,,,,,, eeeeeeeeS  , then     624 SPPLm . 

So     1424  SPPLmS . Hence     1124  SPPLmS  

is minimum. Therefore     1124 PPLDI . 

Hence,    
















411

39

25

2

n,

,n,

,n,

PPLDI n  

H. Theorem 

For 145  n  

    jiPPLDI n  4152 , where i = 0,1,2,3 and 4,              

j = 0,1. 

Proof 

If n = 5+2i+j, where i = 0,1,2,3,4 and j = 0,1 (i.e., for n = 5, 

6,7,…..13,14), consider the set 
     1i  to0t\,1ji  to0t\2i  to0t\ 6526422222   tntntnt eeeeS 

 and jiS  49 . The above mentioned set S is a 

dominating set of   2PPL n  as 

 tntn eNe 642622   ,  tntntntt eNeeee 6426626323321 ,,,   , 

and  tntn eNe 652612   . Moreover     62 SPPLm n . 

So     jiPPLmS n  4152 . 

Now to verify the minimum of    SPPLmS n  2 . 

Let 1S be any other dominating set with 

    102 SPPLm n or     142 SPPLm n , then due to 

the nature of the structure of   2PPL n in both the cases we 

get SS 1 . But, 

       1212 SPPLmSSPPLmS nn     (19) 

The other possible dominating set 2S of   2PPL n  with 

    62 SPPLm n , then each component in   2PPL n  will 

be isolated and so SS 2 . 

Therefore, 
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       SPPLmSSPPLmS nn  2222    (20) 

From (19) and (20), we get 

   SPPLmS n  2  

    set dominating a is X:min 2 XPPLmX n   

   2PPLDI n  

Hence for 145  n , 

    0,1j and 0,1,2,3,4i  wherej,4152  iPPLDI n  

I. Theorem 

For 15n     


i

p
n piinPPLDI

0
2 4915n if,188 , 

where  0Ni  and also the Domination integrity 

for 


i

p

pi
0

4915n . 

 

 

 

Proof 

To give the result we need the following two cases. 

Case (i) 

If 


i

p

pi
0

4915n , where  0Ni  (i.e., for                  

n = 15,28,45,66….), and let us consider the dominating set of 

  2PPL n as 

        















 and 10\,,

3
323313213

i

n

itnitknti toteeeS





















 20\,0

3
)3(3)2(322)3(3)2(312

i

n

itinitin toteetoik 

and  .24  inS  . Moreover     iSPPLm n 4102  . 

Therefore,     1882  inSPPLmS n . 

Now to analyze the minimum of    SPPLmS n  2 . 

Let 1S be any other dominating set of   2PPL n with 

SS 1 , then due to the nature of the construction of the 

graph   2PPL n , we have 

       SPPLmSPPLm nn  212 such that 

       1212 SPPLmSSPPLmS nn     (21) 

Let 2S be any dominating set of   2PPL n with SS 2 , 

then        222 SPPLmSPPLm nn  . So 

       2222 SPPLmSSPPLmS nn     (22) 

From (21) and (22), we get 

   SPPLmS n  2  

    set dominating a is X:min 2 XPPLmX n   

   2PPLDI n  

Hence,     


i

p
n piinPPLDI

0
2 4915n if,188 . 

Case (ii) 

For 


i

p

pin
0

4915 , 

 The number of terms in between 


i

p

pin
0

4915 , 

where  0Ni  (i.e., n = 15, 28,45,66….) are 12+4i. We 

can generate the four groups for the number of terms in 

between the n. The number of members (or elements) in each  

group are i
i




3
4

412
, for  0Ni  . Then the first 

member in each group have domination integrity value is 

computed by adding 3 to the previous domination integrity 

value and the other members of each groups have consecutive 

numbers as their domination integrity value. 

III. CONCLUSION 

The network users and designers give much more 

preference to it‟s stability. Here we have analyzed the one of 

the parameter known as domination integrity and is used to 

find the vulnerability of a network. We investigated the 

domination integrity Tadpole, Lollipop graph and line graph 

formed from the composition of nP and 2P and we conclude 

that the order of the graph increases, then the domination 

integrity value also increases. The Domination integrity of 

some graph operations on tadpole, lollipop, snake and grid 

graphs are an open are for investigation. 
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