International Journal of Recent Technology and Engineering (IJRTE)

ISSN: 2277-3878, Volume-8 Issue-4S4, December 2019

On Equitable Irregular graphs

P. Sanakara Narayanan, S. Saravanakumar

Abstract: An k—edge-weighting of a graph G = (V,E) isa map
@ E(G) » {1,2,3,...k}, }where k> 1 is an integer. Denote
S,(v) is the sum of edge-weights appearing on the edges
incident at the vertex v undere . An k-edge -weighting of G is
equitable irregular if |S,(u) —S,(v)| < 1, for every pair of
adjacent vertices u and v in G. The equitable irregular strength
S.(G) of an equitable irregular graph G is the smallest positive
integer k such that there is a k-edge weighting of G. In this paper,
we discuss the equitable irregular edge-weighting for some classes
of graphs.
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I. INTRODUCTION

A graph labeling is an assignment of integers to the vertices
or edges or both with respect to some conditions. A detailed
survey of graph labeling is given by Gallian [4]. This paper
considering an edge labeling of graphs. For our convenience,
we call the term edge - weighting instead of edge - labeling.
An k-edge weighting is a map¢ : E(G) - {1,2,...,k},
where k € NN is equitable irregular if [S,(w) — S, ()| <
1 for every pair of adjacent vertices u and v in G,
where S, (x)is the sum of the edge - weights presenting on
the edges incident at the vertex x. A graph admits such a
labeling is called an equitable irregular. This notion was
introduced by I. Sahul Hamid and S. Ashok Kumar in [3]. In
that paper, the authors were discussed some properties of
equitable irregular graphs and provided some classes of
equitable irregular graphs along with its strength. In this
paper, we extend the study of this parameter by proving
closed helm graphs, windmill graphs, flower graphs,
quadrilateral snake and double quadrilateral snake graphs are
equitable irregular. Moreover, we determine the exact value
of the strength for each of these classes of graphs. For this, we
need the following theorem which is proved in [3].

Theorem 1.1. If G is equitable irregular graph, thenS, (G) =

AG)-2 o .
[ﬂ (G)—l]’ where u(G) = min{u,: x e V(G)},

deg x = A(G)andu(x) = min{degy : xy € E(G) }.

Il. MAINRESULTS

In this section, we prove that the closed helm graphs,
windmill graphs, flower graphs, quadrilateral and double
quadrilateral graphs are equitable irregular. Moreover, we
compute the irregularity strength of these families.
Definition 2.1. A closed helmCH,, is the graph obtained by
taking a helm H, and adding edges between the pendant
vertices to form a cycle.
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Theorem 2.2. For all n, the graph CH,, is equitable irregular
and S, (CH,) = [”3;2 .

Proof. Let V(CH,) = {vy, v, v, ,V5, V5 .., U, v, } and
E(CH,) ={vyv:1<i<n}u{vv,:1<i<n}u
v 1<i<n—-1}u{yv,, :1<i<n-1}u
{v,v,,v, v,. Define an edge-weighting ¢ of CH, as
follows.

Let p(vyv;) = 1forall1l < i < nandassign ["3;2] forall

the remaining edges of CH, . (For the graph CH, , the
edge-weighting ¢ is illustrated in Figure 1).

Fipare | The greph (" /e tnd m iregular edpe-veiphting
Then S,(vy) =n and for all 1<i<n , we have

S (o) = p(vovy) + p(v) + W) + e(Wvi)

n+1 ifn=00(mod3)
=<n if n =1(mod3)
n—1 ifn=2(mod3)

Further, S,(v;) = o(vv,) + o(v; Vi1 ) + (v, v;y)

n if n =0(mod3)

=<n-—1 if n =1(mod3)

n—2 if n =2(mod3)
It is clear that, the difference of the weights of any two
adjacent vertices of CH,, under ¢ is at most 1. Hence CH,, is
equitable irregular and so S, (CH,,) < [%] Sincepn(CH,) =
4 and A(CH,) = n, it follows by Theorem 1.1, we get
S.(CH,) = [=2]. Thus s, (cH,) = [,

Definition 2.3. The windmill graph W, ™ is the graph
obtained by taking m-copies of the complete graph K,with a
vertex in common.

Theorem 2.4. For all n and m, the windmill graphi,™ is
equitable irregular.

Proof:Let V(W, ™) = (0o, 011,015, V13, ) Vi(no1ys V21, V22,
V235 s V2(n=1) = V1 Vm2,Vm3s w0 Vm(n-1)}

andE(W, ™) = (E(G):1<i<m}u
{fvov;:1<isnl<j<n-1}

V(Gi) =
{Uil,viz'vm, ""vi(n—l): 1 <i<
m}.
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We now assign the weights to the edges of W, ™ as follows.
Let @(vov;)=1 for all i=123..m and j=
1,2,3,..,n— 1. Further assign the weights [m"n__";_zl to all
the remaining edges of W, ™. (For the graph W,® the
edges-weighting ¢ is illustrated in Figure 2). Then edge
weighting of W, ™ as follows.

Foral1<i<mand1<i<n-—1, we haveS,(v;) =

1+(n-2) [mnn—_rr;—Zl and S, (vy) = m(n - 1),
mn—-1)+1 if n,mare odd
Sy Wpm) = {mn — 1) ifmisodd,nis even
mn-1)—-1 otherwise

Clearly for any two adjacent vertices of W, ) their weights

are differ by at most one and hence W, ™ is equitable
mn—m—zl

irregular. Thus S, (W, ™ ) <

n—2

Figure I- The zraph W :'“ nd s pregmely edge welghnng

Since A(W,"™) = —1m  and u(W, ™) =n-1, it

follows from Theorem 1.1 we get S, (W, ™)) > _’”"n‘_"z“zl_
—m—2
Thus S, (W, ™) = %]

Definition 2.5. A flower graphFl,, is the graph obtained from
a closed helm by joining each pendant vertex of the helm toits
center vertex.
Theorem 2.6. The flower graph F1, is equitable irregular for
allnand S,(FL,) = lz?nJ
Proof: Let V(FL,) = {vy, vy, vy, V3, Vs » ) ¥y, b, } and
E(Fln) = {vovi:l <i< n}U{Uivi,:l <i Sn}U
{Ul'vl'+1:1 < i <n-— 1}U{Uivi+1,:1 < i <n-— 1}U
{vov; 11 <i<n}u{viv,v; vy k.

Now, let us define an edge-weighting ¢ of Fl,as follows.
For all 1 <i<n, let p(vyv;) = @(vyv;) = 1 and assign
lz?nJ to all remaining edges of Fi,. Then S, (v,) = 2n and

forall1 <i <n, we have
2n if n = 2(mod3)
S,(w) =S, )=={2n+1 if n = 0(mod3)
2n—1 if n = 1(mod3)
One can easily verify that the difference of the weights of any
two adjacent vertices of Fi, is at most 1 and hence Fl,, is

equitable irregular. Thus S, (FL,) < lz?"J Here p(Fl,) = 4and
A(FL,) = 2n, we get S, (FL,) ::lz?"be Theorem1.1. Hence

S.(FL) =|2|.
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Figure 3: The praph Miy 2ad it smegular edge weighting

Definition 2.7. The Lotus inside a circleLC, is a graph
obtained from the cycle C,,:(uq, uy, ..., Uy, uqg)and star Ky,
with center vertex vyand end vertices vy, v,, ..., v,, by joining
each v;to u;and u; . (modn).

Theorem 2.8. The Lotus inside a circle graph LC, is
equitable irregular for all n andS((LC,) :lnz;lj

Proof: Let V(LC,) = {vy, vi, Uy, Vy Uy, ..., V,, U, } and
E(LC) ={yyvzl1<i<n}U{vu:l<i<n}u
u,1<i<n—-1u{vutu{yu,, :1<i<n-—
1Vunul.
Now, let us define an edge-weighting ¢ of LC, as follows.
PeWov) = euu1) = e(wuy,) = 1for all 1 < i <
n and assign l"z;ll to all the remaining edges of LC,,. (Forthe
graph LCs , the equitable irregular edge-weighting ¢ is
illustrated in Figure 4.)
Clearly, S, (vy) = S, (u,) =n and
_(n if nis odd

Sy () = {n —1 if niseven
It is easy to observe that the weights of any two adjacent
vertices of LC, are differ by at most 1. Thus LC,, is equitable

ol
)

i
Fizmre 4: The graph 14 znd 1= oresoler edee weishins

Also,u(LC,) =3 and A(LC,) = n, by Theorem 1.1 that S¢(LC,,)
> lnz;ljand the edge-weighting ¢ deduces that S¢(LC,) =

l"z;lj Hence S, (LC,) :lnz;l

Definition 2.9. A quadrilateral snake@,, is obtained from a
path uq,us, ..., u,, by joining u;and u; ., to new vertices v;
and w;respectively and joining the verticesv; and w;for
i=12,...,n—1

Theorem 2.10. The Quadrilateral snake Q,, is equitable
irregular for all nand S, (Q,,) = 2.

Proof :Let V (Q,) = {uy, uy, u3, ..., Up4q U {;w; :
1<i<n-1}andE@Q,)={wu,:1 <i <

n} U{wv, viw,wiu;4q ¢ 1 < i < n — 1} Define an
edge weighting ¢ of Q,, as follows.

Let o(w;ui01) = e(Wu;1) = 1and o(w;v;) = 1 for all
2 < i < n — 1and assign the label 2 to all the remaining
edges of @,,.Then the weight of any vertex of Q,, iseither 3 or
4.
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Therefore, the weights of any two adjacent vertices of Q,,
differ by at most 1 and so @Q,, is equitable irregular. (For the
graph @z, the equitable irregular edge-weighting ¢ is
illustrated in Figure 5). Hence S, (Q,) < 2.

sure 5- The sraph Oy 2nd it oresular adze weighnng

Since (Q,) = 2 and A(Q,,) = 4, it follows by Theorem 1.1,
S.(Qn) = 2.Thus S, (Q,) = 2.

Definition 2.11. A Double Quadrilateral snakeDQ, is a
graph consists of two quadrilateral snakes that have a
common path.

Theorem 2.12. The Double Quadrilateral snake DQ,, is
equitable irregular for all nand S, (DQ,,) = 4.

Proof. Let V (DQ,,) = {u;, uy, us, ..., Up4q U
{fviw,x,y;+ 1 < i < njand

E (DQy )
=}{uiui+1'uivi'viWi'Wiui+1'uixi'xiyi:yiui+1:1 sis
n}.

Now, let us define an edge weighting ¢ of DQ,as follows.
Let o(uyv1) = @Uix1) = @(UppaWn) = @Upi1Yn) =
2andp(v;w;) = @(x;y;) = 4foralll <i<n.

Further, assign the label 1 to all the remaining edges of DQ,,.
Then Sqa (ul) = S(p (u'n+1) = 5! S(p (vl) = Sgo (xl) = Sga (Wn) =
Sy ) =6andforalll < i <n — 1, wehave$, (y;) =
Sy, w)=5andforall2 < i <n,S, (w)=6.

Clearly, the weights of any two adjacent vertices of DQ, are
differ by atmost 1. Therefore DQ,, is equitable irregular and
hence S, (DQ,,) <4.

i

Fipare & The praph [ and iy imegaler sdpe weighting

Since W(DQ,,) =2 and A(DQ,,) = 6, this implies S, (DQ,,) >4
by Theorem 1.1. and thus S, (DQ,) =4.

I1l. CONCLUSION

In this paper, wehave proved some special classes of graphs
such as closed helm graphs, windmill graphs, flower graphs,
quadrilateral snakes and double quadrilateral snakes are
equitable irregular.

ACKNOWLEDGMENT

The authors wish to thank the Management and Head of
the Department of mathematics for their Motivation and
supportfor this research work.

REFERENCES

1.  G. Chartrand, M. S. Jacobson, J. Lehel, O. R. Oellermann, S. Ruiv and

F. Saba, Irregular networks, Congr. Numer.,64 (1988).

Retrieval Number: D104412845419/2019©BEIESP
DOI: 10.35940/ijrte.D1044.12845419

ISSN: 2277-3878, Volume-8 Issue-4S4, December 2019

2. M. Karonski, T. Luczak and A. Thomson, Edge weights and vertex
colours. J. Combinator. Theory B, 91(2004), 151-157.

3. I. Sahul Hamid, and S. Ashok Kumar, Equitable irregular edge-
weighting of graphs, SUT Journal of Mathematics, Vol. 46, No. 1
(2010), 79 - 91.

4. J.A.Gallian, A dynamic survey of graph labeling, Electron. J . Comb.,

15(2008).

AUTHORS PROFILE

Dr. S. Saravanakumar received his UG, PG and
M.Phil Degrees in Mathematics from The Madura
College, Madurai in the years 2008, 2010 and 2011
respectively. He obtained his Ph.D. from Madurai
Kamaraj University in 2016 and he has published
around 6 research articles in reputed SCI and Scopus
indexed journals. His current research areas are
coloring,decomposition and domination related parameters in graphs. He is
currently working as an Assistant Professor in Mathematics at
KalasalingamAcademy of Research and Education, Krishnankoil- 626126,

India
research area is Graphs Theory and he is currently

i ﬁz
|
(
‘{ working as Assistant Professor in Mathematics

atKalasalingam Academy of Research and Education, Anand Nagar,
Krishanankoil- 626126, Tamilnadulndia.

Mr.P.Sankaranarayanan pursued his B.Sc degree
from Devangar Arts College, Aruppukottai in
2012.He got his M.Sc degree from S.B.K college,
Aruppukottai in 2014. He obtained his M.Phil degree
from S.N.College Madurai in 2015. His current

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

124

Exploring Innovation



