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Abstract:The topological features of the objects or digital image 

pictures are characterized by digital topology. A digital image 

picture is a distinctive arrangement of numbers which are non 

negative. Decomposing an image picture into its constituent 

components and investigating its several characteristics with 

fundamental elements is generally coined as digital image 

processing. In investigating the fundamental constituents of 

images, the separation of connected segments are established to 

enquire the adjacency relationship. During this course of 

tracking, thinning and coding them, it is kept in mind that the 

specification of connectedness of the pictures remains unaltered. 

The characteristics of the constituent subsets and relationships 

may be stipulated when the image is fragmented into its 

elementary constituents. Some features of the subsets of these 

constituent parts are based on their respective positions. Thus, the 

basic idea for image processing is the primary topological 

characteristics of digital images like adjacency, connectedness, 

etc. 

The fixed point theorems associated to certain kinds of 

contraction mappings can be utilised in the field of engineering 

science and technology as computational technique to provide an 

exclusive programme to explore various problems. Parallel and 

distributed computation, modeling, simulation and digital image 

processing are few notables among these techniques. 

In digital image processing digital contraction mapping is 

defined and then existence of the solution and its uniqueness is 

obtained using the fixed point theorem concerned, which is the 

mathematical basis of border following, thinning and contour 

filling of a digital image picture. 

In digital image processing the applicability of fixed point 

theorem and contraction mappings as a computational technique 

has been grazed well. 

To further broaden its pertinency in image processing our 

interest is to delve into some of contraction mappings as a 

significant mechanism. 

 

Keywords: Digital Image, Digital Metric Space, Digital 

Contraction, Fixed Point Theorem. 

I. INTRODUCTION 

In functional analysis and general topology wide 

application of the contraction mapping is well understood. 

Also, it has been applied as a better problem solving tool in 

nonlinear analysis. A metric space with convergence of each 

Cauchy sequence lying in it confirms the existence of a fixed 

point with uniqueness when dealt with the contraction 

mapping. Metric space was brought into the notice by M. 

Ferchet [1]. Further, Banach fixed point theorem introduced 

by Stephen Banach [3] paved a solid ground for the theory of  
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contraction mappings and their fixed points. Other 

researchers along with noted L.E.J. Brouwer [2], J. Schauder 

[4], etc., enhanced the notion as according. A. Tychonoff [5], 

S. Lefschetz [6], M. Edelstein [8], R. Kannan [9], etc., have 

further generalized the same notion. Distribution function has 

been furnished by K. Menger [7] in 1942 to provide an idea 

about the probabilistic metric space which is more helpful in 
dealing with the notion of metric space. 

But, so far as digital topology is concerned, a digital metric 

space is taken in to account in place of general metric space. 

Likewise, a digital topology is used instead of using general 

topology in dealing with digital image processing. 

 

Digital Vs General Topology 

 

 
As stated above the general topology is not much appropriate 

while dealing with digital images since, it assumes the spaces 

which have uncounted number of points, even in the least 

neighborhood of the concerned space (as shown in above 

figures).  
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So, many of the researchers have used digital topology which 

is the most appropriate topology in the course of image 

processing. It is nothing but the topological properties of 

two-dimensional (2D) and three-dimensional (3D) digital 

images. It furnishes a solid mathematical background for 

object counting, image thinning, contour filling and various 
other image processing techniques. 

Digital topology has been considered as an important tool of 

image processing by A. Rosenfield [10] [11]. Then, the plan 

of digital fundamental group for a three-dimensional image 

thinning was suggested by Kong [12]. After studying a 

number of digital continuous mappings, the idea of digital 

topology has been forwarded by Boxer [14] [16] [19]. It was 

Rosenfield [11] who first proposed the concept of digital 

continuous function and characteristics of fixed point in 

digital images. 

Ege and Karaca [25] [26] advanced the applicability of 

Lefchetz fixed point theorem for the processing of digital 
images and defined the concept of digital metric space to 

prove the Banach contraction theorem for digital images [27]. 

Further improvement of the Banach theorem for digital 

metric was fostered by Han [28]. 

Our wish in this is to further strengthen the notion of digital 

topology by procuring some contractions in processing the 

digital images. 

 

Preliminaries 
Before dealing with the main purpose, it is needful to furnish 

some basics. 

Suppose any subset 𝐿  of the set 𝑍𝑛 of lattice pointsin 

𝑛-dimensional Euclidean space, where 𝑛 is an integer such 

that𝑛 ≥ 0and the adjacency relation for the elements of 𝐿 is 

𝑎.Then, (𝐿, 𝑎) is known as a digital image [10] [11]. 

 

Definition 1: For some positive integers𝑎, 𝑛; 1 ≤ 𝑎 ≤ 𝑛 and 

two fixed points𝑝, 𝑞 s. t. 

𝑝 = (𝑝1,𝑝2, ……… . 𝑝n) ,  𝑞 = (𝑞1,𝑞2, ……… .𝑞n) ∈ 𝑍𝑛 , then 

𝑝, 𝑞 are 𝑎-adjacent [16] if for at most 𝑎, we get 

 𝑝𝑖 − 𝑞𝑖 = 1, for all 𝑖 and  𝑝𝑗 − 𝑞𝑗  ≠ 1, 𝑝𝑗 = 𝑞𝑗  for all 

other indices𝑗. 
So, we get 

For 𝑝 ∈ 𝑍𝑛  number of points 𝑞 ∈ 𝑍𝑛  adjacent to 𝑝 can be 

depicted by 𝑘(𝑎, 𝑛) where 𝑘(𝑎, 𝑛) is independent to 𝑝. Or, 

we use 𝑘 = 𝑘(𝑝, 𝑛) in short. 

Now, follow this as: 

(і) When, 𝑝 ∈ 𝑍, i.e., 𝑛 = 1, so 𝑎 will have the value 𝑎 = 1. 

Therefore,  

𝑘 𝑎, 𝑛 = 𝑘 1,1 = 2 

In this case the two points are 𝑝 − 1 and 𝑝 + 1, 1-adjacent to 

𝑝 ∈ 𝑍 which is as shown in figure below. 

 

 
(іі)When, 𝑝 ∈ 𝑍2, 𝑛 = 2, so 𝑎 will have the values  𝑎 = 1,2. 

If 𝑎 = 2. Then, 2-adjacent to 𝑝 = (𝑝1,𝑝2) will be  

 𝑝1 ± 1, 𝑝2 ,  𝑝1 , 𝑝2 ± 1 , (𝑝1 ± 1, 𝑝2 ± 1). 

So, there are 8 points 2-adjacent to 𝑝 such that 𝑘 = 𝑘 2,2 =
8. 

 

 
If 𝑎 = 1 . Then, 1 -adjacent to 𝑝 = (𝑝1,𝑝2)  will be  𝑝1 ±
1,𝑝2,𝑝1,𝑝2±1. 

Therefore, there are 4 points 2 -adjacent to 𝑝  such that 

𝑘 = 𝑘 1,2 = 4. 

 

 
(ііі)If, 𝑝 ∈ 𝑍3, 𝑛 = 3, so 𝑎 will have the values  𝑎 = 1,2,3. 

When, 𝑝 = 3. Then, 3-adjacent to 𝑝 = (𝑝1,𝑝2 , 𝑝3) are given 

by 
 𝑝1 ± 1, 𝑝2 , 𝑝3 ,  𝑝1 , 𝑝2 ± 1, 𝑝3 , (𝑝1 , 𝑝2 , 𝑝3 ± 1), 

 𝑝1 ± 1, 𝑝2 ± 1, 𝑝3 ,  𝑝1 ± 1, 𝑝2 , 𝑝3 ± 1 ,  𝑝1 , 𝑝2 ± 1, 𝑝3

± 1 ,  
 𝑝1 ± 1, 𝑝2 ± 1, 𝑝3 ± 1  

Therefore, there are 26 points 3-adjacent to 𝑝 such that 

𝑘 = 𝑘 3,3 = 26. 

If 𝑎 = 2. Then, 2-adjacent to 𝑝 = (𝑝1,𝑝2 , 𝑝3) are given by 

 𝑝1 ± 1, 𝑝2 , 𝑝3 ,  𝑝1 , 𝑝2 ± 1, 𝑝3 , (𝑝1 , 𝑝2 , 𝑝3 ± 1), 

 𝑝1 ± 1, 𝑝2 ± 1, 𝑝3 ,  𝑝1 ± 1, 𝑝2 , 𝑝3 ± 1 ,  𝑝1 , 𝑝2 ± 1, 𝑝3

± 1  
Therefore, there are 18 points 2-adjacent to 𝑝 such that 

𝑘 = 𝑘 2,3 = 18. 

If 𝑎 = 1. Then, 1-adjacent to 𝑝 = (𝑝1,𝑝2 , 𝑝3) are given by 

 𝑝1 ± 1, 𝑝2 , 𝑝3 ,  𝑝1 , 𝑝2 ± 1, 𝑝3 , (𝑝1 , 𝑝2 , 𝑝3 ± 1) 

Therefore, there are 6 points 1-adjacent to 𝑝 such that 

𝑘 = 𝑘 1,3 = 6. 

Hence, for n-D digital image it can be generalized as shown 
by the following equation [18]. 
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𝑘 𝑎, 𝑛 =  2𝑛−𝑖 𝑛
𝑖
 

𝑛−1

𝑖=𝑛−𝑎
, 1 ≤ 𝑎 ≤ 𝑛       ………… (1) 

Where, 

 
𝑛

𝑖
 =

𝑛!

𝑖! (𝑛 − 𝑖)!
 

Consider a non empty set 𝐿, subset of 𝑍𝑛 , s.t.  1 ≤ 𝑎 ≤ 𝑛 and 

𝑘 = 𝑘 𝑎, 𝑛 . Then, 𝑘 𝑎, 𝑛  is said to be a digital image with 

𝑎-adjacency [11]. And, the pair (𝐿, 𝑎) is the n-D digital 

image [10] [11]. 

Definition 2: [14] [15] A digital interval denoted by [𝑙,𝑚]𝑧  

for 𝑙, 𝑚 ∈ 𝑍 and 𝑙 < 𝑚 is defined as 

[𝑙, 𝑚]𝑧 = {𝑧 ∈ 𝑍: 𝑙 ≤ 𝑧 ≤ 𝑚}. 

Definition 3: [15] Any point of 𝑍𝑛  which is 𝑎-adjacent to 𝑝 

is known as 𝑎-neighbour of 𝑝 ∈ 𝑍𝑛  if for  

𝑎 ∈ {2,4,8,6,18,26} and 𝑛 ∈ {1,2,3}, we have 

𝑀𝑎 p = {q: q is 𝑎-adjacent to 𝑝} 

𝑀𝑎 p  is an 𝑎-neighbourhood to 𝑎-neighbour of 𝑝. Here, 𝑝 

and 𝑞 are 𝑎-neighbours if q is 𝑎-adjacent to 𝑝.     

Definition 4: [15] An 𝑎-connected digital image 𝐿 ∈ 𝑍𝑛  is 

described for every points  𝑙,𝑚 ∈ 𝐿  if ∃  a set 

{𝑙0 , 𝑙1 , 𝑙2 , ……… , 𝑙𝑟 }, such that 𝑙 = 𝑙0  and 𝑚 = 𝑚𝑟 &𝑙𝑖  and 

𝑙𝑖+1 are 𝑎-neighbours ∀𝑖 = 0,1,2,……… , 𝑟 − 1. 

Definition 5: Consider the digital images (L,𝑎0) and (N, 𝑎1) 

of 𝑍𝑛0  and 𝑍𝑛1 , respectively and 𝐵: 𝐿 → 𝑁  is a Function. 

Then 
 і 𝐵 is (𝑎0 , 𝑎1)-continuous [16] if 𝑎0-connected subsets 𝐹 of 

𝐿 are corresponded to 𝑎1-connected to 𝑁. 

(іі)𝐵  is (𝑎0 , 𝑎1) -continuous if and only if images of 

𝑎0 -adjacent to 𝐿  are 𝑎1 -adjacent in 𝑁  else, images of 

𝑎0-adjacent of 𝐿 are coinciding. Meaning there by, 𝑙0 , 𝑙1 are 

𝑎0-adjacent to 𝐿 then, 𝐵(𝑙0) and 𝐵(𝑙1) are 𝑎1-adjacent in 𝑁 

or, 𝐵 𝑙0 = 𝐵(𝑙1). 

(ііі)Isomorphism: [20] 𝐵 is called (𝑎0 , 𝑎1)-isomorphism if : 
 𝑎 𝐵 is (𝑎0 , 𝑎1)-continuous 

(𝑏)𝐵 is one-one and onto function and 

(𝑐)𝐵−1 is (𝑎0 , 𝑎1)-continuous. 

Then, we obtain  

𝐿 ≅(𝑎0 ,𝑎1) N. 

Definition 6: [16] A Digital 𝑎 -path from 𝑙 → 𝑚  in 𝐿  is 

defined as a (2, a)-continuous function B:  0, 𝑟 𝑧 → 𝐿  s. t. 

𝐵 0 = 𝑙  and 𝐵 r = 𝑚 . The set 𝐿  is known as 𝑎 -path 

connected in the set (𝐿, 𝑎) if there is an𝑎-path for any two 
points. 

A simple closed 𝑎-curve of𝑟 ≥ 4 points [22] in 𝐿, 𝑎 is a 

specified by a sequence {𝐵 0 , 𝐵 1 , 𝐵 2 , ……… ,𝐵 r −
1} of 𝑎-path images B:[0,𝑟]𝑧→𝐿such that𝐵i and 𝐵j are 

𝑎-adjacent if and only if  𝑗 = 𝑖 ± 𝑚𝑜𝑑 𝑟. 

 

Fixed point theorem for digital images: 

Suppose 𝐵: (𝐿, 𝑎) → (𝐿, 𝑎) is a (a, a)-continuous self map. 

Any digital image(𝐿, 𝑎)  have a fixed point [26] if ∃𝛼 ∈
Lsuch that for every(a, a)-continuous mapping 𝐵: 𝐿 → 𝐿 

𝐵 𝛼 = 𝛼  
The characteristics shown above are protected in any digital 

isomorphism for fixed point. 

Now, let(𝐿, 𝑏, 𝑎) is a digital metric spacewith 𝑎-adjacency 

and 𝑏 an Euclidean metric on 𝑍𝑛 . 

Definition 7: [25] [26] [27] Consider < 𝛼𝑛 >  is a 

sequenceon a digital metric(𝐿, 𝑏, 𝑎). The sequence < 𝛼𝑛 > 

will be a Cauchy sequence, if for each 𝜀 > 0 ∃ 𝑐 ∈ 𝑁, we 

have 

𝑏(𝛼𝑟 , 𝛼𝑛 ) < 𝜀, ∀ 𝑟, 𝑛 > 𝑐. 

Theorem 1: [28] If < 𝛼𝑛 > is a Cauchy sequenceon a digital 

metric(𝐿, 𝑏, 𝑎) then, we have 

𝛼𝑟 = 𝛼𝑛  ,∀ 𝑟, 𝑛 > 𝑐 ∈ 𝑁 

Definition 8: [28] A Cauchy sequence < 𝛼𝑛 > on a digital 

digital metric (𝐿, 𝑏, 𝑎)  is convergent on 𝛼0 ∈ L , if for 

each 𝜀 > 0∃ 𝑐 ∈ 𝑁, such that 

𝑏 𝛼𝑛 , 𝛼0 < 𝜀 ∀ 𝑛 > 𝑐 

Definition 9: [28] A digital metric space (𝐿, 𝑏, 𝑎)  is 

complete if every Cauchy sequence< 𝛼𝑛 > on the metric 

space (𝐿, 𝑏, 𝑎) is convergent to any point 𝛼0 ∈ L. 
Theorem 2: [28] Let (𝐿, 𝑏, 𝑎) is anydigital metric space then 

the digital metric space will be complete. 

Definition 10: [28] Let 𝐵: (𝐿, 𝑏, 𝑎) → (𝐿, 𝑏, 𝑎) be a self map 

on a given digital metric(𝐿, 𝑏, 𝑎) . Then, for any 𝛽 ∈ [0,1) it 

will be a digital contraction if, 

 
Where, 𝛽 is a digital contraction constant. 

Statement 1: [28] Each digital contraction mapping 

𝐵: (𝐿, 𝑏, 𝑎) → (𝐿, 𝑏, 𝑎) on a digital metric(𝐿, 𝑏, 𝑎) is always 

digitally continuous. 

Now, before going through the main result we recall the 

digital contraction for self mappings. 

Theorem 3: [27] Banach Contraction Principle 

Suppose (𝐿, 𝑏, 𝑎)  is a digital metric space on Euclidean 

metric 𝑍𝑛  and 𝐵:𝐾 → 𝐾 be any digital contraction. Then, a 

unique fixed point  𝑥0 ∈ 𝐿 exists, which gives𝐵 𝑥0 = 𝑥0. 

II. MAIN RESULTS AND DISCUSSION 

The key motive of this draft is to explore the pertinency of 
contraction mapping principal in digital topology especially 

the inference of this paper is to broaden the applicability of 

fixed point theorems in digital image processing. 

Now, we use two mappings to show the main result as given 

here under with the following theorem: 

Theorem 4: Let (𝐿, 𝑏, 𝑎)  be a digital metric space with 

coefficient 𝑘 ≥ 1 and 𝑓, 𝑔: 𝐷 → 𝐿 the mapping such that 

 

 
 

Proof:  Let 𝑥0, 𝑥1 be points of 𝑌 such that 𝑓𝑥0 = 𝑔𝑥1.Since, 

𝑓(𝐷) ⊆ 𝑔(𝐷) and 𝑓𝑥0 = 𝑔𝑥1 ,hence we can  construct a 

sequence {𝑥𝑛 } such that 𝑓𝑥𝑛 =  𝑔𝑥𝑛+1 in (i) we have  

𝑏 𝑓𝑥 , 𝑓𝑥𝑛+1 = 𝑏(𝑧𝑛 , 𝑧𝑛+1)

≥ 𝑕. min{𝑏(𝑔𝑥 , 𝑔𝑦), 𝑏 𝑔𝑥, 𝑓𝑥 }, 𝑏
1

2𝑘
[𝑏 𝑔𝑥, 𝑓𝑦 

+ 𝑏 𝑔𝑥, 𝑓𝑥 ] 
≥
𝑕. min⁡{𝑏(𝑔𝑛 ,𝑔𝑥𝑛+1), 𝑏 𝑔𝑥𝑛 , 𝑓𝑥𝑛  , 𝑏(𝑔𝑥𝑛+1 , 𝑓𝑥𝑛 )},
1

2𝑘
 𝑏 𝑔𝑥𝑛 , 𝑓𝑥𝑛+1 + 𝑏 𝑔𝑥𝑛+1 , 𝑓𝑥𝑛    

 

Let 𝑧𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 = 𝑔𝑥𝑛 = 𝑓𝑥𝑛−1 = 𝑧𝑛−1 . Then  

𝑏 𝑧, 𝑧𝑛+1 ≥ 𝑕. min⁡{𝑏 𝑧𝑛−1 , 𝑧𝑛  , 𝑏(𝑧𝑛 , 𝑧𝑛−1 

),b(𝑧𝑛−1 , 𝑧𝑛 ),b(𝑧𝑛 , 𝑧𝑛+1)}, 
1

2𝑘
 𝑏 𝑧𝑛−1 , 𝑧𝑛  , 𝑏 𝑧𝑛−1 , 𝑧𝑛    

≥ 𝑕. min 𝑏 𝑧𝑛−1 , 𝑧𝑛  , 𝑏(𝑧𝑛−1 , 𝑧𝑛  , 𝑏(𝑧𝑛,𝑧𝑛+1),𝑏(𝑧𝑛−1 ,𝑧𝑛 )} 

 

When 𝑘 = 1, we have  

𝑏(𝑧𝑛−1 , 𝑧𝑛 ) < 𝑏(𝑧𝑛 , 𝑧𝑛+1) , 

𝑏(𝑧𝑛+1 , 𝑧𝑛  )≤ 𝑕. 𝑏 𝑧𝑛−1 , 𝑧𝑛  , 
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By using triangle inequality of digital metric space   

 

So, we get  𝑧𝑛  = 𝑓𝑥𝑛  is a Cauchy sequence. Suppose 𝑔(𝐷) 

is complete. 

Then ∃ 𝑝 ∈ 𝑔 𝐷  
Such that, 𝑧𝑛 → 𝑝 and ∃ 𝑧 ∈ 𝐷 

Such that,  𝑔𝑧 = 𝑝. 

Putting 𝑥 = 𝑥𝑛  and 𝑦 = 𝑧,we have, 

𝑏 𝑓𝑥𝑛 , 𝑓𝑧 

≥ 𝑕 𝑚𝑖𝑛  𝑏 𝑔𝑥𝑛 , 𝑔𝑧 , 𝑏 𝑔𝑥𝑛 , 𝑓𝑥𝑛  , 𝑏(𝑔𝑧, 𝑓𝑧)
1

2𝑘
[𝑏 𝑔𝑥𝑛 , 𝑓𝑧 

+ 𝑏 𝑔𝑧, 𝑓𝑥𝑛  ]  

Taking limit 𝑛 → ∞ , we get, 

𝑏 𝑝, 𝑓𝑧 ≥ 𝑕 min⁡{b 𝑝, 𝑓𝑧 , b p, p , b 𝑔𝑧, 𝑓𝑧 ,
1

2𝑘
[𝑏 𝑝, 𝑓𝑧 

+ 𝑏 𝑧, 𝑝 ] 

𝑏 𝑝, 𝑓𝑧 ≥ 𝑕 min⁡{𝑏 𝑝, 𝑝 , 𝑏 𝑝, 𝑝 , 𝑏 𝑓𝑧, 𝑝 ,
1

2𝑘
[𝑏 𝑝, 𝑓𝑧 

+ 𝑏 𝑔𝑧, 𝑝 ] 

𝑏(𝑝, 𝑓𝑧) ≥ 𝑕 min⁡{𝑏 𝑓𝑧, 𝑝 ,
1

2𝑘
𝑏(𝑝, 𝑓𝑧)} 

And 𝑏(𝑝, 𝑓𝑧) ≥ 𝑕 min𝑏 𝑝, 𝑓𝑧 = 0 

By triangle inequality this is possible only if 𝑏 𝑝, 𝑓𝑧 = 0, so 

𝑝 = 𝑓 𝑧 = 𝑝(𝑧). Hence,𝑝 is a coincidence point of 𝑓 and 𝑔. 
Again, if we consider Y = X then we can easily prove p is a 

common fixed point of f and g. 

III. CONCLUSION 

Though, fixed point theorems have range of uses but, in the 

field of computer science and technology it has been probed 

an important tool. In image processing, fixed point theorems 

may easily be used in reducing the size and enhancing the 

quality of the image by using contraction principle. It is seen 

that the quality of the compressed image after processing is 

not obtained so good every time even, it could not carry the 

same information as the image source. Sometimes, the 

memory of the obtained data is too very large which is an, 

another type of headache while storing them. Nonetheless, 

digital image compression is the need of the moment. 

Thus, using fixed point theorem, as shown in the main 

result, we may reinforce the idea of digital topology 

especially, in image processing to compress the image with 

less redundancy. 
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