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Membranes and sheaves

Nikita Nekrasov and Andrei Okounkov

Abstract

Our goal in this paper is to discuss a conjectural correspondence between the enumer-
ative geometry of curves in Calabi–Yau 5-folds Z and 1-dimensional sheaves on 3-folds
X that are embedded in Z as fixed points of certain C×-actions. In both cases, the enu-
merative information is taken in equivariant K-theory, where the equivariance is with
respect to all automorphisms of the problem. In Donaldson–Thomas theory, one sums
over all Euler characteristics with a weight (−q)χ, where q is a parameter, informally
referred to as the boxcounting parameter. The main feature of the correspondence is
that the 3-dimensional boxcounting parameter q becomes in dimension 5 the equivari-
ant parameter for the C×-action that defines X inside Z. The 5-dimensional theory
effectively sums up the q-expansion in the Donaldson–Thomas theory. In particular,
it gives a natural explanation of the rationality (in q) of the DT partition functions.
Other expected as well as unexpected symmetries of the DT counts follow naturally
from the 5-dimensional perspective. These involve choosing different C×-actions on the
same Z, and thus relating the same 5-dimensional theory to different DT problems.
The important special case Z = X×C2 is considered in detail in Sections 7 and 8. If X
is a toric Calabi–Yau 3-fold, we compute the theory in terms of a certain index vertex.
We show that the refined vertex found combinatorially by Iqbal, Kozcaz, and Vafa is
a special case of the index vertex.

1. A brief introduction

1.1 Overview

Our goal in this paper is to discuss a conjectural correspondence between the enumerative geome-
try of curves in Calabi–Yau 5-folds Z and 1-dimensional sheaves on 3-folds X that are embedded
in Z as fixed points of certain C×-actions. In both cases, the enumerative information is taken in
equivariantK-theory, where the equivariance is with respect to all automorphisms of the problem.

In Donaldson–Thomas theory, one sums over all Euler characteristics with weight (−q)χ,
where q is a parameter. (Note the difference with the traditional weighing by qχ as in [MNOP06].
The change of sign of q fits much better with all correspondences.) Informally, q is referred to
as the boxcounting parameter. The main feature of the correspondence is that the 3-dimensional
boxcounting parameter q becomes in dimension 5 the equivariant parameter for the C×-action
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Membranes and sheaves

that defines X inside Z. To stress this we will use the notation C×q in what follows.

The 5-dimensional theory effectively sums up the q-expansion in the Donaldson–Thomas (DT)
theory. In particular, it gives a natural explanation of the rationality (in q) of the DT partition
functions. Other expected as well as unexpected symmetries of the DT counts follow naturally
from the 5-dimensional perspective; see below. These involve choosing different C×-actions on
the same Z as our C×q , and thus relating the same 5-dimensional theory to different DT problems.

The important special case Z = X × C2 is considered in detail in Sections 7 and 8. If X is
a toric Calabi–Yau 3-fold, we compute the theory in terms of a certain index vertex. We show
that the refined vertex found combinatorially by Iqbal, Kozcaz, and Vafa in [IKV09] is a special
case of the index vertex.

1.2 Motivation from M-theory: an introduction for physicists

1.2.1 The aim of this section is to explain the physical origins of the problems studied in the
paper and to give an interested physicist an idea of what is going on in this largely purely mathe-
matical paper. A mathematician may prefer to come back to this section after reading the paper.

One of the most striking features of the duality between string theory and M -theory is the
geometric interpretation that it gives to the string coupling constant. Recall that the string
coupling constant measures the amplitude of creating a handle in the string worldsheet (which
in the point particle limit becomes the Planck constant, the weight of a Feynman diagram loop).
String theory on a 10-dimensional1 space-time Z is related to M -theory on a circle bundle

S1 � � // Z̃

��
Z

(1.1)

over Z, and the length of the circle fiber translates into the string coupling constant [Wit95].

When the 10-dimensional space-time Z is a product

Z = X × R1,3

of a Calabi–Yau 3-fold X and the Minkowski space R1,3, certain string theory amplitudes de-
scribing the scattering of soft graviphoton modes in the effective 4-dimensional supergravity
theory are given exactly by the genus g amplitudes of the topological string theory on X
[BCOV94, AGNT94]. In this computation, the role of the string coupling constant is taken by
the field strength of the graviphoton gauge field. Topological string amplitudes have an accepted
mathematical definition as Gromov–Witten invariants of X.

1.2.2 The appearance of the Donaldson–Thomas theory of X may be traced to the duality
between the Taub-NUT space (R4, ds2

TN), also known as the Kaluza–Klein magnetic monopole,
in M -theory and the D6-brane of the IIA string proposed in [Hul98, Sen97].

Recall that ds2
TN is a complete hyperKähler metric on R4 with group of isometries U(2). In

particular, the fibers of any rank 2 holomorphic bundle V over a Kähler manifold X may be

1We use real dimensions until we specialized the discussion to complex manifolds; complex dimensions are used
elsewhere in the paper.
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given the Taub-NUT metric. For

Z̃ =
V ⊕ R1

time

↓
X

(1.2)

to be a suitable background for M -theory it is necessary, in particular, that

det V = KX ,

where KX is the canonical bundle of X. This means that KZ is trivial, where Z is the total
space of V .

The D6-brane emerges when we use U(1) ⊂ SU(2) ⊂ Iso(ds2
TN) as the circle in (1.1). For such

U(1)-action to exist globally, we assume a decomposition V = L1⊕L2 into a direct sum of two
line bundles with L1 ⊗L2 = KX . The dual string description is that of a IIA string on

Z ′ =
KX ⊕ R1,1

↓
X

with a single D6-brane wrapped on X.

On this D6-brane lives a U(1) gauge theory with maximal supersymmetry in flat space-
time R1,6. The bosonic fields of the gauge supermultiplet are a gauge field A and a triplet of
scalars ~Φ. When D6 is wrapped on X, the corresponding supersymmetric theory is twisted in
such a way that the triplet of scalars become a real scalar σ = σ∗ and a complex field φ, a section
of the canonical bundle KX .

This theory on X is not the conventional abelian gauge theory. In some aspects, for example,
it can be viewed as a noncommutative deformation of the U(1) gauge theory [NS98], the noncom-
mutativity being related to the choice of the B-field in the IIA picture [Wit02]. Depending on
the stability parameters, the instantons of this U(1) theory can be, for example, ideal sheaves X;
see, for example, [IVNO08, Section 6].

One of the goals of this paper is the precise identification of this theory with the K-theoretic
Donaldson–Thomas theory of X. This identification takes into account both the intrinsic geo-
metry of X, which need not to be Calabi–Yau, and the extrinsic geometry of X in Z, which is
specified by the choice of the line bundles Li. The general context of our proposed identification
is when Z is a (noncompact) Calabi–Yau 5-fold and X ⊂ Z is a fixed locus of a U(1)-action that
preserves the 5-form on Z. Of course, here U(1) may be replaced by its complexification C×.
This generalizes to many other geometries in which the fixed locus X may be disconnected, such
as those corresponding to multi-center Taub-NUT metrics; see, for example, Section 5.5.

The more familiar cohomological Donaldson–Thomas theory, which in particular is conjec-
tured to be equivalent to the Gromov–Witten theory and thus to topological strings [MNOP06],
is a certain limit from the K-theoretic computations that we do in this paper.

1.2.3 The unbroken supersymmetry of the theory on X may be interpreted as the Dirac
operator acting in a certain infinite-dimensional space2. The index of this operator is the parti-

2It is probably useful to keep in mind the analogy with the elliptic genus [Wit87]. There, the Dirac operator on the
loop space of a Riemannian manifold M is the unbroken supercharge of the 2-dimensional sigma model with target
space M . In our case, the unbroken supercharge is the Dirac operator on the space of gauge-equivalence classes of
the pairs (A, φ) consisting of the 6-dimensional gauge field A and the KX -valued Higgs field. See also [Nek98] for
the analogous discussion in dimension 4 + 1.
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tion function of the theory when time is made periodic, with periodic boundary conditions for
fermions, also known as the Witten index. This index is best treated in equivariant K-theory
with respect to all automorphism of the problem, which corresponds to taking more general
quasi-periodic boundary conditions in time.

Because the same time periodicity may be imposed in (1.2), it is reasonable to expect that
the K-theoretic DT index of X equals the index of M -theory on Z (cf. [LMS98]). More precisely,
since the instantons in DT theory may be seen as bound states of D6-, D2-, and D0-branes,
this is the index of the sector that involves only membranes of M -theory and excludes the M5-
branes. Finding a Donaldson–Thomas description of M5-branes remains an important direction
for future research.

1.2.4 With a purely algebro-geometric description of the theory on the D6-brane at hand, it
is logical to ask for a similar description of membrane contributions to the M -theory index. Ideal-
ly, the moduli space of supersymmetric membranes should be described as a compact algebraic
variety for any given homology class of the membrane and the contribution of these membranes
to the M -theory index should equal the index of a certain canonical K-theory class on this
moduli space.

It is natural to pursue this goal for an arbitrary smooth quasiprojective 5-fold Z with a
trivial canonical bundle KZ . In particular, we do not require Z to be compact or satisfy other
constraints like those in [HLS09]. A prototypical supersymmetric membrane in this geometry has
the form S1

time × C, where C → Z is an immersed algebraic curve.

The geometric and physical difficulty arises when C degenerates and develops multiplicities
or other singularities. Moduli spaces typically used in algebraic geometry are not suitable either
because their local geometry, that is, the deformation theory, is too bad (for example Chow
varieties) or because they have infinitely many connected components for a fixed degree of C
(for example moduli of stable maps), or both (for example Hilbert schemes).

Both issues are problematic for a physicist who wants to construct a version of Dirac operators
on these moduli spaces and does not have parameters to keep track of discrete invariants of C
other than its degree. While understanding multiple membranes has been a very active area of
research, see for example [BLMP13], it is not clear to us what the approaches surveyed there say
about the geometric problem at hand.

Based on our conjectural correspondence with Donaldson–Thomas theory, we make a proposal
for the membrane moduli spaces, the pros and cons of which are discussed in Section 4. In
any event, we expect our Conjecture 2.1 to be very useful as a selection tool between various
candidates for moduli of supersymmetric membranes.

1.3 Plan of the paper

Section 2 discusses the general outline of the conjectures, without a complete specification of the
integrands. Those are discussed in Section 3 for the Donaldson–Thomas theory and Section 4 for
membranes of M -theory. Several examples of the correspondence, in which one can already see
all the ingredients of the general conjectures, are discussed in Section 5.

The integrands in both Donaldson–Thomas theory and M -theory involve square roots of
certain line bundles. The existence of these square roots is investigated in Section 6.

A very special case of the general theory is when X is Calabi–Yau and Z = X × C2. In
this case, the index of DT theory enjoys a certain rigidity: it factors through a character of the
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automorphism group given by the square root of the weight of Ω3
X . This is discussed in Section 7.

This rigidity simplifies computations. In particular, for an arbitrary toric 3-fold, the K-theoretic
DT invariants may be expressed in terms of a certain K-theoretic vertex; see Section 8.2.4. For
Z = X × C2, we can replace it by a simpler object, the index vertex; see Section 8.2.5.

2. Contours of the conjectures

2.1 K-theory preliminaries

2.1.1 In this paper, we use the word sheaf as a shorthand for two very different objects.
The precise meaning should be clear from the context, except in the title of the paper.

In most instances, by a sheaf on a scheme Y we really mean a K-theory class of equivariant
quasicoherent sheaves on Y . However, when we talk about moduli M of sheaves on a smooth
3-fold X, we mean moduli of complexes of coherent sheaves on X of specific shape and subject
to certain stability conditions.

The two occurrences of the word in the phrase let Ovir be the virtual structure sheaf of the
moduli space M of sheaves on X exemplify the two different meanings.

2.1.2 For quasi-coherent sheaves F , we require an action of a torus T on F such that

(1) the torus T acts trivially on Y ;

(2) all weight spaces are coherent;

(3) all nonzero weight spaces lie in a translate of a fixed nondegenerate cone in the character
group T∨.

The last condition ensures that KT(Y ) is a ring with respect to the tensor product and a module
over

RepT = KT(pt) ,

which is defined with the same cone support condition.

2.1.3 The equivariance is always assumed to be the maximal possible, that is, with respect
to all symmetries of the problem. For example, once a subgroup C×q ∈ Aut(Z,Ω5) has been fixed,
we want all constructions to be equivariant with respect to its centralizer

Gq = Aut
(
Z,Ω5

)C×q .
2.1.4 A simple but fundamental choice for everything in the paper is the choice of the cone

in Z =
(
C×q
)∨

. In English, it is a choice between expanding rational functions on C×q in a series
near q = 0 or q =∞.

We choose Z>0 ⊂ Z, or, equivalently, we choose expansions in ascending powers of q. This
choice is reflected in the asymmetry with which the attracting and repelling directions for the
C×q -action enter the formulas below.

2.1.5 To keep track of the degree of curves in Z, it convenient to formally introduce a torus

TKähler(Z) =
H2(Z,C)

2πiH2(Z,Z)
/

torsion
∼= (C×)b2(Z) . (2.1)
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By construction

TKähler(Z)∨ = H2(Z,Z)
/

torsion,

so any curve C ⊂ Z defines a character of TKähler(Z), which we denote Q[C]. A natural nonde-
generate cone in TKähler(Z)∨ is formed by classes of holomorphic curves.

2.1.6 All pull-backs and push-forwards are taken in equivariant K-theory. Nonproper push-
forwards are defined as equivariant residues if the induced maps on torus-fixed points are proper.

2.2 The index sheaf

2.2.1 Let Z be a nonsingular algebraic 5-fold with a nowhere vanishing holomorphic 5-
form Ω5. For any g ∈ Aut(X,Ω5) the following Z-bundle over S1

S1 og Z = R× Z
/

(t, z) ∼ (t+ `, g · z) (2.2)

is an 11-manifold on which M -theory may be studied. Here ` ∈ R is a parameter, the length of
the M -theory circle.

From general principles,

partition function
(
S1 og Z

)
= trHilbert space (±1)F g exp

(
`
d

dt

)
,

where F is the fermion number operator and g and d
dt denote the action of the symmetry g and

an infinitesimal time translation on the Hilbert space of the theory, respectively. The sign in
(±1)F depends on the boundary conditions for fermions ψ. In what follows, we choose (−1)F ,
which corresponds to

ψ(t+ `) = ψ(t) .

With this choice of sign, supersymmetry will cancel all contributions to the partition function
except for a certain index, known as the Witten index in this context.

2.2.2 Supersymmetry means that the infinitesimal space time translation is the square of
an odd operator

d

dt
= /D

2
, (2.3)

which is a certain infinite-dimensional version of the Dirac operator.

While our understanding of the kinematics and dynamics of M2-branes is still in its in-
fancy, we may reasonably expect /D to resemble Dirac operators familiar from finite-dimensional
supersymmetric quantum mechanics on Kähler manifolds, see [DE+99], which we briefly recall.

In particular, as a formal consequence of{
/D, (−1)F

}
= 0

one expects

partition function(S1 og Z) = trindex /D g ,

where

index /D =
(
Ker /D

)
even
−
(
Ker /D

)
odd

is a virtual representation of all symmetries of the theory.

325



N. Nekrasov and A. Okounkov

2.2.3 Let Conf denote the configuration space of a finite-dimensional classical mechanical
system. This is a Riemannian manifold with metric determined by the kinetic energy.

Hilbert spaces H of corresponding quantum systems are formed by sections of certain line bun-
dles L over Conf. Differential operators acting in H form a quantization of functions on T ∗Conf,
that is, a quantization of the algebra of classical observables. This algebra contains the Hamil-
tonian, that is, the action of the infinitesimal time translation

d

dt
7→ const ∆ + · · · ∈ End H , (2.4)

where ∆ is the Laplace operator and the dots stand for a differential operator of lower order3.

2.2.4 To add fermions, one introduces a vector bundle Ψ over Conf and takes

H = L2(Conf, L⊗ Λ
•
Ψ∗) .

Sections of Λ•Ψ∗ may be viewed as functions on a configuration supermanifold, where the odd
degrees of freedom are described by the bundle Ψ. Sections of Ψ and Ψ∗ act by fermionic anni-
hilation and creation operators, respectively, on the exterior algebra Λ•Ψ∗.

In special cases, the square root of (2.3) exists. For example, if L is flat and Ψ is the tangent
bundle, we can take

/D = d+ d∗ ,

where d is the de Rham differential on L-valued forms. The cohomology of d is the cohomology
of Conf with values in the local system L.

2.2.5 Kähler configuration spaces admit enlarged supersymmetry and more Dirac opera-
tors. If the metric on Conf is Kähler, then the splitting

T Conf ⊗RC = T 1,0 ⊕ T 0,1

is holonomy invariant and for any holomorphic bundle E one can take

/D = ∂̄ + ∂̄∗ ,

where

∂̄ ∈ EndL2
(
Conf,E ⊗ Λ

•
T 0,1∗)

is the Dolbeault differential.

Holomorphic bundles thus play the same role for Kähler manifolds as flat bundles play for
general Riemannian manifolds, including the identification

index /D = χ(E ) , (2.5)

where χ(E ) is the holomorphic Euler characteristic.

2.2.6 A particularly important special case is when E is a line bundle that squares to the
canonical bundle:

E ⊗2 = KConf = ΛtopT 1,0∗ ,

3Nonzero constants like the one in (2.4) are irrelevant for index computations and we will not pay attention to
them.
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in which case

S± = K
1/2
Conf ⊗ Λeven/odd T 0,1∗

are the spinor bundles of Conf. Square roots of (virtual) canonical bundles will appear everywhere
in this paper.

2.2.7 Suppose

E
•

= L⊗ Λ
•
Ψ∗ ,

where L and Ψ are holomorphic bundles, and let s be holomorphic section of Ψ. Contraction with
s defines the Koszul complex on E • , which is exact away from

M = {s = 0} ⊂ Conf . (2.6)

We may then take

/D = Q+Q∗ ,

where Q is the differential in the total complex of the Dolbeault double complex of E • . The
equality (2.5) still holds, where χ(E • ) in now the Euler characteristic of a complex.

Since ‖s‖2 enters as the potential term in the Hamiltonian /D
2
, the submanifold M, formed

by the absolute minima of ‖s‖2, is also known as the locus of supersymmetric vacua in Conf.
The special case s = ∂W , where

W : Conf → C
is a holomorphic function called superpotential, is often emphasized.

2.2.8 The relevance of this discussion for systems with infinitely many degrees of freedom
lies in the fact that even for infinite-dimensional Conf and Ψ, the complex E • may turn out to
be quasi-isomorphic, at least formally, to a bounded complex

E
• ∼= Index ∈ Db(CohM) (2.7)

of coherent sheaves supported on a countable disjoint union M of algebraic varieties4.

If, in fact, M has infinitely many connected components, then the theory must have a para-
meter that serves as the argument of the generating function over π0(M).

2.2.9 For M2-branes in Z, the configuration space Conf is the loosely defined space of all
surfaces in Z. It is reasonable to think that it inherits the Kähler structure from that of Z.

The moduli space M of supersymmetric M2-branes is expected to be a certain compactifi-
cation of the moduli space M0 of immersed holomorphic curves f : C → Z. For given degree

β = f∗[C] ∈ H2(Z,Z)

and genus g = g(C), the moduli spaceM0 is an algebraic variety with perfect obstruction theory
given by

Def −Obs = H
•
(C,Nf ) ,

where Nf is the normal bundle to the immersion f .

4In the present paper, we focus on the index, which only depends on the K-theory class of the complex (2.7).
However, the finer information lost by passing to the K-groups is of definite physical importance and it would be
very interesting to know whether it can be accessed along the lines of the present paper.
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2.2.10 M -theory has a field, namely the 3-form, that couples to the degree β through its
2-form component along Z. This gives the variables in the Kähler torus (2.1) that grade the
index by the degree of the membrane.

A simple but essential point is that M -theory does not have a parameter that couples to
the genus of C. A related observation is that the Euler characteristic vanishes for any smooth
real 3-fold, in particular, for a smooth worldvolume of an M2-brane. However, the genus of an
immersed holomorphic curve is bounded above in terms of β, and hence a special genus-counting
parameter is not required.

Whether or not M0 ⊂ M is dense, we will require M to be an algebraic variety for fixed
degree. This will insure that the grading by the Kähler torus TKähler(Z), with the assumptions
of Section 2.1.6, is sufficient to define the M2-brane index.

2.2.11 The content of this paper may be very informally described as an attempt to guess
the space M, with the sheaf Index , from a mixture of constraints, clues, and conjectures, such
as those just discussed.

The principal new ingredient is a conjectural relation with the Donaldson–Thomas theory of
algebraic 3-folds that arise as fixed points ZC× for certain special C×-actions on Z. This relation
will be discussed presently.

2.3 Comparison with Donaldson–Thomas theory

2.3.1 Our conjectural connection between M2-brane index and DT theory takes place
when Z admits a C×-action of a very special kind. To distinguish this special 1-dimensional
torus from all other ones, we denote its element by q and write C×q .

So, we suppose that there exists a symmetry

C×q ↪→ Aut
(
X,Ω5

)
such that its fixed locus

X =
⊔
Xi = ZC×q

has pure dimension 3. Here the Xi are the connected components of X. Since C×q preserves the
5-form, we have

NXZ = L1 ⊕L2 , L1 ⊗L2 = KX , (2.8)

where L1 and L2 are C×q -eigensubbundles with weights q and q−1, respectively, where q ∈ C×q
is the coordinate.

In particular, the total space of a rank 2 bundle like (2.8) over an arbitrary nonsingular
3-fold X is the basic example for most constructions in this paper.

2.3.2 Since each Xi is a nonsingular 3-fold, its DT theory is defined. In particular, the DT
moduli spaces have virtual structure sheaves as well as modified virtual structure sheaves ÕDT

which will be discussed below.

Of the many possible stability chambers of the DT theory of X, the Pandharipande–Thomas
(PT) chamber is the natural choice for us. The PT moduli spaces parameterize 1-dimensional
sheaves with a section

s : OX → F ,

subject to certain stability conditions. In particular, these spaces are trivial in degree zero,
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matching the trivial contribution of empty membranes to the M -theory index.

Formula (2.14) below summarizes the expected relation between K-theoretic counts in the
PT and Hilbert scheme chambers.

2.3.3 If F is the 1-dimensional sheaf on X, we set

cycle(F ) =
∑

C⊂supp F

length(Fc) · C ,

where C ranges over the 1-dimensional components of the reduced support of F and c ∈ C is
the generic point. This may be promoted to a morphism5

πPT : PT(X)→ Chow(X)

from the Pandharipande–Thomas moduli spaces ofX to the Chow variety ofX. On the membrane
side, there is a parallel map

πM2 : M2(Z)C
×
q → Chow(X)

that keeps those components Ci of C =
⋃
Ci that are fixed pointwise by C×q and discards the

others; see Figure 1.

Z x1

Figure 1. The C×q -fixed locus X may be disconnected and the map πM2 keeps those components
of C×q -invariant curves that lie in X and discards the C×q -orbits that are drawn vertically in the
picture.

2.3.4 Consider the diagram of maps

M2(Z) M2(Z)C
×
q

ιoo

πM2 &&

PT(X)

πPTyy
Chow(X)

5There is a large body of research on constructing the parameter space for cycles in X of given dimension (1, for
us) and degree, first as a reduced algebraic variety, the Chow variety, see in particular [Bar75, Kol96], and then,
ideally, as a scheme with a natural scheme structure, such that, for example, πPT and πM2 are maps of schemes.
Certain aspects of this theory will be revisited in the forthcoming note with Johan de Jong. We continue to call
Chow(X) the Chow variety for historical reasons.
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in which ι is the inclusion of the fixed locus. By equivariant localization, there exists a quasico-
herent sheaf ÕM2,localized such that

ι∗ÕM2,localized = ÕM2 ∈ Kequiv(M2(Z))
/
q-torsion .

Our decision to work with series in ascending powers of q, made in Section 2.1.4, uniquely fixes
this sheaf as required in Section 2.1.2. We denote

ÕM2,localized = ι−1
∗ ÕM2 .

This puts us in the position to compare the push-forward of ÕM2,localized to the Chow variety
of X with the similar push-forward from the sheaf side.

2.3.5 There are natural S(d)-invariant maps

Σd : Chow(X)×d → Chow(X)

given by addition of cycles

(C1, . . . ,Cd) 7→
∑

Ci .

Given a sheaf F on Chow(X), we define its symmetric algebra over Chow(X) by

SChowF =

∞⊕
d=0

(
Σd,∗F

�d)S(d)
.

2.3.6 The following is our main conjecture, in an abstract form.

Conjecture 2.1. We have the following equality in the TKähler(Z)×Gq-equivariant K-theory
of the Chow variety:

SChow πM2,∗ ι
−1
∗ ÕM2 = πPT,∗

(
ÕPT ⊗Φ

)
, (2.9)

where Φ is a certain explicit combination of the universal sheaves on
∏

PT(Xi) that describes
the interaction of the components of X inside Z; see Section 3.2.5 below.

The modified virtual structure sheaves ÕM2 and ÕPT are discussed in Sections 3 and 4, respec-
tively. The interaction term Φ has an explicit dependence on variables Q[Ci] ∈ RepTKähler(Z),
where Ci is a C×q -invariant curve discarded by the map πM2.

2.3.7 There are numerous advantages to formulating our conjectures as a comparison of
sheaves on the Chow variety.

Most importantly, in this paper we make only partial progress toward constructing the
sheaf ÕM2. However, there is a good understanding of it over a large open set in the Chow
variety and the corresponding statement (2.9) is highly nontrivial and may be subjected to many
checks.

Further, the construction of the modified virtual structure sheaves ÕM2 and ÕPT requires
finding square roots of certain line bundles. For these square roots to exist globally, one may
need to introduce an additional twist by a line bundle pulled back from the Chow variety;
see Section 6.2.2. The formulation (2.9) avoids these complications modulo a certain technical
provision6.

6In principle, it can happen that the moduli of C×q -orbits discarded by the map πM2 do not admit a square root of
the virtual canonical bundle; see the discussion in Section 3.2.3.
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2.4 Fields of 11-dimensional supergravity and degree zero DT counts

2.4.1 M -theory is a quantum theory of gravity which is believed to reduce, at low energies,
to the 11-dimensional supergravity. In this paper, we mostly focus on the contribution of mem-
branes to the M -theory index. There is also a contribution of supergravity fields to the index
which, in principle, is easier to determine because of its local nature. A conjectural connection
between the field index and degree zero K-theoretic Donaldson–Thomas invariants was discov-
ered in [Nek05, Nek09]. Since this paper is a natural development of the ideas of [Nek05], we
summarize them briefly.

2.4.2 We consider M -theory on a manifold of the form (2.2) in the Hamiltonian formulation
and linearized around a certain vacuum configuration. This means that as our configuration space
we take

Conf =
{global sections of bosonic fields on Z}

gauge equivalence ∼
,

where the linearized bosonic fields of the 11-dimensional supergravity are small perturbations

δg ∈ Γ
(
S2T ∗Z

)
of some background metric g0 and the 3-form

A ∈ Γ
(
Ω3Z

)
.

At the linearized level, the gauge-equivalence classes are the cosets by the image of the vectors
fields and 2-forms on Z that act by infinitesimal diffeomorphisms and

A 7→ A+ dω , ω ∈ Γ
(
Ω2Z

)
,

respectively. In particular, Conf is an infinite-dimensional linear space (even for compact Z,
since neither sections nor bundles are holomorphic at this point). In addition one imposes, in
canonical gravity, the invariance under the diffeomorphisms of the 11-dimensional space-time
manifold. After the Diff(Z)-invariance is imposed, there is one more constraint, the so-called
Hamiltonian constraint, which is a second-order differential-variational equation to be obeyed
by the allowed sections of the appropriate line bundle over Conf. Instead of trying to solve this
constraint, for the purposes of enumerating the solutions, it is sufficient to restrict the class of
metric perturbations. A convenient choice is to impose the traceless constraint on δg:

trg−1
0 δg = 0 ,

where we used the background metric g0 to make an operator g−1
0 δg : TZ 7→ TZ.

The isometries of g0 act on Conf by linear operators.

2.4.3 While questions of regularity of sections, boundary conditions, etc. are of paramount
physical importance, index computations are typically less sensitive to such issues and in the
present discussion they will be ignored entirely. Our computations will be formally modeled on
the following basic example.

Suppose that Conf is a finite-dimensional real vector space with a linear action of a compact
group G. In particular, Conf ∼= Conf∗ as a G-module. Let µ be a G-invariant measure on Conf,
which always exists. We can find a growing G-invariant function f(x) such that the map

S
•
Conf ⊗RC 3 p(x) 7→ p(x)e−f(x) ∈ L2(Conf, µ) (2.10)

has a dense image. Neither side of (2.10) has a well-defined G-character because of infinite
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multiplicities, but the degree grading on polynomials allows us to form the following series:∑
k>0

tk trSk Conf g = exp

(∑
n>1

tn

n
trConf g

n

)
, g ∈ G ,

which will replace for us the G-character of L2(Conf, µ).

2.4.4 The odd degrees of freedom are

Ψ⊕Ψ∗ = {global sections of fermionic fields on Z}
/
∼ , (2.11)

where the fermionic fields of M -theory are the Rarita–Schwinger fields ψ± of spin 3/2. They
transform in the representations

V
3/2
± = Ker (V ⊗ S± → S∓)

of the group Spin(V ), where

V = Tz0Z
∼= R10

and S+ and S− are the spinor representations of Spin(V ), the universal cover of SO(V ). The Lie
algebra of the gauge transformations is also extended to include the transformations

ψ 7→ ψ +∇spinor ,

which change ψ by a derivative of a spinor field. If we linearize around the vanishing RS fields,
then the configuration superspace is a direct product of its even and odd subspaces.

2.4.5 Building the space L2(Conf,Λ•Ψ∗) requires a choice of the polarization in (2.11). An
important point, which will be revisited below, is that the two natural choices

Ψ∗ = {global ψ± on Z}

give dual and inequivalent answers. For now, we fix one choice, namely ψ+. Then the Iso(g0)-index
of L2(Conf,Λ•Ψ∗) is the symmetric algebra of global sections of the following virtual bundle:

Conf super = S2TZ − 1 traceless metric (2.12)

− TZ modulo diffeomorphisms

− Ω3Z − Ω2Z + Ω1Z − 1 3-form modulo exact

− TZ ⊗ S+ + S+ + S− RS field modulo exact .

2.4.6 Now suppose that g0 is a Kähler metric and choose G ⊂ Iso(g0) such that it acts
trivially on the trivial bundle Ω5,0Z. Then

S± = Λeven/oddT 1,0Z

as G-bundles. A direct computation with characters proves the following key result.

Proposition 2.2 ([Nek05]). For G as above, we have

Conf super = −T 1,0 ⊗ (S+ − S−)

as G-bundles and so, by Dolbeault’s theorem,

L2(Conf,Λ
•
Ψ∗) = Λ

•
χ(TZ)

as virtual G-modules, where χ is the holomorphic Euler characteristic.
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Note that changing the roles of S+ and S− changes the answer to

Λ•χ(TZ) = S
•
χ(T ∗Z) .

The conjectural formula of [Nek05] for degree zero DT invariants is, suitably interpreted, the
product of both answers, that is, S•χ(T ∗Z − TZ); see Conjecture 2.3 below.

It would be interesting to have a good explanation of this doubling phenomenon, which may
be compared to the squaring that happens in the degree zero part of the correspondence between
cohomological Gromov–Witten and Donaldson–Thomas invariants of 3-folds [MNOP06]. We do
not discuss it further in the present paper and refer the reader to the original paper [Nek05] for
more information.

2.4.7 Suppose that Z is the total space of two line bundles L1 and L2 over a 3-fold X,
such that L1 ⊗L2 = KX . Then, by localization,

χ(Z, TZ) = χ

(
X,

TZ
∣∣
X(

1−L −1
1

)(
1−L −1

2

))
and further

T ∗Z
∣∣
X
− TZ

∣∣
X(

1−L −1
1

)(
1−L −1

2

) = KX − OX +
L1

(1−L1)
(
1−L −1

2

) (TX + KX − T ∗X −K ∗
X) . (2.13)

Now note that if C×q acts on L1 and L2 with weights q and q−1, respectively, then all weights oc-
curring in the last term on the right-hand side of (2.13) are positive, and therefore the symmetric
algebra of that term is well defined in C×q -equivariant K-theory. Discounting the contribution of
the first term on the right-hand side of (2.13) as a (possibly infinite) prefactor, we make contact
with the following reformulation of a conjecture from [Nek05].

2.4.8 Let

Hilb(X,points) =
⊔
n>0

Hilb(X,n)

be the Hilbert scheme of points of X and consider the following sheaf on it:

Õvir = (−q)χ(O/I ) Ovir ⊗
(
Kvir ⊗ detH0(O/I ⊗ (L1 −L2))

)1/2
,

where O/I is the structure sheaf of the universal zero-dimensional subscheme of X. This is
a special case of the sheaf Õvir defined and discussed below, so we do not go into a further
discussion of it here.

Conjecture 2.3 ([Nek05]). For X as above,

χ
(

Hilb(X,points), Õvir

)
= S

•
χ

(
X,

qL1(TX + KX − T ∗X −K ∗
X)

(1− qL1)
(
1− qL −1

2

) )
.

We expect that the conjectural PT/DT correspondence [PT09a] extends to K-theoretic in-
variants as follows:

χ
(
PT(X), Õvir

) ?
=
χ
(

Hilb(X, curves), Õvir

)
χ
(

Hilb(X,points), Õvir

) . (2.14)
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2.4.9 To get a sense of what this means in concrete terms, take Z = C5 and let t1, . . . , t5
be the weights of the coordinate directions. They satisfy∏

ti = 1 . (2.15)

We have

χ(Z, TZ∗) =

∑5
1 t
−1
i∏5

1

(
1− t−1

i

) ,
where the denominator may be symmetrized using (2.15). Identity (2.13) says that∑5

1 t
−1
i −

∑5
1 ti∏5

1

(
t
1/2
i − t−1/2

i

) =
−(t1t2t3)1/2 + (t1t2t3)−1/2∏3

1(t
1/2
i − t−1/2

i )
+

∏
i<j63

(
(titj)

1/2 − (titj)
−1/2

)∏5
1

(
t
1/2
i − t−1/2

i

) (2.16)

whenever (2.15) is satisfied.

The first term on the right-hand side of (2.16) does not involve t4 or t5 and may be viewed
as a perturbative contribution to the integrals over the Hilbert schemes. The second term on
the right-hand side of (2.16), which we will denote F (t), and in which one can already recognize
the contribution of the Hilbert scheme of one point, computes the degree zero DT invariants as
follows.

The bundles L1 and L2 are trivial bundles with weights t4 and t5, respectively. Hence on the
Hilbert scheme Hilb(C3, n) of n points the line bundle detH0(O/I ⊗ (L1 −L2)) is trivial with
weight (t4/t5)n = q2n. Therefore, Conjecture 2.3 means∑

n>0

(−q)nχ
(

Hilb
(
C3, n

)
,Ovir ⊗K

1/2
vir

) ?
= exp

( ∞∑
n=1

F (tn)

n

)
with

t4 = q1/2(t1t2t3)−1/2 , t5 = q−1/2(t1t2t3)−1/2 .

The fact that the right-hand side of (2.16) has a full 5-dimensional symmetry is a very nontrivial
confirmation of the M -theory paradigm.

2.4.10 The proof of the following result may be found in [Oko15].

Theorem 2.4 ([Oko15]). Conjecture 2.3 is true.

3. The DT integrand

3.1 The modified virtual structure sheaf

3.1.1 The DT moduli spaces of X, in their original definition [Tho00], parameterize ideal
sheaves I ⊂ OX of 1-dimensional subschemes in X. They have a perfect obstruction theory
described by

Def −Obs = χ(OX)− χ(I ,I )

= χ(F ) + χ(F ,OX)− χ(F ,F ) , (3.1)

where F = O/I is the universal 1-dimensional sheaf on X.

Other stability conditions for complexes of sheaves on X lead to alternative DT moduli spaces.
In particular, in the Pandharipande–Thomas chamber [PT09a], the moduli spaces parameterize
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pairs

s : OX → F ,

where F is a pure 1-dimensional sheaf and the cokernel of the section s has finite length. The
formula for the K-theory class of their obstruction theory is the same.

3.1.2 A perfect obstruction theory defines, in the usual way (see for example [FG10]),
a virtual structure sheaf Ovir. If, for instance, p ∈ PT(X) is an isolated fixed point of a torus T and

Defp−Obsp =
∑

ai −
∑

bi , ai, bj ∈ T∨ ,

is the character of the deformation theory at p, then the localization of Ovir at p in T-equivariant
K-theory equals

Ovir,localized =

∏(
1− b−1

i

)∏(
1− a−1

i

) . (3.2)

3.1.3 The virtual canonical bundle is defined by

Kvir =
det Obs

det Def
.

Of particular importance to us will be its square root K
1/2

vir ; compare with Section 2.2.6.

Different choices of the square roots (related by the 2-torsion in the Picard group) correspond
to different boundary conditions for fermions in the theory. This means they define different
sectors of the theory that have to be matched in concrete computations.

If p is an isolated fixed point as in (3.2), then

(
Ovir ⊗K

1/2
vir

)
localized

=

∏(
b
1/2
i − b−1/2

i

)∏(
a

1/2
i − a−1/2

i

) . (3.3)

3.1.4 The twist by K
1/2

vir brings K-theoretic DT computations much closer to familiar sheaf
cohomology problems.

There is a certain degree of duality between deformations and obstructions in DT theory,
with perfect duality in the case when KX restricts to the trivial bundle on the support of F . It
is, therefore, useful to keep in mind the following baby example of a self-dual obstruction theory
which we will revisit below.

Let M be a smooth algebraic variety, viewed as the zero section

s : M → T ∗M

of its cotangent bundle. The corresponding obstruction theory is

Def −Obs = TM − T ∗M

with

Ovir = s∗(OM ) =
dimM∑
k=0

(−1)kΛkTM .
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We have K
1/2

vir = KM , and hence

Ovir ⊗K
1/2

vir = (−1)dimM
dimM∑
k=0

(−1)kΩkM . (3.4)

If a torus scales the fibers of T ∗M with weight t, then it scales the ΩkM -term in (3.4) with
weight tk−dimM/2. Thus

χ
(
Ovir ⊗K

1/2
vir

)
=
∑
p,q

(−1)p−dim /2(−t)q−dim /2Hp(ΩqM)

is a specialization of the centered Hodge polynomial of M .

3.1.5 A sheaf G on X gives a line bundle

LG = detH∗(X,F ⊗ G )

on the DT moduli spaces, where F is the universal 1-dimensional sheaf, for example, F = O/I
in the Hilbert scheme chamber.

3.1.6 If G is 1-dimensional, then the degree of LG may be computed as follows. Let B be
a 1-dimensional family of sheaves, and let F denote the corresponding sheaf on B ×X. Let

pX : B ×X → X

denote the projection, and let

sweep(B) = pX(cycle(F ))

denote the 2-cycle in X swept by the cycles of sheaves in B. From the Grothendieck–Riemann–
Roch theorem, we have

degB LG = sweep(B) · cycle(G ) . (3.5)

Note that families with trivial sweep are precisely those contracted by the map to the Chow
variety and, in fact, it can be shown that the bundle LG is pulled back from the Chow variety.

3.1.7 Symmetrically, for 1-dimensional G , the bundle LG ∈ PicDT(X) depends only on the
cycle(G ) and, in fact, only on its rational equivalence class.

3.1.8 We have now prepared all ingredients for the definition of the modified virtual struc-
ture sheaf ÕDT.

LetX be the fixed locus of C×q -action on a nonsingular Calabi–Yau 5-fold Z as above. Since C×q
preserves the holomorphic 5-form Ω5, we have

NXZ = L1 ⊕L2 ,

where C×q acts with weights q and q−1, respectively. The triviality of KZ implies

L1 ⊗L2 = KX .

The roles of the line bundles L1 and L2 will not be symmetric, reflecting the choice stressed in
Section 2.1.4: the L1-direction is attracting as q → 0, while the L2-direction is repelling.

Given a 1-dimensional sheaf F on X, we denote by

χ = χ(F ) , β = [cycle(F )] ∈ H2(X,Z)
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its discrete invariants. The virtual dimension of DT moduli spaces at a point corresponding to F
equals

vir dim = −(KX , β) = −(L1 + L2, β) .

Definition 3.1. We define

ÕDT = prefactor Ovir ⊗ (Kvir ⊗ LL1−L2)1/2 , (3.6)

where

prefactor = (−1)(L1−L2,β)/2 (−q)−vir dim/2+χ Qβ

= (−1)(L1,β)+χ q−vir dim/2+χ Qβ . (3.7)

Note that in the LL1−L2-term we have the difference of K-classes and not the ratio L1 ⊗
L −1

2 ∈ Pic(X). There is a simple explanation for this form of the DT integrand; see Section 5.1.5.

We will see in Section 6.2.2 that

Kvir ⊗ LL1−L2 = square⊗ Lc1(L1)∩c1(L2) ,

where the second factor is pulled back from the Chow variety of X, as in the preceding discussion.

3.2 The interaction term Φ

3.2.1 Ar−1 surface fibrations. For the discussion of the interaction between different com-

ponents of ZC×q it is convenient to keep in mind the following simplest example. Let

Z1 =
L1 ⊕L2

↓
X

, L1 ⊗L2 = KX ,

be the total space of two line bundles over X. Let C×q scale the fibers by diag(q, q−1), and let
µr ⊂ C×q be the group of rth roots of unity. Let

Ar−1
� � // Zr

��
X

be the minimal resolution of the quotient Z1

/
µr. It fibers over X in Ar−1-surfaces

Ar−1 = C̃2/µr ,

that is, minimal resolutions of the singularity xr = yz. The quotient in

1→ µr → C×q
q 7→qr−−−−→ C×qr → 1

acts canonically on Zr and

Z
C×qr
r = X × {r points} .

In this example, we will see the rank r Donaldson–Thomas theory on X appear from the inter-
action of rank 1 theories on r copies of X; see Section 5.5.

3.2.2 Unbroken curves Going back to the general situation, let C ⊂ Z be a reduced con-
nected C×q -invariant curve. We say that C is unbroken if C×q acts nontrivially on each component
of C. This implies that C is rational, at worst nodal, and that the two branches at each node
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have opposite weights. It also implies that it has two nonsingular fixed points p1, p2 ∈ C which
lie on two different components, respectively X1 and X2, of the fixed locus. We say that C flows
from X2 to X1 if the C×q -weight of Tp1C is positive. We denote by U21 the moduli space of
unbroken curves from X2 to X1.

Since both spaces TpiZ have three trivial C×q -weights, there are two possibilities for the normal
bundle to C, namely

NCZ =

{
O(−p1 − p2)⊕ O⊕3 or

O(−p1)⊕ O(−p2)⊕ O⊕2
(3.8)

as C×q -equivariant sheaves. In the first case in (3.8),

U21
∼= X1

∼= X2

with the obstruction bundle

H1(C,O(−p1 − p2)) ∼= L1

∣∣
pi
⊗L2

∣∣
pi
∼= KXi

∣∣
pi
, i = 1, 2 ,

where, as usual, we denote by L1 and L2 the C×q -eigenbundles in the normal bundle to the fixed
locus. In the second case in (3.8), the deformations are 2-dimensional and unobstructed. The
moduli space of unbroken curves embeds in each of the Xi as a smooth surface:

X2 ←↩ U21 ↪→ X1 .

3.2.3 3-Fold and surface interactions We will refer to the two cases in (3.8) as the 3-fold
and surface interactions, respectively. For example, there is a 3-fold interaction between any pair
of fixed components in the example of Section 3.2.1. The corresponding unbroken curves are the
(−2)-curves in the Ar−1-fibers.

An example of a surface interaction may be constructed as follows. Take

Y =
O(−1)⊕ O(−1)

↓
P1

and make C×q act on Y as follows. The torus C×q scales the base P1 and acts on the fibers in
such a way that there is a trivial weight in the fiber over each fixed point. Instead of Y we could
have taken many other toric Calabi–Yau 3-folds that contain the C×q -invariant curve with an
O(−1)⊕ O(−1)-normal bundle. Consider a Y -bundle over a surface S associated to a principal
(C×)3-bundle P :

Z = P ×(C×)3 Y , c1(P ) = KS .

We see that KZ
∼= OZ , that X1 and X2 are line bundles over S, and that

U21
∼= S

is embedded in each of them as the zero section. Since the surface S is arbitrary, we conclude
that KU21 may not be a square.

3.2.4 The operators Φij The obstruction theory

Def −Obs = H∗(C,NCZ)
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gives U21 a virtual structure sheaf of virtual dimension 2. For 3-fold interactions, the correspond-
ing virtual canonical bundle is always a square with

ÕU21 = KXi − OXi .

For surface interactions, we assume that the square root in

ÕU21 = K
1/2

U21

exists and we define, in either case,

Φ21 = eval∗ ÕU21 ,

where

eval : U21 → X2 ×X1

sends an unbroken curve C to the fixed points (p2, p1). We will denote by the same symbol Φ21

the corresponding Fourier–Mukai operator

F1
Φ21−−−→ pX2,∗

(
Φ21 ⊗ p∗X1

F1

)
.

For example, for 3-fold interactions

Φ21 F1 = KX ⊗F1 −F1 .

3.2.5 The interaction Let X1 and X2 be two components of X as above, and let F1 and F2

denote the universal 1-dimensional sheaves over the DT moduli spaces for X1 and X2, respec-
tively. Using the operator Φ21, we can define the K-theory class

X21 = χ(OX2 −F2,Φ21(OX1 −F1)) , (3.9)

which may be compared to the formula (3.1) for the virtual tangent space to DT moduli spaces.

We define

Φ =
⊗
i<j

SQ[Cij ]Xji , (3.10)

where S denotes the symmetric algebra,

[Cij ] ∈ H2(Z,Z)

is the class of the unbroken curve flowing from Xj to Xi, and the indexing of the components is
such that curves flow from larger components to smaller ones.

3.2.6 An example For 3-fold interactions, we have, using Serre duality,

X21 = −χ(I2,I1)− χ(I1,I2) , (3.11)

where [I ] = [OX ] − [F ] and the bar denotes the dual. Such interaction terms occur naturally
in higher rank DT theory; see Section 5.4 below.

3.2.7 Perturbative contributions Note that the Euler characteristic (3.9) may not be well-
defined if the components Xi are not proper. However, the difference

X ′
21 = X21 − χ(OX2 ,Φ21OX1) = −χ(F2,Φ21OX1)− χ(OX2 ,Φ21F1) + χ(F2,Φ21F1) (3.12)
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is well defined and differs from (3.9) only by a constant, even if infinite-dimensional, vector space
χ(OX2 ,Φ21OX1). The character of its symmetric algebra

SQ[C12]χ(OX2 ,Φ21OX1)

may be regularized using any of the traditional approaches. From the point of view of DT theory
on X, it comes out as an overall prefactor, also known as a perturbative contribution.

4. The index of membranes

4.1 Membrane moduli

4.1.1 Multiple curves Recall that the moduli space M2(Z) of stable membranes in Z is
supposed to be a certain compactification of the moduli space of immersed holomorphic curves
C ⊂ Z. One such compactification is the moduli space of stable maps; compactifications using
moduli of sheaves on Z may also be considered. While it is entirely possible that the M2-brane
contributions to the M -theory indexed may be calculated using such moduli spaces, in this paper
we pursue an alternative route.

The main geometric difficulty in dealing with holomorphic curves is degeneration to multiple
curves, for example, the ellipse

y2 = λ
(
1− x2

)
degenerating to the double line y2 = 0 as λ→ 0. A physicist may call a multiple curve a bound
state of several M2-branes. In the moduli space of stable maps, the limit as λ→ 0 is the double
cover of the line y = 0 branched over the points x = ±1, which remember the branch points of
the x-projection of the original ellipse. In the Hilbert scheme of curves, the limit would just be
the subscheme of the plane cut out by y2 = 0, with no memory of the shape of the original conic.

One reason we do not try to construct membrane moduli using sheaves on Z or stable maps
to Z is that these do not give natural bounded moduli spaces for a given degree; recall the
discussion of Section 2.2.10. For example, in the above example, there could be double covers of
y = 0 with an arbitrary large number of branch points or this line may be the support of a sheaf
with an arbitrary large Euler characteristic.

4.1.2 Maps from schemes In this paper, we look at maps

f : C → Z (4.1)

from 1-dimensional schemes C to Z. In the above example, this would be just the inclusion of
the double line. In general f need not be injective, like in the case of an immersion of a smooth
curve C.

In practical terms, a map f may be represented by a subscheme

C ⊂ Z × PN

for some N � 0, with the map f being the projection onto the first factor. Using such a
presentation, one defines the normal sheaf to the map f by

Nf = NC

(
Z × PN

)
− OC ⊗ TPN .

Here

NC

(
Z × PN

)
= Hom(IC ,OC) ,

where IC is the ideal sheaf of C and OC is its structure sheaf.

340



Membranes and sheaves

When C is nice, for example smooth or a local complete intersection, Nf is a vector bundle of
rank 4 and degree 2g − 2. However, in general it can be much larger, reflecting the singularities
of the moduli spaces of maps (4.1). Some strategies for dealing with large Nf will be discussed
below.

4.1.3 Stability conditions We impose the following stability conditions on the maps (4.1):

(1) The map f is an isomorphism onto its image away from a finite set of points in C.

(2) For any proper subscheme C ′ ⊂ C,

χ(OC′)

deg f(C ′)
>

χ(OC)

deg f(C)
, (4.2)

which means that χ(OC′)f(C)−χ(OC)f(C ′) is a nonnegative and nonzero linear combination
of the components of supp f(C).

For example, a double line C ⊂ P2 is stable since χ(OC) = 1 and χ(OC′) > 1 for any
subscheme of C.

More generally, let C be a double zero section inside the total space of a line bundle L over
a curve B. Then

χ(OC) = 2χ(OB)− deg L

and so (4.2) means

C is stable ⇔ deg L > 0 .

In other words, membranes can only stack up in the positive direction of the normal bundle.

4.1.4 CM property A 1-dimensional scheme is Cohen–Macaulay if for every point x ∈ C
there is a function f vanishing at x which is not a zero-divisor.

If this condition is violated at some point x ∈ C, then

IC′ = Annmx ⊂ OC ,

where mx is the ideal of functions vanishing at x, is a nontrivial ideal of finite length. Thus

OC′ = OC/IC′

is a proper subscheme with

χ(OC′) < χ(OC) , [f(C ′)] = [f(C)] .

Therefore, the sources C of all stable maps (4.1) are Cohen–Macaulay.

Maps from 1-dimensional Cohen–Macaulay schemes to projective varieties were studied by
Hønsen in [Høn04]. He constructed their moduli space as a proper separated algebraic space
for given deg f(C) and χ(OC). He imposes the first, but not the second stability condition in
Section 4.1.3.

4.1.5 Boundedness For any map (4.1), the Euler characteristic χ(OC) may be bounded
from below in terms of the degree of f(C). The stability (4.2) also bounds it from above. There-
fore, stable maps (4.1) form a bounded family once the degree of the map is fixed.

This is natural from the M -theory perspective. In M -theory there is a 3-form which couples
to the worldvolume C × S1 of the membrane and thus keeps track of its degree. On the other
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hand, there are no fields that couple to the Euler characteristic of C and, besides, the Euler
characteristic of C × S1 vanishes, as it does for any smooth real 3-fold.

This means that on the membrane side of our conjectures, we sum over all Euler characteristics
of membranes with no weight. The qχ-weight on the DT side appears only because of the C×q -
action, the existence of which is an additional hypothesis on Z.

4.2 Deformations of membranes

4.2.1 When the normal sheaf Nf becomes too big, the deformation theory of a map (4.1)
becomes very complicated and technical. Perhaps some form of a virtual structure sheaf may
be constructed from the normal complex of f . At this time, however, we are planning to pursue
a more geometric approach, namely to take as M2(Z) a certain virtual Nash blowup of the Hønsen
space.

Recall that the ordinary Nash blowup of a singular spaceM remembers the limits of tangent
spaces at the smooth points M0 ⊂ M as they approach the singularities. A point of the Nash
blowup of M is described by a pair (p,N), where p ∈M and

N ⊂ TpM , dimN = dimM0 .

4.2.2 Our hypothetical virtual blowup M2(Z) of the Hønsen space should parameterize
maps (4.1) together with a subsheaf

N ⊂ Nf (4.3)

of class

[N ] = 3 [OC ] + [ωC ]

in the K-theory of C, where ωC is the dualizing sheaf of a Cohen–Macaulay scheme C. Additional
conditions on N form a subject of current research and will be discussed separately.

A possible physical interpretation of the extra data contained in (4.3) is the following. The
map f : C → Z is really the bosonic part of a map of superschemes, the fermionic part of which
is uniquely reconstructed in the case when f is an immersion or a more general local complete
intersection map. The uniqueness of the reconstruction fails when f develops singularities and
the subsheaf (4.3) stores the missing information.

4.2.3 With these additional conditions, we hope that M2(Z) has an obstruction theory with

[Def −Obs] = [H∗(N)]

in the K-theory of M2(Z). We do not expect these virtual bundles to be isomorphic, it is only
their pieces with respect to certain filtrations that should be identified.

5. Examples

5.1 Reduced local curves

5.1.1 Let Z be the total space of four line bundles over a smooth curve C:

Z =
L1 ⊕L2 ⊕L3 ⊕L4

↓
C

,
⊗

Li = KB .
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As before, we make C×q act on L1 and L2 with weights q and q−1, respectively; hence X is
the total space of L3 ⊕L4. We want to compare the DT and M -theoretic counts for the zero
section C inside Z.

5.1.2 A 3-dimensional torus T acts on Z by scaling the individual line bundles Li. Clearly,

M2(Z, [C])T = {0}

is a point representing the curve C itself. We have(
DefM2−ObsM2

)∣∣
0

= H∗(NCZ) , NCZ =

4⊕
i=1

Li .

Therefore

χ
(
M2, Õvir

)
= (detH)−1/2S

•
H∨ , H = H∗(NCZ) .

In practice, this means that if
∑
ai −

∑
bi is the character of H∗(NCZ), then

χ(M2, Õvir) =
∏ b

1/2
i − b−1/2

i

a
1/2
i − a−1/2

i

. (5.1)

5.1.3 For comparison with DT theory, we need to expand (5.1) in powers of q. It is conve-
nient to separate the C×q -moving directions

N12 = Li ⊕Lj , H12 = H∗(N12) ,

and their contribution

χ
(
M2, Õvir

)
12

= contribution of N12

to (5.1). We compute

χ
(
M2, Õvir

)
12

= (−1)h1q(h1+h2)/2 ⊗
(

detH∗(L1 −L2)
)1/2

S
•(
qH∗(L1)⊕ qH∗(L2)∨

)
, (5.2)

where

hi = rkH∗(Li) = deg Li + 1− g(C) .

In particular,

χ
(
M2, Õvir

)
12

= (−1)h1q(h1+h2)/2
(

detH∗(L1 −L2)
)1/2

(1 +O(q)) (5.3)

as q → 0.

5.1.4 On the Donaldson–Thomas side, cycles of degree [C] in X are sections of L3 ⊕L4,
and we have the following diagram:⊔

n>0 S
nC //

��

PT(X, [C])

��
0 // Chow(X, [C]) H0(C,L3 ⊕L4) .

(5.4)

In particular, the PT moduli spaces are smooth. Their obstruction theory consists of H1(C,L3⊕
L4) and a vertical piece in (5.4) which is a certain twisted cotangent bundle to SnC; see below.

Recall that by Definition (3.6)

ÕDT = prefactor Ovir ⊗ (Kvir ⊗ detH∗(L1 −L2))1/2 ,
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where, dropping the constant QC term,

prefactor = (−1)(L1,β)+χ q−vir dim/2+χ

= (−1)h1+n q(h1+h2)/2+n , (5.5)

because χ(F ) = n+ 1− g(C) for sheaves F parameterized by SnC and

−vir dim = deg KX = deg L1 + deg L2 .

5.1.5 The lowest term in the q-expansion corresponds to n = 0. Comparing (5.3) to (5.5),
we find perfect agreement. In fact, we see that the form of the prefactor (3.7) is dictated by the
lowest q-term for reduced local curves.

5.1.6 For n > 0 there is a nontrivial obstruction bundle on SnC. When KX is trivial, that
is, when L3⊗L4 = KC , this is the cotangent bundle to SnC by the duality between deformations
and obstructions. In general, it is a certain twisted version of T ∗SnC.

Let

∆ ⊂ SnC × C
be the universal subscheme. Recall [ACGH85] that

T ∗SnC = (p1)∗O∆ ⊗ p∗2(KC) , (5.6)

where the pi are the projections onto the two factors. More generally,

Obs = (p1)∗O∆ ⊗ p∗2(L3 ⊗L4) .

5.1.7 In the present setting, our general conjecture specializes to the following.

Theorem 5.1 ([Oko15]). We have

χ
(
S
•
C, ÕDT

)
= (detH)−1/2S

•
H∨ ,

where H = H∗(⊕Li).

Note that this is a generalization of the classical formula of Macdonald for the Hodge structure
of a symmetric power of a curve. The proof given in [Oko15] is a variation on that classical theme.

5.2 Double curves

5.2.1 Let L be a line bundle on a smooth curve B, and let SL be the total space of this
line bundle. If z is the local coordinate along the fibers of SL , then

BL =
{
z2 = 0

}
⊂ SL

is the infinitesimal thickening of the base B in the fiber direction. We have

OBL
= OB ⊕L −1

as OB-module and, in particular,

χ(BL ) = 2χ(B)− deg L .

The normal bundle to BL

NBL
SL = L ⊕L 2
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may be seen concretely as the set of deformations of the form{
z2 + p1z + p2 = 0

}
, pi ∈ Γ(L i) .

A very familiar example, in which there is no H1 of the normal bundle, is the deformations of
the double line to a conic in P2.

5.2.2 Let D ⊂ B be an effective divisor of degree d, and let

sD ∈ H0(B,O(D))

be the tautological section. It defines a map

FD : SL (−D) 3 (b, z) 7→ (b, sD(b)z) ∈ SL ,

where b and z are the base and the fiber coordinates in the domain of FD, respectively.

The map FD is the blowup of SL in the subscheme D ⊂ SL . Its deformations have the form

Def(FD) = TD Hilb(SL , d) = TD S
dB +H0(B,OD ⊗L ) ,

and they are unobstructed. We already saw the tangent space to the symmetric power SdB of
a curve B in (5.6).

5.2.3 Now let Z be the total space of four line bundles over a smooth curve B:

Z =
L1 ⊕L2 ⊕L3 ⊕L4

↓
B

,
⊗

Li = KB ,

and let us look for T-invariant stable membranes in the class

[C] = 2[B] .

Here T ∼= (C×)3 is the torus scaling the fibers with determinant 1.

5.2.4 We will make the simplifying assumption that

deg L1 > 0 > deg Li , i = 2, 3, 4 ,

in which case C can only double in the direction of L1 as discussed in Section 4.1.3 and all
T-invariant stable membranes have the form

fD : BL1(−D) ↪→ SL (−D)
FD−−−→ SL1 ↪→ Z , (5.7)

where D ∈ SdB is an effective divisor of degree

0 6 d < deg L1 .

This range is restricted by the stability condition χ(BL1(−D)) < 2χ(B).

5.2.5 The deformation theory of the map (5.7) may be described as follows:

Def(fD)−Obs(fD) = Def(FD) +H∗
(
B,NBL1(−D)

SL1(−D) + f∗DNSL1
Z
)
,

where

NBL1(−D)
SL1(−D) = L1(−D) + L 2

1 (−2D) ,

f∗DNSL1
Z = (O + L −1

1 (D))⊗ (L2 + L3 + L4) .
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5.2.6 The corresponding membrane integrals are particularly easy to compute for B =
P1, as then one can use the extra torus action on the base. They may be compared to the
corresponding degree 2 PT integrals, which can also be computed by localization. As usual,
there is, in fact, more than one PT check, as different tori may be designated as C×q .

5.3 Single interaction between smooth curves

5.3.1 Let Xi be the components of X = ZC×q , and let Ci ⊂ Xi be a collection of smooth
reduced curves, possibly empty, in each component. As in Figure 1, let f : C → Z be a C×q -
invariant stable membrane such that

πM2(f(C)) ⊂
∑

[Ci] ,

where the map πM2 of Section 2.3.3 keeps only those components that are fixed pointwise.

We denote by C ′ the other components of C and focus here on the case when, unlike the
situation depicted in Figure 1, the component C ′ is the closure of a single C×q -orbit that flows
from p2 ∈ X2 to p1 ∈ X1. The general case, when C ′ may be reducible or nonreduced, is expected
to be covered by taking the symmetric algebra in (3.10).

5.3.2 There are four possible cases, namely

C =


C ′ ,

C ′ ∪ C1 ,

C ′ ∪ C2 ,

C ′ ∪ C1 ∪ C2 ,

corresponding to the four terms in the expansion of (3.9). We consider the last, most interesting
case, assuming C1 6= ∅ 6= C2. We denote by

∆N = NCZ −
(
NC′Z +NC1Z +NC2Z

)
the difference between the normal bundle to Z and the normal bundles of its components. It
may described as follows:

∆N = Tp1C
′ ⊗ Tp1C1 + Tp2C

′ ⊗ Tp2C2

− Tp1Z + Tp1C
′ + Tp1C1

− Tp2Z + Tp2C
′ + Tp2C2 , (5.8)

where the first line corresponds to the smoothing of the two nodes, while the second line is the
condition of preserving the node at p1 if it is not smoothed.

5.3.3 The contribution of ∆N to ÕM2 equals

(det ∆N)−1/2S
•
∆N∨ = S

•(−N∨C1
X1

∣∣
p1
−NC2X2

∣∣
p2

)
+O(q)

= eval∗
(
O∨C2
� OC1

)
+O(q)

as q → 0. We thus see that the form of the interaction described in Section 3.2.5 is dictated
already by the lowest q-term in the simplest interacting geometry.
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5.4 Higher-rank DT counts

5.4.1 By analogy with PT moduli spaces, one may consider 1-dimensional sheaves F with r
sections, that is, complexes of the form

Or
X

s−→ F , (5.9)

subject to the same stability conditions. They have a natural action of GL(r) by automorphisms
of Or

X .

In contrast to the case r = 1, the deformations of (5.9) for r > 1 generally lead to complexes
not of the form (5.9). This is a well-known phenomenon even if X is a surface, where the points of
the form (5.9) in the moduli space of all framed torsion-free sheaves G correspond to torsion-free
sheaves G = Ker s with G ∨∨ ∼= Or

X , in other words, to instantons of zero size.

5.4.2 While constructing a proper moduli space, with a GL(r)-action, that contains the
deformations of (5.9) is certainly an interesting problem with many potential applications, this
problem remains open even for the simplest surface C2.

Instead, here we take a pragmatic approach and define higher-rank PT invariants by lo-
calization with respect to the maximal torus A ⊂ GL(r). The corresponding fixed loci are direct
sums

Or
X
⊕si−−−→ F =

⊕
Fi , (5.10)

and thus r-fold products of PT moduli spaces of X, with the natural direct sum obstruction
theory. To account for modification required in rank r, we define

ÕDT,r = prefactor Ovir ⊗
(
Kvir ⊗ L⊗rL1−L2

)1/2 ⊗ cross-terms . (5.11)

The form of the prefactor changes to

prefactor = (−1)(rL2+K ,β)+rχ q(β,K )+χQβ , (5.12)

where β = ch2(F ) and χ = χ(F ).

5.4.3 The cross-terms in the deformation theory of (5.10) decompose according to the
weights of A, the term

Nji = χ(Fi) + χ
(
F∨j

)
− χ(Fj ,Fi) (5.13)

having weight ai/aj . We have

cross-terms =
⊗
i 6=j

S̃
•
Nji ,

where for a K-theory class V , we set, for brevity

S̃
•
V = (detV )−1/2 ⊗ S

•
V ∨ .

The argument of Section 6.2.2 is easily modified to show that the square root in (5.11), including
the square root present in the cross-terms, is well defined modulo line bundles pulled back from
the Chow variety.

5.5 Engineering higher rank DT theory

5.5.1 Let Zr be an Ar−1-surface fibration over X as in Section 3.2.1. We label the compo-
nents

ZC×q = X1 tX2 t · · · tXr
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of the fixed locus so that the unbroken curves flow from larger indices to smaller. With such
labeling

NXiZ = L r
1 K i−r ⊕L r

2 K 1−i , i = 1, . . . , r ,

where K = KX . These have C×q -weights (q, q−1) by our convention, although this q is the rth
power of the variable that originally acted on Z1 before the quotient and the resolution.

See Figure 2 for a schematic representation of the geometry of Zr.

5.5.2 Our goal in this section is to prove the following result.

Proposition 5.2. Assuming Conjecture 2.1, the M2-brane index of Zr equals the rank r Do-
naldson–Thomas partition function of X.

For this statement to make sense, one has to substitute GL(r)-equivariant parameters for
Kähler parameters of Zr, in other words, one needs a surjective map

γ : A� TKähler(Zr) .

We start with the description of γ.

5.5.3 To define γ, it suffices to give the images of the coordinate cocharacters

δi : C× → A

in the cocharacter lattice H2(X,Z) of TKähler(Zr).

For s ∈
{

1
2 ,

3
2 , . . . , r + 1

2

}
, let

Ds = attracting manifold of Xs− 1
2

= repelling manifold of Xs+ 1
2
,

where the attracting and repelling manifolds are defined for the action of q → 0. This is illustrated
in Figure 2.

Figure 2. The moment map for the fiberwise (C×)2-action offers a schematic representation
of Z4. The 3-folds Xi and the divisors Ds are mapped to vertices and edges, respectively. The
arrows indicate q → 0 limits.

By construction, this means that

Ds

∣∣
Xi

=


c1

(
L r

2 K 1−i) , i = s− 1
2 ,

c1

(
L r

1 K i−r) , i = s+ 1
2 ,

0 , otherwise .

(5.14)
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We set

γ(δi) =
1

2

∑
s<i

Ds −
1

2

∑
s>i

Ds .

5.5.4 It is easy to describe the dual map

γ∗ : H2(Zr,Z) ↪→ A∧ (5.15)

between the character groups. The lattice A∧ is spanned by coordinate characters εi, where
aεi = ai. They form the basis dual to {δi}.

The classes of unbroken curves Cij from Xj to Xi are mapped to positive roots,

γ∗ ([Cij ]) = εi − εj , i < j ,

while on homology classes supported on
⊔
Xi the map γ∗ is given by the following formula.

Fix a curve class βk in each of the Xk and let

~β =
∑
k

ιk,∗βk ∈ H2(Z,Z) (5.16)

be their union in Z, where ιk is the inclusion of Xk. From (5.14), we have

γ∗(~β) =
r

2

∑
i

(L1 − L2, βi)εi −
1

2

∑
i<j

(K , βi + βj)(εi − εj) . (5.17)

5.5.5 Now let the PT data on
⊔
Xi be specified by collections of sheaves Fi with sections si

as in (5.10). We define βi = ch2 Fi ∈ H2(Xi,Z), denote by (5.16) the union in Z of these classes,
and set

β =
∑

βi ∈ H2(X,Z) .

By the main conjecture, the contribution of (5.10) to the membrane index equals the product
of a certain prefactor, virtual class contribution, and the interaction Φ. The prefactor equals,
including the replacement of Kähler parameters by equivariant ones,

prefactor = (−1)χ(F )+
∑

(rL1+(i−r)K ,βi) qχ(F )+(β,K )/2 Qβaγ
∗(~β) . (5.18)

The virtual class contribution equals

virtual class contribution = �Ovir ⊗
(
Kvir ⊗ LL r

1 K i−r−L r
2 K 1−r

)1/2
. (5.19)

Finally, in the interaction terms, we discard the perturbative terms as discussed in Section 3.2.7,
and for the remainder we get the following identification:

X ′
ji = Nji +Nij ,

where Nji was defined in (5.13) and the bar denotes the dual. Therefore, we have

interaction Φ =
⊕
i<j

S
•
(
ai
aj

(
Nji +Nij

))
. (5.20)

This is clearly beginning to look like higher-rank DT theory, and we will now systematically
check the agreement.
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5.5.6 We start with the following identity:

S•
(
ai
aj

(
Nji +Nij

))
S̃•
(
ai
aj
Nji +

aj
ai
Nij

) = (−1)rkNji

(
ai
aj

)−(rkNij+rkNji)/2(detNij

detNji

)1/2

. (5.21)

We have

rkNji = χ(Fi)− χ(Fj)− (K , βj) ,

and so, in particular,

−1

2
(rkNij + rkNji) =

1

2
(K , βj + βi) .

Thus from (5.17) we conclude

aγ
∗(~β)

(
ai
aj

)−(rkNij+rkNji)/2

=
∏

a
r(L1−L2,βi)/2
i . (5.22)

We observe that this is the natural A-weight of the bundle Lr/2L1−L2
that appears in (5.11).

Recall that we define higher-rank DT invariants as integrals over A-fixed loci, and thus all
line bundle contributions have a line bundle part, which is defined in the DT theory of

⊔
Xi and

an A-character part that comes from converting Kähler parameters to equivariant ones.

A similar check finds the agreement between the minus signs and the sign in the prefactor
in (5.12).

5.5.7 We now turn to the determinants on the right-hand side of (5.21). By Proposition 6.2
and Serre duality, we have

detNij

detNji
=

detχ(Fj ⊗ (O −K ))

detχ(Fi ⊗ (O −K ))
. (5.23)

Thus

�LL r
1 K i−r−L r

2 K 1−r ⊗
⊗
i<j

detNij

detNji
= �LGi ,

where

Gi = L r
1 K i−r −L r

2 K 1−r − (2i− r − 1)(O −K ) , i = 1, . . . , r .

A direct computation shows that

Gi = r(L1 −L2) + · · · ,

where the dots stand for a K-theory class of codimension 3 in X which thus does not affect line
bundles of the form LG .

This completes the proof of Proposition 5.2.

6. Existence of square roots

6.1 Symmetric bundles on squares

We start with the following general observation.

Lemma 6.1. Let Y be an algebraic variety, and let L be a line bundle on Y × Y such that

(12)∗L ∼= L ,
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where (12) is the permutation of the factors. Then the restriction L∆ of L to the diagonal
∆ ⊂ Y × Y has a square root.

Our original claim was weaker. We are very grateful to Davesh Maulik, who pointed out to
us that the argument works in the full generality presented here.

Proof. From an étale exact sequence of sheaves

1→ {±1} → O∗Y
f 7→f2−−−−→ O∗Y → 1

we have an exact sequence of groups

H1(Y,Z/2)→ PicY
L 7→L⊗2

−−−−−−→ PicY → H2(Y,Z/2) ,

where the last map is the reduction of L 7→ c1(L ) modulo 2. Therefore, a line bundle on Y has
a square root if and only if its first Chern class is divisible by 2 in H2(Y,Z).

Since

torsion
(
Hk(Y,Z)

) ∼= torsion(Hk−1(Y,Z)) ,

the groups H0(Y,Z) and H1(Y,Z) are torsion-free. Therefore, Künneth decomposition takes the
form

H2(Y × Y,Z) =
⊕
i+j=2

H i(Y,Z)⊗Hj(Y,Z) . (6.1)

Assuming that Y is connected, the symmetry of L implies that

c1(L) = α⊗ 1 + β + 1⊗ α , α ∈ H2(Y,Z) , β ∈ Λ2H1(Y,Z)

in the decomposition (6.1). The restriction to the diagonal of the middle piece is the map

β1 ⊗ β2 7→ β1 ∪ β2 ,

and from the skew-symmetry of the cup product on H1(Y,Z) we conclude that c1(L∆) is even.

6.2 Square roots in DT theory

6.2.1 Symmetric line bundles on products appear naturally in the DT theory of 3-folds.
Let F be the universal family of the 1-dimensional sheaves over PT(X). Consider the line bundle

L12 = detχ(F1,F2)

over the product of two PT moduli spaces.

Proposition 6.2. There is a canonical isomorphism L12
∼= L21.

We expect the same symmetry to hold for the Donaldson–Thomas moduli space of X in any
stability chamber. The proof below will have to be modified to account for zero-dimensional
subsheaves in F .

Observe that this statement is consistent with the following special case of the Serre duality.
Suppose that KX is trivial, and let κ be the weight of the AutX-action on KX . Then Serre
duality gives

detχ(F1,F2) = detχ(F2,F1 ⊗KX)

= detχ(F2,F1)⊗ κrkχ(F2,F1) = detχ(F2,F1) . (6.2)

It is clear that the proposition follows, by Serre duality, from the following lemma.
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Lemma 6.3. For any line bundle L on X we have

detχ(F1,F2) = detχ(F1,F2 ⊗L ) ,

canonically.

Proof. By writing L as a ratio of two very ample line bundles, we may reduce to the case
when L is very ample. Let s be a generic section of L . The choice of s in not unique and the
dependence on the choice of s will be analyzed later. Consider the zero-dimensional sheaf

G = Coker
(
F2

s−→ F2 ⊗L
)
.

It has a canonical filtration by direct sums of sky-scraper sheaves Ox for x ∈ X. For any sheaf
F on X we have

detχ(F ,Ox) = (det F )∗x ,

by taking a locally free resolution of F . Since F1 is 1-dimensional, det F1 = OX , which gives
an isomorphism

φs : detχ(F1,F2)→ detχ(F1,F2 ⊗L ) .

It remains to analyze the dependence of this isomorphism on s.

Denote by

∆ ⊂ H0(X,L )

the set of sections s for which G fails to be zero-dimensional. This is a conical subset of codi-
mension greater than 1. For any s0 ∈ H0(X,L )\∆ the function φsφ

−1
s0 is homogeneous in s of

degree

degs φsφ
−1
s0 = rkχ(F1,F2) = 0

and regular away from ∆, hence identically 1.

6.2.2 We have the following result.

Proposition 6.4. For any L1 and L2 such that L1 ⊗L2 = KX we have

Kvir ⊗ LL1−L2 = square⊗ Lc1(L1)∩c1(L2) ,

where the last term in pulled back by the Hilbert–Chow map.

Proof. We first note that for L1 = OX and L2 = KX we have, by Serre duality,

Kvir ⊗ LO−K = det
[
χ(F ,F )− 2χ(F ⊗KX)

]
,

which is a square by Proposition 6.2. On the other hand,

LL1−L2 ⊗ L−1
O−K = L2

L1−O ⊗ L(O−L1)(O−L2) .

Write

Li = AiB
−1
i , i = 1, 2 ,

where Ai and Bi are very ample. Then

(O −L1)(O −L2) = A1A2

[(
1−A −1

1

)(
1−A −1

2

)
−
(
1−A −1

1

)(
1−B−1

2

)
−
(
1−B−1

1

)(
1−A −1

2

)
+
(
1−B−1

1

)(
1−B−1

2

)]
.

By Lemma 6.3, all terms on the right-hand side produce bundles LOC , where C ⊂ X is a com-
plete intersection of two very ample divisors. By construction, such bundles are pulled back
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by the Hilbert–Chow map. Clearly, the resulting rational equivalence class of curves equals
c1(L1) ∩ c1(L2).

6.3 Square roots in M-theory

6.3.1 Since the moduli space of stable membranes is still under construction, we restrict
ourselves here to numerical checks under simplifying assumptions.

Proposition 6.5. If φ : B → M2(Z) is a map from a smooth curve to the locus of local complete
intersections, then

deg φ∗Kvir ≡
∫

sweep of B
c2(Z) mod 2 .

Proof. Let

S ⊂ B × Z × PN

be the surface corresponding to the map φ, where PN is the auxiliary projective space as in
Section 4.1.2. By hypothesis, S is locally a complete intersection, hence has a normal bundle NS .
We set

N = NS − TPN ;

this is a rank 4 bundle on S. From the definitions, we have

φ∗Kvir = (detπ∗N)−1 ,

where π : S → B is the projection. By the Grothendieck–Riemann–Roch theorem, we have

chπ∗N = π∗

(
chN

TdS

TdB

)
= π∗

(
chN

TdZ

TdN

)
.

Since rkN = 4, we have

chN

TdN
= 4− c1(N) +

4

3
ch2(N) ,

while

TdZ = 1 +
1

12
c2(Z)

since c1(Z) = 0. Putting everything together, we see that

deg π∗N =
1

3

∫
S

(c2(Z) + 4 ch2(N))

≡
∫
S
c2(Z) mod 2 ,

because 2 ch2 is an integral characteristic class and division by 3 does not affect parity.

6.3.2 We now compare the parity computations in the DT and M -theories. We consider
the case when

Z =
L1 ⊕L2

↓
X

, L1 ⊗L2 = KX ,

is a rank 2 bundle over a 3-fold X. We have the following result.

Proposition 6.6. For Z as above, c2(Z) ≡ c1(L1) c1(L2) mod 2.
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Proof. We have

c2(Z)− c1(L1) c1(L2) = c2(X)− c2
1(X) ≡ c2(X) + c2

1(X) = 12 Td2(X) ,

so it remains to see that

6

∫
D

Td2(X) ∈ Z

for any complete divisor D ∈ X. This is an easy consequence of the integrality of the function

k 7→ dimχ(OD(kD))

and the Hirzebruch–Riemann–Roch formula.

7. Refined invariants

7.1 Actions scaling the 3-form

7.1.1 By far the most popular manifolds Z for M -theory constructions have the form

Z = X × C2 ,

where X is a Calabi–Yau 3-fold and C2 ∼= R4 is the arena of 4-dimensional gauge theories (which
may be replaced by an An-surface in everything that follows).

As a C×q -torus for such Z we can take the maximal torus[
q

q−1

]
⊂ SL(2)

acting on the C2 factor. Since L1 = L2 = OX , we have

ÕPT = (−q)χQβOvir ⊗K
1/2

vir .

In this entire section, we will work with individual components of the DT moduli spaces and will
drop the prefactor (−q)χQβ for brevity.

7.1.2 Let G be a connected group acting on X, and let κ be the determinant of this action,
that is,

κ = weight
(
Λ3T 1,0X

)
.

The letter κ is supposed to remind the reader of the canonical class KX , except that it is the
inverse of the G-weight of KX .

Let Gκ be the minimal cover of G on which the character κ1/2 is defined. We define

Gκ ↪→ Gq = Aut
(
Z,Ω5

)C×q by g 7→
(
g,

[
κ(g)−1/2

κ(g)−1/2

])
.

The square root κ1/2 is needed to have L1 = L2 as Gκ-equivariant line bundles.

The results of this section will be particularly interesting if κ is nontrivial. Since Gκ acts
trivially on cohomology, we have

κ 6= 1 ⇒
[
Ω3
X

]
= 0 ∈ H3(X) ,

and so X has to be noncompact for this to happen. Examples of X with κ 6= 1 include toric
Calabi–Yau varieties, local curves, and local surfaces.

We note that even for noncompact X the PT moduli spaces may very well be compact, which
will be important below.
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7.1.3 The main result of this section is the following.

Theorem 7.1. For any Calabi–Yau 3-fold X, the sheaf ÕPT has a canonical Gκ-equivariant
structure. If M is a proper component of PT(X), then

χ(M, ÕPT) ∈ Z
[
κ±1/2

]
⊂ KGκ(pt) ;

that is, the Gκ-action on χ(M, ÕPT) factors through the character κ1/2. Further, the polynomial
χ(M, ÕPT) is symmetric with respect to

κ1/2 7→ κ−1/2 .

For κ 6= 1, we conjectured that the polynomials from Theorem 7.1 agree with the motivically
refined DT invariants studied in [BBS13, BJM13, KS08] and many other papers. This conjecture
has been proved in a forthcoming paper by D. Maulik.

7.1.4 The conclusions of Theorem 7.1 hold, in fact, for the sheaf

Õvir = Ovir ⊗K
1/2

vir

of any symmetric perfect obstruction theory on which a group Gκ acts by scaling the symmetry
of the obstruction theory

Obs ∼= Def∨⊗C(κ) , (7.1)

where C(κ) is a 1-dimensional representation of weight κ.

For example, in Section 3.1.4 one substitutes t = κ to see that

χ
(
Ovir ⊗K

1/2
vir

)
=
∑
p,q

(−1)p−d/2(−κ)q−d/2Hp(ΩqM) , (7.2)

where the Hp(ΩqM) are trivial representations of Gκ and d = dimM . The symmetry

hp,q = hd−p,d−q

of the Hodge diamond of M implies the (κ1/2 7→ κ−1/2)-symmetry of the polynomial (7.2).

7.1.5 The basic properties of the index (7.2) are very classical and can be seen from many
different angles, in particular from the point of view of Morse theory as in [Wit82]. We will
find the Morse theory point of view to be very useful for general symmetric perfect obstruction
theories.

The triviality of the Aut(M)0-action on Hp(ΩqM) is an example of rigidity ; see in particular
[AH70, Kri76, Kri90, BT89]. The argument used in Section 7.3.2 would be very familiar to anyone
who has read [AH70] or [Kri76].

7.2 Localization for κ-trivial tori

7.2.1 Equivariant structure on square roots. In this section we assumeM to be a projective
scheme with a symmetric perfect obstruction theory and an action of an algebraic group G that
scales the symmetry of the obstruction theory by a character κ as in (7.1). As before, we denote
by Gκ the minimal cover of G on which the character κ1/2 is defined.

We assume that the line bundle Kvir is a square in the nonequivariant Picard group of M.

This holds for PT moduli spaces by Proposition 6.4. Let K
1/2

vir be a choice of a square root
of Kvir.
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Proposition 7.2. There is a canonical Gκ-action on K
1/2

vir .

Proof. Any line bundle L on a projective scheme M is uniquely determined by the module

Γ(L ) =
⊕
n�0

H0(L (n))

over the homogeneous coordinate ring ofM, and an equivariant structure on L is an equivariant
structure on this module.

The fiberwise squaring map K
1/2

vir → Kvir gives K
1/2

vir and the corresponding module a ca-
nonical g-module structure, where

g = LieG = LieGκ .

We claim that

weights Γ
(
K

1/2
vir (n)

)
⊂ weights(G) + Zκ1/2 = weights(Gκ) . (7.3)

Indeed, let T ⊂ G be the maximal torus and let t = LieT. By the duality between deformations

and obstructions, the t-weight of K
1/2

vir at any fixed point is a weight of Gκ. Since sections

of K
1/2

vir (n) are uniquely determined by their series expansion at fixed points, (7.3) follows.

Thus, H0(K
1/2

vir (n)) is a finite-dimensional g-module satisfying (7.3), hence integrates to
a Gκ-module.

In particular, the proposition makes

ÕM = Ovir ⊗K
1/2

vir

a Gκ-equivariant sheaf on M.

7.2.2 Fix a maximal torus T ⊂ G and a subtorus A ⊂ T in the kernel of κ. This, in

particular, means that A acts canonically on K
1/2

vir . LetMA ⊂M be the locus of A-fixed points.
Equivariant localization for virtual Euler characteristics takes the following form [GP99, FG10].

Restricted to A, the obstruction theory decomposes

(Def −Obs)
∣∣
MA = (Def −Obs)fixed ⊕ (Def −Obs)moving ,

where the moving part is the one that transforms in nontrivial representations of A. The triviality
of κ on A implies

Obsfixed ∼=
(

Deffixed
)∨ ⊗ C(κ) ,

and similarly for the moving part. In particular, the fixed part of the obstruction theory defines
a symmetric perfect obstruction theory for the fixed locus, with its own virtual structure sheaf.
We have

χ(M, ÕM) = χ
(
MA,OMA,vir ⊗K

1/2
vir

∣∣
MA ⊗ S

•
N ∨) , (7.4)

where

N = (Def −Obs)moving

is the virtual normal bundle.

Our next goal is to rewrite the formula (7.4) using a specific choice of a square root of the
virtual canonical bundle of the fixed loci.
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7.2.3 The A-weights that appear in N partition LieA into finitely many chambers. We fix
one chamber C; this separates all weights into positive and negative ones, so we can write

N = N+ ⊕N−

with

N− = −N ∨
+ ⊗ C(κ) .

We have the following result.

Lemma 7.3. The nonequivariant line bundle det N+ does not depend on the choice of C and
satisfies

det N = (det N+)2 .

Proof. Let C1 and C2 be two chambers and denote by N±,± the parts of N spanned by characters
of given sign on C1 and C2. Then

N+,− = −N ∨
−,+ ,

whence

det N+,− = det N−,+ ,

which implies the independence. In particular, det N+ = det N− and hence

det N = det N+ det N− = (det N+)2 .

We give det N+ the canonical Tκ-equivariant structure provided by the proof of Proposi-
tion 7.2 and set

K
1/2

MA = det N+ ⊗K
1/2

vir

∣∣
MA . (7.5)

This provides a consistent choice of the square root for the fixed loci which depends on the choice
of the square root on M.

7.2.4 We denote

ÕMA = OMA,vir ⊗K
1/2

MA ,

and let ρ be a map from equivariant K-theory to its completion such that

ρ(A⊕B) = ρ(A)⊗ ρ(B)

and

ρ(L ) =
κ1/2 − κ−1/2L

L − 1

for a line bundle L . Rewriting (7.4) using (7.5) and duality, we obtain the following statement.

Proposition 7.4. For any chamber C ⊂ LieA, we have

χ(M, ÕM) = χ
(
MA, ÕMA ⊗ ρ(N+)

)
. (7.6)

7.3 Morse theory and rigidity

7.3.1 Virtual index of a fixed component. We denote

indC = rk N+

= rk Def+− rk Def− , (7.7)
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where the equality between the two lines follows from the duality between Obs+ and Def−; this
also shows the independence of the second line of a particular representative of the obstruction
theory.

Clearly, indC is a locally constant function on MA; we call it the virtual index of a fixed
component.

7.3.2 Rigidity.

Proposition 7.5. The Gκ-action on χ(M, ÕM) factors through the character κ1/2. In fact,

χ
(
M, ÕM

)
= χ

(
MA, ÕMA ⊗

(
−κ1/2

)indC) (7.8)

for any chamber C in the Lie algebra of

A = T ∩Kerκ ,

where T is a maximal torus of G.

Proof. It is enough to show that the Tκ-action on χ(M, ÕM) factors through the character κ1/2.
Since M is compact, the Tκ-character of χ(M, ÕM) is a Laurent polynomial which, we claim,
is constant on the A-cosets.

Let σ : C× → A be a generic homomorphism, and let C be the chamber containing dσ ∈ LieA.
Then all characters that appear in N+ go to zero on σ(z) as z → 0 and to infinity as z → ∞.
Therefore, for any t ∈ T we have

χ
(
M, ÕM

)∣∣
tσ(z)

=

{
χ
(
MA, ÕMA ⊗

(
−κ1/2

)indC)+O(z) , z → 0 ,

χ
(
MA, ÕMA ⊗

(
−κ1/2

)−indC)+O
(
z−1
)
, z →∞ .

Since this a Laurent polynomial in z, it is a constant equal to its value at either 0 or ∞. Since σ
was generic, the claim follows.

7.3.3 Conclusion of the proof of Theorem 7.1. It remains to show the (κ 7→ κ−1)-symmetry.
Since the virtual dimension of any self-dual theory is zero, from the weak Serre duality theorem
of [FG10] we get

χ
(
ÕM

)
= χ

(
ÕM

)∨
and since κ∨ = κ−1 we are done.

8. Index vertex and refined vertex

8.1 Toric Calabi–Yau 3-folds

8.1.1 In this section, we specialize the discussion of Section 7 to toric Calabi–Yau 3-folds X.
For such X, the torus

A = T ∩Kerκ ∼=
(
C×
)2

acts with isolated fixed points on the Hilbert scheme of curves, and hence K-theoretic DT
invariants of X may be given by a combinatorial formula of the same flavor as the localization
formula for cohomological DT invariants of X [MNOP06], known to many in the formalism of
the topological vertex [AKMV05, ORV06].
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8.1.2 Let

∆(X) ⊂ (LieT)∗

be a toric polyhedron, that is, the image of the moment map for some Kähler class on X. The
projection of its 1-skeleton to (LieA)∗ is known as the toric diagram of X. The combinatorial
type of these objects does not depend on the choice of the Kähler class.

Figure 3. A 3-legged 3-dimensional partition

By a 3-dimensional partition with legs, we mean an object of the kind shown in Figure 3.
These correspond bijectively to A-fixed 1-dimensional ideals in OC3 . An A-fixed ideal sheaf on
a general toric X is described by a collection {πv} of 3-dimensional partitions placed at the
vertices of ∆(X) that glue along the edges of ∆(X). Additionally, nontrivial legs are not allowed
along unbounded edges of ∆(X). These rules are illustrated in Figure 4.

8.1.3 The description of PT(X)A is very similar; see [PT09b]. We discuss localization on the
Hilbert scheme here, because we want to make contact with the refined vertex of Iqbal, Kozcaz,
and Vafa [IKV09].

Since Hilb(X) is never compact, Proposition 7.5 may not be directly applied to it. However,
if PT(X) is compact and if we assume the conjectural formula (2.14), then the only chamber
dependence of the refined invariants comes from the Hilbert scheme of points of X.

We have

χ
(
X,K

1/2
X ⊗ (TX + KX − T ∗X −K ∗

X)
)

=
∑
x∈XT

ρ(TxX)

and hence by Theorem 2.4 we have

lim
z→0

χ
(

Hilb(X,points), Õvir

)∣∣
tσ(z)

= S
• q

(1− qκ1/2)(1− qκ−1/2)

∑
x∈XT

(
−κ1/2

)indσ(x)
(8.1)

for any homomorphism σ : C× → A, where

indσ(x) = dim(TxX)+ − dim(TxX)− = ±1

is the index of x ∈ XT with respect to σ. The sum over x in (8.1) is an equivariant analog of
the Poincaré polynomial of X; it jumps across the walls in LieA dual to the noncompact edges
of the toric diagram.
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Figure 4. An A-fixed ideal sheaf on O(−1)⊕ O(−1)→ P1

8.2 Virtual tangent spaces at fixed points

8.2.1 For a T-fixed ideal sheaf I on a 3-fold X we denote

N (I ) = χ(OX)− χ(I ,I ) .

For I ∈ Hilb(X)T this is the virtual tangent (and virtual normal) space at I . For a 1-
dimensional monomial ideal

I ⊂ C[x1, x2, x3] = OC3

the character of N (I) is well defined as an element of

Q(T) ⊃ KT(pt) .

In fact, the only poles of trN (I) are first-order poles along the weights ti of the directions of
infinite legs; see [MNOP06]. For any I we have

N (I ) =
∑
x∈XT

N (Ix) ,

where Ix is the restriction of I to the toric chart at x; see [MNOP06].

8.2.2 The residue of trN (I) at t1 = 1 only depends on the saturation

I leg
1 ⊃ I

of I with respect to x1. Combinatorially, I leg
1 corresponds to a pure infinite leg in the direction

of x1 with the same cross-section λ as I. We have

N
(
I leg

1

)
= C[x1]⊗ TIλ Hilb

(
C2
)
,

where Iλ ⊂ C[x2, x3] is the corresponding monomial ideal.

If e is an edge of ∆(X) that joins two vertices x and x′, then the corresponding saturations Iex
and Iex′ glue to form an ideal sheaf I e. Its deformations and obstructions are easy to understand
using the formula

N (I e) = N (Iex) + N (Iex′)

and the explicit description of TIλ Hilb(C2) in terms of arms and legs of the squares of λ.
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8.2.3 We set

Nvtx(I) = N (I)−
3∑
i=1

N
(
I leg
i

)
∈ KT(pt) .

It satisfies

Nvtx(I) = −C(κ)⊗Nvtx(I)∨ .

By construction,

N (I ) =
∑

edges e

N (I e) +
∑

vertices x

Nvtx(Ix) .

Since the first term here is explicit, we focus on the vertex contribution.

8.2.4 The K-theoretic vertex. From Proposition 7.4 we have the following formula for the
localization vertex:

V(λ, µ, ν) =
∑
π

(−q)|π|ρ(Nvtx(I)+) , (8.2)

where the sum is over all 3-legged partitions π ending on the given triple (λ, µ, ν) of 2-dimensional
partitions, I ∈ OC3 is the corresponding ideal, and the size of an infinite partition π is defined
as a rank of a finite-dimensional virtual T-module:

|π| = rk
(
−2O − I +

∑
I leg
i

)
.

Note that this size may be negative. The decomposition

Nvtx(I) = Nvtx(I)+ − C(κ)⊗Nvtx(I)∨+

is with respect to the sign of the weights on dσ ∈ LieA, where σ : C× → A is a generic 1-parameter
subgroup. The product ρ (Nvtx(I)+) is independent of the choice of σ.

8.2.5 The index vertex. We now compute the limit of (8.2) on tσ(z) ∈ T as z → 0. This does
depend on the choice of σ, which we call the choice of a slope since A is 2-dimensional. Because
we want the slope to be generic, we choose it such that

Q>0 · dσ = Q>0 · (dσ0 + small perturbation) (8.3)

for some fixed rational slope dσ0 and an infinitesimal perturbation of a given sign. Given a generic
slope like this, we define

Vσ(λ, µ, ν) = lim
z→0

V(λ, µ, ν)
∣∣
tσ(z)

=
∑
π

(−q)|π|
(
−κ1/2

)indσI , (8.4)

where

indσI = rk Nvtx(I)+ . (8.5)

This jumps as the sign of the small perturbation in (8.3) changes, that is, as the ray Q>0 · dσ
crosses from one side of Q>0 · dσ0 to the other.

8.3 The refined vertex

8.3.1 We call a slope σ preferred if σ0 fixes one of the coordinate axes. By convention, we
choose this to be the x3-axis, which we plot vertically. In this section, we show that for preferred
slopes the index vertex specializes to the refined vertex of [IKV09].
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For a general slope, the index (8.5) is a quite complicated function of a 3-dimensional partition
because the character of Nvtx(I) depends quadratically on the character of I itself. For preferred
slopes, however, there is a big cancellation in rk Nvtx(I)+ and the dependence becomes linear,
that is, the index may be computed as a certain single sum over the boxes r ∈ π.

8.3.2 Let π be a 3-dimensional partition, let πleg
3 be its leg in the preferred direction, and let

λ be the corresponding 2-dimensional partition. We view the diagram as a collection of squares
λ ⊂ R2

>0 in the plane and denote by

fλ = boundary
(
R2
>0\λ

)
the profile of λ. This is a zigzag line going from the x1-axis to the x2-axis. We label its two
possible slopes by the corresponding variable xi and call its corners peaks and valleys, so that

f∅ = {x1 > 0, x2 = 0} ∪ {x1 = 0, x2 > 0}

has one valley and no peaks. See (8.12) below for a more formal definition.

8.3.3 There is a natural projection

p : R3 → fλ

along the directions (1, 1, 0) and (0, 0, 1). For a box r ∈ π we define

ξλ(r) =


x1 , p(r) ∈ x1-slope of fλ ,

x2 , p(r) ∈ x2-slope of fλ ,

x±1
3 , p(r) ∈ peak/valley of fλ .

This is illustrated in Figure 5. We define

Ξ(π) =
∑

r∈π\πleg
3

ξλ(r)−
∑

r∈πleg
1

ξ∅(r)−
∑

r∈πleg
2

ξ∅(r) , (8.6)

which is a finite sum.

For a preferred slope, the index is computed in the following theorem.

Theorem 8.1. If x3 is fixed by σ0, then

indσI = rk
(
Ξ− Ξ∨

)
+
.

Of course, one should always bear in mind that the T-weights of the monomials xi are the
opposites of the weights of the coordinate directions.

8.3.4 The proof of Theorem 8.1 will take several steps. The first step is to reduce to the
case

πleg
1 = πleg

2 = ∅ . (8.7)

Introduce the following truncation:

IN = I +
(
xN1 , x

N
2

)
and the corresponding truncations I leg

i,N of the saturations I leg
i . The general case of Theorem 8.1

is reduced to (8.7) by the following lemma.
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Lemma 8.2. We have

indσ = rk
(
Nvtx(IN )−Nvtx

(
I leg

1,N

)
−Nvtx

(
I leg

2,N

))
+

for all N � 0.

Proof. Denote by Z the spectrum of O/I, so that

OZN = OZ − xN1 O
Zleg
1
− xN2 O

Zleg
2
.

We compute

Nvtx(I)−Nvtx(IN ) + Nvtx

(
I leg

1,N

)
+ Nvtx

(
I leg

2,N

)
= −χ

(
O
ZN\Zleg

1,N
, xN1 O

Zleg
1

)
− χ

(
O
ZN\Zleg

2,N
, xN2 O

Zleg
2

)
− χ

(
xN1 O

Zleg
1
, xN2 O

Zleg
2

)
− · · · , (8.8)

where the dots stand for three more terms obtained by reversing the order of the entries in the
Euler characteristic. Since the supports of all pairs in (8.8) extend along different coordinate axes,
each Euler characteristic is a zero-dimensional element of KT(pt) shifted by a large nontrivial
weight of σ0. Therefore, it makes no contribution to the index.

8.3.5 The balance lemma. One can think about the situation (8.7) a bit more abstractly.
Let C be a 1-dimensional component of Xσ0 for some general 3-fold X, the case at hand being the
x3-axis in X = C3. Let Z be an A-invariant subscheme contained in an infinitesimal neighborhood
of C, and let E ⊂ Z be the closure of the generic point of Z along C, for example

E = Z leg
3

in our concrete situation. We define

ΞZ = χ
(
IE ,OZ\E ⊗ (π∗TC)⊗N

)
, (8.9)

where TC is the tangent bundle of C, the map π : Z → C is the T-equivariant projection, and

0� N � ‖small perturbation‖−1 ,

where the small perturbation refers to (8.3).

The following technical result compares the deformations of Z with the deformations of E,
showing that the index of the difference is linear in [OZ ].

Lemma 8.3. We have

rk (N (Z)−N (E))+ = rk
(
ΞZ − Ξ∨Z

)
+
. (8.10)

The proof of this lemma is given in the appendix. It is clear that the lemma proves the
theorem modulo checking that the definition (8.9) specializes to the formula (8.6).

8.3.6 Conclusion of the proof of Theorem 8.1. We are now back in the case X = C3, where
C is the x3-axis, and IE = I leg

3 is generated by monomials in x1 and x2. Concretely,

IE =
({
xi1x

j
2

}
(i,j)/∈λ

)
,

where λ ∈ Z>0 × Z>0 is the diagram of a partition. For example, the case

IE =
(
x2

1, x
3
2

)
is depicted in Figure 5. Visually, one may compare E to a chimney in the corner of a room;
then Z corresponds to a few boxes stacked against this chimney (in violation of all building
regulations), as in Figure 5.
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Figure 5. The function ξλ(r)

The generators and relations for the ideal IE correspond to the inner and outer corners of the
chimney, that is, to the valleys and peaks of the profile of λ. In our example, we have generators
of degree x2

1 and x3
2, together with a relation of degree x2

1x
3
2. In general, let us denote by

γi, ρi ∈ Z2
>0 ⊂ Z3

the multi-index degrees of generators and relations of IE . Then we have an equivariant free
resolution

0→
g−1⊕
i=1

xρiOC3 →
g⊕
i=1

xγiOC3 → IE → 0 , (8.11)

where g is the number of the generators (number of inner corners).

Since the A-weight of x3 ∈ T ∗C is minus the weight of TC, the contribution of a monomial
xr ∈ OZ\E to the index of ΞZ equals the σ-index of the following A-module:

Ξr = x−N3

g∑
i=1

xr−γi + xN3

g−1∑
i=1

xρi−r .

This index is computed as follows. We may assume

dσ = x1
∂

∂x1
− x2

∂

∂x2
.

Consider the function

c((a1, a2, a3)) = a1 − a2 .

Clearly, dσ0 · xr = c(r)xr. The level sets of c(r) are the diagonal slices in Figure 5. Let fλ(s)
be the profile of λ, defined by

1
2f
′′
λ =

∑
δc(γi) −

∑
δc(ρi) , (8.12)

together with

fλ(s) = |s| , |s| � 0 .

Then

indσΞr = f ′λ(c(r))
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extended by left or right continuity depending on the weight of x3. This is color-coded in Figure 5.
Clearly,

indσΞr = ξλ(r) ,

which concludes the proof.

Appendix A.

A.1 Proof of the balance lemma

A.1.1 Since OZ/OE is zero-dimensional, the statement of Lemma 8.3 is purely local and
we can assume that we are in the situation of Section 8.3.6.

We begin with the special case E = ∅, so that N (E) = 0. We need to show

N (Z) ≡ x−N3 χ(OZ)− xN3 χ(OZ) (A.1)

for all sufficiently large N , where the relation ≡ on A-modules means that they have the same
σ-index.

A.1.2 In fact, it suffices to take N such that xN3 ∈ IZ , in other words, that N is larger
than the height of the stack of boxes corresponding to Z. As we will see, the difference between
the left-hand side and the right-hand side of (A.1) corresponds to the deformations of

F = π12∗
(
IZ/x

N
3

)
.

Here π12 is the projection onto the (x1, x2)-plane and π12∗ means that we view IZ/x
N
3 as a

module over OC2 = C[x1, x2], that is as a (degenerate) framed rank N instanton on C2.

Away from the origin of C2, the sheaf F is the same as

F∅ =
N−1∑
i=0

xi3OC2 .

The A-action on the x3 is thus transformed into the action on the framing of F .

A.1.3 The moduli of framed torsion-free sheaves on C2 is a smooth manifold with tangent
space

N2(Z) = χC2(F∅,OZ) + χC2(OZ ,F∅)− χC2(OZ ,OZ) , (A.2)

where χC2 means that we treat all sheaves as A-equivariant OC2-modules. In particular,

χC2(O0,O0) =
(
1− x−1

1

)(
1− x−1

2

)
=
(
1− x−1

3

)−1
χ(O0,O0) ,

where 0 ∈ C2 ⊂ C3 is the origin. It follows that

N (Z) =
(
1− x−1

3

)
N2(Z) + x−N3 χ(OZ)− xN3 χ(OZ) .

Therefore, (A.1) is equivalent to showing

indσN2(Z) = 0 . (A.3)

A.1.4 The symplectic form dx1 ∧ dx2 on C2 induces a symplectic form on the instanton
moduli and, in particular, a symplectic form ωF on the tangent space N2(F ) to F . The torus A
scales this symplectic form with the weight of x1x2, which is the same as the weight of x−1

3 .
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Therefore, ωF pairs the attracting and repelling directions with the exception of the weights 0
and x−1

3 . Therefore (A.3) is a consequence of the following result.

Lemma A.1. N2(Z)A = 0.

Proof. We have

F =
N⊕
i=1

xi−1
3 Iλ(i) ,

where Iλ ⊂ C[x1, x2] is a monomial ideal corresponding to a partition λ and

λ(1) ⊃ λ(2) ⊃ · · · ⊃ λ(N) .

Therefore

N2(Z) =
∑
i,j

xj−i3

(
χC2(OC2)− χC2(Iλ(i) ,Iλ(j))

)
.

The claim then follows from Lemma A.2.

A.1.5

Lemma A.2. Let I ,J ∈ C[x1, x2] be monomial ideals. If

(n < 0 and I ⊃J ) or (n > 0 and I ⊂J ) ,

then the weight (x1x2)n does not occur in

χC2(OC2)− χC2 (I ,J ) .

Proof. By duality, it suffices to consider the case I ⊃J . From a resolution like (8.11), we have

suppχC2 (I ,J ) ⊂
⋃
i,j

suppxbj−ajOC2 , (A.4)

where

{ai}, {bj} ⊂ (Z>0)2

are the degrees of generators and relations for I and J , respectively, and where by the support
of an A-module we mean the support of its Fourier transform, that is, the set of weights that
occur in it.

The inclusion I ⊃J obviously implies

bj − ai /∈ (Z<0)2 ,

and hence all supports in (A.4) are disjoint from (Z<0)2.

This completes the proof of (A.1).

A.1.6 We now deduce the general case of Lemma 8.3 from its special case (A.1). Choose N
so large that xN3 annihilates OZ\E . Expanding N using

[OZ ] = [OZ\E ] +
[
OE/x

N
3

]
+ xN3 [OE ] ,

we get

N (Z)−N (E) = N
(
Z/xN3

)
−N

(
E/xN3

)
− Altx−N3 χ(OE ,OZ\E) , (A.5)
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where, by definition,

AltV = V − V ∨

for any A-module V . From (A.1) we conclude that

N
(
Z/xN3

)
−N

(
E/xN3

)
≡ Altx−N3 χ

(
OC3 ,OZ\E

)
.

This concludes the proof.
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