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Abstract. We introduce a new class of nonlinear Stochastic Differential Equations
in the sense of McKean, related to non-conservative nonlinear Partial Differential
equations (PDEs). We discuss existence and uniqueness pathwise and in law under
various assumptions.

1. Introduction

Probabilistic representations of nonlinear Partial Differential Equations (PDEs)
are interesting in several aspects. From a theoretical point of view, such representa-
tions allow for probabilistic tools to study the analytical properties of the equation
(existence and/or uniqueness of a solution, regularity,...). They also have their
own interest, typically when they provide a microscopic interpretation of physical
phenomena macroscopically modeled by a nonlinear PDE. In addition, from a nu-
merical point of view, such representations allow for new approximation schemes
potentially less sensitive to the dimension of the state space thanks to their proba-
bilistic nature involving Monte Carlo based methods.

The paper focuses on a specific forward approach. The underlying idea of our
paper consists in extending to fairly general PDEs the probabilistic representation
of non-linear Fokker-Planck equations, which are conservative. The probabilistic
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representation is based on a generalized nonlinear stochastic differential equation
(SDE) in the sense of McKean (1967), whose coeflicients do not depend only on the
position of the solution Y, but also on the law of the process Y. In the companion
paper Le Cavil et al. (2016b), we will investigate the associated interacting particle
systems, the propagation of chaos with related numerical aspects.

Let us consider d,p € N*. Let @ : [0, T]xR4xR — R¥*P g : [0, T]xRIxR — R?,
A :[0,T] x R? x R — R, be Borel bounded functions and ¢y be a probability on
R?. When it is absolutely continuous v will designate its density so that (o(dz) =
vo(x)dx. The target of the present paper is a non-linear PDE (in the sense of
distributions) of the form

O = Z ((@D");;(t, ,v)v) — div (g(t, ,v)v) + A(t, z,v)v , Vt € [0,T],
1,j=1
(0, dz) = (o(dx),

(1.1)
where v :]0, 7] x R? — R is the unknown function and the second equation means
that v(t,z)dx converges weakly to (o(dz) when ¢ — 0. In our spirit this should
constitute the first step of investigation of a class of PDEs where the coefficients
®, g, A may also depend on some space derivatives of v.

When A = 0, PDEs of the type (1.1) are non-linear generalizations of the Fokker-
Planck equation. In that case, solutions v of (1.1) are in general conservative in
the sense that fR v(t, x)dz is constant in ¢, so equal to 1 if the initial condition is a
probability measure. In particular when ® and g do not depend on v, then previous
equation is a classical (time-dependent) Fokker-Planck type equation. Under rea-
sonnable conditions on ® and g (for instance if they are Lipschitz with linear growth
or bounded continuous), then according to Theorem 5.1.1 and Corollary 6.4.4 of
Stroock and Varadhan (2006), there is a process Y which is a solution, at least in
law (for any initial condition) to a SDE with diffusion (resp. drift) coefficient equal
to ® (resp. g). Indeed that solution does not explode. So It6’s formula applied to
©(Y), where ¢ is a test function, allows to show that the function v defined on [0, 7]
with values in the space of finite measures such that v; is the marginal law of Y;, is
a solution of (1.1). This shows in particular that v is conservative. Coming back
to the non-linear case, i.e. when ®,g may depend on v, once a solution v of (1.1)
(in the sense of distributions) is known, using approximation arguments it is not
difficult to show that v is conservative, at least when (s, x) — g(s,z,v(s,z))v(s,x)
and (s,z) — (®D); ;(s,x,v(s,x))v(s,z) are integrable functions. An important
particular case of (1.1) is given by the case when g = 0 and ®(¢,z,v) = (i)('lj)ld,
where I is the identity matrix on R? and ® : R — R,. When ®(v) = |1)|7an1
for m > 1 (resp. 0 < m < 1), (1.1) is called porous media (resp. fast diffusion)
equation. In that case explicit solutions exist, the so called Barenblatt solutions.
If those solutions are all conservative in the case of porous media, that property
can be lost in the case of fast diffusion, see chapter 9 of Vazquez (2007) or more in
details Vizquez (2006), at least when m < 41,

To summarize, if A = 0, in the conservatlve case, starting from a probability
measure (o as initial condition, the solutions of (1.1) are probability measures
dynamics which often describe the macroscopic distribution law of a microscopic
particle which behaves in a diffusive way. More precisely, often, the solution v of
(1.1) is associated with a couple (Y, v), where Y is a stochastic process and v a real
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valued function defined on [0, 7] x R such that

{ Y, =Y, + fot D(s,Ys,v(s,Ys))dW, + fgg(s,Ys,v(s,Ys))ds , with Yy ~ (o
v(t,-) is the density of the law of Y; |

(1.2)
and (Wi)¢>0 is a p-dimensional Brownian motion on a filtered probability space
(Q,F,Fi,P). A major technical difficulty arising when studying the existence and
uniqueness for solutions of (1.2) is due to the point dependence of the SDE coeffi-
cients w.r.t. the probability density v. In the literature, (1.2) was generally faced
by analytical methods. A lot of work was performed in the case of smooth Lipschitz
coefficients with regular initial condition, see for instance Proposition 1.3 of Jour-
dain and Meléard (1998). The authors also assumed to be in the non-degenerate
case, with ®®! being an invertible matrix with related parabolicity condition. In
dimension d = 1, an important earlier work concerns the case of porous media
equation, see e.g. Benachour et al. (1996). Still in dimension d = 1, with g = 0 and
® being bounded measurable, probabilistic representations of (1.1) via solutions of
(1.2) were obtained in Blanchard et al. (2010); Barbu et al. (2011). Belaribi et al.
(2013) extends partially those results to the multidimensional case. Finally Belaribi
and Russo (2012) treated the case of fast diffusion. All those techniques were based
on the resolution of the corresponding non-linear Fokker-Planck equation.
In the present article, we are however especially interested in (1.1), in the case
where A does not vanish. In that context, the natural generalization of (1.2) is
given by

Y, =Y, + fg D(s, Yy, v(s,Ys))dW, + fgg(s,}@,v(s,}/;))ds , with Yy~ (,

v(t, ) = % such that for any bounded continuous test function ¢ € Cy(R?)

vi(p) == E[p(Y;) exp { ng(S,Y;,v(s,K))dsH , foranytel0,T].

(1.3)

The aim of the paper is precisely to extend the McKean probabilistic representation
to a large class of nonconservative PDEs. The first step in that direction was done
by Barbu et al. (2016+) where the Fokker-Planck equation is a stochastic PDE
with multiplicative noise. Even though that equation is pathwise not conservative,
the expectation of the mass was constant and equal to 1. Here again, these devel-
opments relied on analytical tools.
To avoid the technical difficulty due to the pointwise dependence of the SDE coeffi-

cients w.r.t. the function v, this paper focuses on the following regularized version
of (1.3):

Yy = Yo+ [y ®(s,Ya, u(s,Y,))dW, + [5 g(s, Vs, u(s, Vy))ds . with Yo~ (o
ult,y) =E[K(y — Yi) exp { [y A(s, Ya,uls, Ys))ds }] , forany ¢ € [0,7],

(1.4)
where K : R? — R is a mollifier in R?. One historical contribution on the subject
in the conservative case A = 0, based on probabilistic methods, was performed by
Sznitman (1991), which concentrated on non-linearities only on the drift coefficients.
When K = §y (1.4) reduces, at least formally to (1.3).

An easy application of Itd’s formula (see e.g. Theorem 6.1) shows that if there
is a solution (Y, u) of (1.4), then wu is related to the solution (in the distributional
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sense) of the following partial integro-differential equation (PIDE)

d
0w =35> 0% (29" (¢, 2, K  0)v) — div (g(t, x, K x0)0) + A(t,z, K )0
ij=1
v(0,2) = v ,

(1.5)
by the relation u = K « 0 := [, K(- — y)0(y)dy. Setting K¢(z) = LK (%) the
generalized sequence K¢ is weakly convergent to the Dirac measure at zero. Now,
consider the couple (Y¢, u®) solving (1.4) replacing K with K¢. Ideally, u¢ should
converge to a solution of the limit partial differential equation (1.1). In the case
A =0, with smooth ®, g and initial condition with other technical conditions, that
convergence was established in Lemma 2.6 of Jourdain and Méléard (1998). In
our extended setting (A # 0), again, no mathematical argument is for the moment
available but this limiting behavior is explored empirically by numerical simulations
in Section 3. of Le Cavil et al. (2016b). A convergence analysis has been however
performed by the authors in Le Cavil et al. (2016a), in the particular case when ®
and g do not depend on v.

The main contribution of this paper comes from a refined analysis of existence
and /or uniqueness of a solution to (1.4) under a variety of regularity assumptions
on the coefficients @, g and A. The system (1.4), whose unknown is a couple (Y, u)
where Y is a process and u is a function, is composed by two equations. The first one
is a stochastic differential equation whose coefficients depend on w and the second
equation links u to the law of Y in a non-anticipating way. In the classical McKean
type equations, u(t,-) was explicitly provided by the density of the (marginal) law
of Y;,t > 0. This situation can be recovered formally here when the function
A = 0 and the mollifier K = dy. The second equation of (1.4), which involves A
as a weighting function, is indeed the central object of the analysis. u(¢,-) is now
implicitly related to the the law mY of the whole path of process Y. That equation
associates to a probability law m on C¢ := C(]0, 7], R?), a real-valued function u. A
significant contribution of the paper consists in analyzing the regularity properties
of this relation.

In Section 3, one shows existence and uniqueness of strong solutions of (1.4) when
®, g, A are Lipschitz. This result is stated in Theorem 3.2. The second equation of
(1.4) can be rewritten as

t
u(t,y) = K(y —w) exp{/ A(s7ws7u(s,ws))ds}dm(w) , (1.6)
cd 0
where m = my is the law of Y on the canonical space C?. In particular, given a
law m on C%, using an original fixed point argument on stochastic processes Z of
the type Z; = u(t, X;), where X is the canonical process, in Theorem 3.1, we first
study the existence of u = u™ being solution of (1.6). Proposition 3.2 focuses on
the analysis of the functional (¢,z,m) — u™(t,x): this associates to each Borel
probability measure m on C?, the solution of (1.6). In particular that proposition
describes carefully the dependence on all variables. The study of the first equation
in (1.4) is based on more standard arguments following Sznitman (1991). The rest
of the paper is organized as follows. In Section 4, we show strong existence of
(1.4) when ®, g are Lipschitz and A is only continuous, see Theorem 4.1. Indeed,
uniqueness, however, does not hold if A is only continuous, see Example 4.1. In
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Section 5, Theorem 5.1 states existence in law in all cases when ®,g, A are only
continuous. Section 6 establishes the link between (1.4) and the integro-partial-
differential equation (1.5).

2. Notations and assumptions

For any Polish space E, B(E) will denote its Borel o-field. It is well-known
that the space of Borel probability measures on E, P(FE) is also a Polish space
with respect to the weak convergence topology, whose Borel o-field will be denoted
by B(P(FE)). See Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in
Bertsekas and Shreve (1978) and Theorem 8.3.2 and Theorem 8.9.4 in Bogachev
(2007).

Let us consider C? := C([0,T],R%) metrized by the supremum norm || - ||oo. X
will be the canonical process on C¢. For t > 0 we also denote B;(C?) := o(X,,,0 <
u < t). Given r > 0, P,.(C?) will denote the set of Borel probability measures on
C¢ admitting a moment of order r. For r = 0, P(C?) := Py(C?). When d = 1, we
often omit it and we simply set C := C*.

We recall that the Wasserstein distance of order (resp. the modified Wasserstein
distance of order) r for r > 1, denoted by Wi.(m,m') (resp. W}(m, m’)), for any
m and m’ in P,(C%), (resp. P(C?)), are such that

ovimnyi= it L[ s (X)X P | 2

HETL(m,m’) dycd 0<s<t

Ot m)ri=_int L[ s (X)X AL du) }22)
pEI(m,m’) Cidxcd 0<s<t

for all ¢ € [0,T], where II(m,m’) (resp. II(m,m’)) denotes the set of Borel proba-

bility measures in P(C? x C%) with fixed marginals m and m’ belonging to P,.(C%)

(resp. P(C?) ). In this paper we will use very frequently the Wasserstein distances

of order 2. For that reason, we will simply use the convention W, := W} (resp.
Wt = WE)
Given N e N, 1 € C%, I',--- IV € C?, a significant role in this paper will be played

N
. 1
by the Borel measures on C? given by d; and N Z 0y -

j=1
Remark 2.1. Given I',--- 7lN,lj, e 7l~N € C%, by definition of the Wasserstein
distance we have, for all ¢ € [0, T7,
1L 1 g 1 &
=Y = | <~ P12
W, N2 N; e _N;()igl;tls d

In this paper C,(C?) denotes the space of bounded, continuous real-valued func-
tions on C?. R? is equipped with the scalar product - and |z| stands for the induced
Euclidean norm for € R%. Given two reals a, b, in the sequel we will adopt the
notations a A b := min(a, b) and a V b := max(a, b).

S(RY) is the space of Schwartz fast decreasing test functions and S’(R?) is its dual.
Cp(R?) is the space of bounded, continuous real functions on RY. Cy(R%) (resp.
Cs°(R%)) represents the space of real continuous (resp. smooth) functions with
compact support in R%. Given a real (possibly signed) Borel measure x in RY, we
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will denote by ¢ + u(¢) or by ¢ = (1, ) the duality mapping, where ¢ € Cj(R?).
WP (R%) is the Sobolev space of order 7 € N, 1 < p < co. When r = 0 this equals

(LP(RY), | [|p)- || - ||, will also denote the standard norm related to (LP(R%; E)
where E is another finite dimensional space. (¢2),,>0 will denote an usual sequence
of mollifiers ¢% (z) = €%¢d(§) where, ¢? is a non-negative function, belonging to

the Schwartz space whose integral is 1 and (e, )n>0 is a sequence of strictly positive
reals verifying €, ———— 0. When d = 1, we will simply write ¢,, := ¢}, ¢ := ¢
n — oo

F(): f € S(RY) — F(f) € S(RY) will be the Fourier transform on the classical
Schwartz space S(R?) such that for all £ € RY,

1
= Vor Juu!

We will indicate in the same manner the corresponding Fourier transform on &' (R%).

F()E) (z)e™ " %dx .

Definition 2.2. A function F : [0,7] x R? x R — R will be said uniformly
continuous with respect to (y,z) (the space variables) in a subset B of R? x R
uniformly in ¢ € [0, T] if for every € > 0, there is § > 0, such that ¥(y, 2), (v/, ') €
B,

ly—y[+lz=2[<d= Vte[0,T], [F(t,y,2) - F(t,y,2")| <e. (2:3)

A function G : [0,T] x R* — R is said to have linear growth with rate L¢ if
vt € [0,T],z € R? |G(t,z)| < La(1 + |z]).

We remark that if G is Lipschitz with respect to z with constant Lg and mg :=
supyepo,r) |G(¢,0)| then G has linear growth with rate max(Lg, ma).

Definition 2.3. Let (2, F) be a measured space and E a Polish space. A map
n:(Q,F) — (P(E),B(P(E))) will be called random probability (or random
probability kernel) if it is measurable. We will indicate by P®(E) the space of
random probabilities. If P(F) is replaced by the set M(FE) of finite non-negative
measures, we will use the term random measure instead of random probabil-
ity.

Remark 2.4. Let n: (Q,F) — (M(E),B(M(E))). n is a random measure if and
only if the two following conditions hold:

e for each w € Q, 1y € M(E),

e for all Borel set A € B(M(E)), @+ n5(A) is F-measurable.
This was highlighted in Remark 3.20 in Crauel (2002) (see also Proposition 7.25 in
Bertsekas and Shreve, 1978) for the case of random probabilities. This argument
can be easily adapted in the general case.

Remark 2.5. Given R%valued continuous processes Y'!,---, Y™, the application
N

1

i Z(Sw is a random probability on P(C%). In fact dy;,1 < j < N is a random
j=1

probability by Remark 2.4.
In this article will intervene some assumptions, as described below.

Assumption 1. (1) @ and g are Lipschitz functions defined on [0,7] x R? x R
taking values respectively in R?*? (space of d x p matrices) and R¢: there
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exist finite positive reals Ly and L4 such that for any (¢,v,y/, 2, 2") € [0, T]| x
R? x R? x R x R, we have

|(I)(t7y/7zl) —(I)(t,y,Z” < L¢(|Z/_Z| + |y/_y|) and
lg(t,y',2") — g(t,y, 2)] < Lg(|" — 2| + 1y — yl) -

(2) A is a Borel real valued function defined on [0, 7] x R? x R Lipschitz w.r.t.
the space variables: there exists a finite positive real, L, such that for any
(t,y,9',2,2") €[0,T] x R x R? x R x R, we have

Aty 2) = Aty &) < Lally' —yl + 12" = 2]) -

(3) A is supposed to be uniformly bounded: there exist a finite positive real

My such that, for any (t,y,z) € [0,7] x R? x R,
IA(t,y, 2)] < My .

(4) K : R? — R, will be a fixed regularization kernel such that [5, K (z)dz = 1.
Moreover we will suppose that it is bounded and Lipschitz: in particular
we designate by My and Lk two positive reals such that for any (y,y’) €
R? x R4

|K(y)l < Mk, |K(y)- K@) <Lkly' -yl

(5) Co is a fixed Borel probability measure on R? admitting a second order
moment.

(6) The functions s € [0,7] — ®(s,0,0) and s € [0,7] — g¢(s,0,0) are
bounded. mg (resp. my,) will denote the quantity sup,co 7y [®(s,0,0)]
(resp. SupsG[O,T] |g(57 Oa O)D

Given a finite Borel measure v on R?, K %~ will denote the convolution function

T = [ga K(z —y)y(dy).
To simplify we introduce the following notations.

e V :]0,7] x C% x C — R defined for any pair of functions y € C? and z € C,
by

t
Vi(y, z) := exp (/ A(s,ys,zs)ds> for any t € [0,T] . (2.4)
0

e The real valued process Z such that Z; = u(s,Y;), for any s € [0, 7], will
often be denoted by u(Y).

With these new notations, the second equation in (1.4) can be rewritten as

vi(p) = E[(K % ) (Y)Vi(Y,u(Y))] ,  for any ¢ € Cy(R?) (2.5)
where u(t,) = % and K(z) = K(—x).
Remark 2.6. Under Assumption 1, item 3 (b), A is bounded. Consequently

0 < Vi(y,z) <e™Ms | for any (t,y,2) € [0,T] xR xR . (2.6)

Under Assumption 1, item 2. A is Lipschitz. Then V inherits in some sense this
property. Indeed, let y, 3 € C? = C([0,7T],R%) and z, 2’ € C([0,T],R). Taking
a= fof A(s,ys,25)ds and b = fg A(s,y’, 2L)ds in the equality

1
e’ —e = (b— a)/ ebt=age < swP@d)|y _g| V(a,b) € R?, (2.7)
0
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we obtain

|V;5(y/a Z/) - ‘/t(ya Z)|

IN

t
etMA/ |A(S’y;7Z;) —A(Svys,zsﬂds
0
t

IA

MLy [ -l + 1 alds . (29
0

In Section 4, Assumption 1 will be replaced by what follows.

Assumption 2. (1) All the items of Assumption 1 are in force excepted 2. which
is replaced by the following.
(2) A is a real valued function defined on [0,7] x R% x R uniformly continuous
w.r.t. the space variables (on each compact) uniformly in the time variable,
see e.g. (2.3).

Remark 2.7. The second item in Assumption 2 is fulfilled if the function A is
continuous with respect to (t,y, z) € [0,7] x R? x R.

In Section 5 we will treat the case when only weak solutions (in law) exist. In
this case we will assume the following.

Assumption 3. Items 3. and 4. of Assumption 1 are still in force. Besides we
assume that ® : [0,7] x R? x R — R™>*? ¢ : [0,T] x R x R — R and
A [0, T] xR xR — R are uniformly continuous (on each compact) with respect to
the space variables uniformly in the time variable and ®, g are uniformly bounded.

Definition 2.8. (1) We say that (1.4) admits strong existence if for any
filtered probability space (2, F, F;,P) equipped with an (F;);>o-Brownian
motion W, an Fy-random variable Y; distributed according to (g, there is a
couple (Y, u) where Y is an (F;);>o-adapted process and u : [0, 7] xR? — R,
verifies (1.4).

(2) We say that (1.4) admits pathwise uniqueness if for any filtered prob-
ability space (0, F, F;,P) equipped with an (F;);>o-Brownian motion W,
an Jyp-random variable Y| distributed according to (p, the following holds.
Given two pairs (Y1, u!) and (Y2,u?) as in item 1., verifying (1.4) such
that Y3l = Y P-a.s. then u! = v? and Y! and Y? are indistinguishable.

Definition 2.9. (1) We say that (1.4) admits existence in law (or weak
existence) if there is a filtered probability space (2, F, F:,P) equipped
with an (F;);>o-Brownian motion W, a pair (Y, u), verifying (1.4), where
Y is an (F;);>o0-adapted process and u is a real valued function defined on
[0, 7] x RY.

(2) We say that (1.4) admits uniqueness in law (or weak uniqueness),
if the following holds. Let (Q,F,F;,P) (resp. (Q,F,F;,P)) be a filtered
probability space. Let (Y, u!) (resp. (Y2,42)) be a solution of (1.4). Then

u! = 42 and Y! and Y2 have the same law.

3. Existence and uniqueness of the problem in the Lipschitz case

In this section we will fix a probability space (2, F, F;, P) equipped with an (F;)-
Brownian motion (W;). We will proceed in two steps. We first study in Section
3.1, the second equation of (1.4) defining u. Then, in Section 3.2, we will address
the equation defining the process Y.
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Later in this section, Assumption 1 will be in force, in particular {y will be
supposed to have a second order moment.

3.1. Existence/uniqueness and reqularity of a solution to the linking equation. This
subsection relies only on items 2., 3. and 4. of Assumption 1.

Here, we focus on equation (1.6) which links a probability measure m on the
canonical space C? into a function u defined on [0,7] x R*”. When A = 0, i.e. in
the conservative case, (1.6) gives u(t,-) = K % m;, where m; is the marginal law
of X; under m. Informally speaking, when K is the Delta Dirac measure, then
u(t, ) = my.

More precisely, for a given probability measure m € P(C?), let us consider the
equation

u(t,y) = fcd K(y —X:(w)Vi(X (w), u(X (w)))dm(w), for all t € [0,T],y € RY,
with Vy(X(w), u(X (w))) = exp (fg A(s,Xs(w),u(s,Xs(w)))ds) :

(3.1)
where we recall that X denotes the canonical process X : C? — C? defined by
Xi(w) =w(t), t >0,we .

Equation (3.1) will be called linking equation: it constitutes the second line
of (1.4).

The aim of this section consists in discussing existence/uniqueness and regularity
of the solution of (3.1). This includes the study of the dependence with respect to
m, towards two metrics on Py(C?).

We first state the result about well-posedness of (3.1).

Theorem 3.1. We assume the validity of items 2., 3. and 4. of Assumption 1.
For a given probability measure m € P(C?), equation (3.1) admits a unique
solution, u™.

Remark 3.1.

(1) For (m,y) € P(C%) x R, t + u™(t,y) is continuous. This follows by an
application of Lebesgue dominated convergence theorem in (3.1).
(2) Since A is bounded, and K is Lipschitz, it is clear that if u := u™ is a
solution of (3.1) then we have the following.
e sup |u| < Mg exp(MAT).
e v is Lipschitz with respect to the second variable with Lipschitz con-
stant Ly exp(MAT). Indeed, for ¢ € [0, 7],

lu(t,z) — u(t,y)|
< /cd |K(x - Xi(w)) - K(y— Xt(w))| exp (/0 Alr, X (w), u(r, XT(w)))dr)]

< Lg exp(MpT)|z —yl.
(3.2)

Proof of Theorem 5.1: Let us introduce the linear space C; of real valued continuous
processes Z on [0,T] (defined on the canonical space C%) such that

12 = E™ [sup|zt|} = [ s |zane) <o
t<T cd 0<t<T
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(C1,] - [ls,1) is & Banach space. For any M > 0, a well-known equivalent norm to
| - lloo,1 is given by [| - |32}, where || Z]|2] | = E™ [sup,<p e ™*|Z|]. Let us define
the operator T™ : C; — C([0,T] x R% R) such that for any Z € Cy,

T(2)00) 1= [ K= X)) V(X (). Z(e) (). (3.3)

Then we introduce the operator 7 : f € C([0,7] x R*, R) — 7(f) € Ci, where
7(f)e(w) = f(t,wi). We observe that 7o T™ is a map C; — Cy.
Notice that equation (3.1) is equivalent to

u=(T"or1)(u). (3.4)

We first admit the existence and uniqueness of a fixed point Z € C; for the
map 7 o T™. In particular we have Z = (7 0o T™)(Z). We can now deduce the
existence,/uniqueness for the function u for problem (3.4).

Concerning existence, we choose v™ := T™(Z). Since Z is a fixed-point of the
map 7o T™, by the definition of v we have

Z=71(T™(2)), (3.5)

so that v™ is a solution of (3.4).

Concerning uniqueness of (3.4), we consider two solutions of (3.4) v, 7, i.e. such
that o = (T™ o 7)(0),0 = (T™ o 7)(?). We set Z := 7(v),Z := 7(¥). Since
o = T™(Z) we have Z = 7(3) = 7(T™(Z)). Similarly Z = 7(¢) = 7(T"™(Z)).
Since Z and Z are fixed points of 7 o T™, it follows that Z = Z dm a.e. Finally
o =T"(Z)=T"(Z) = 0. It remains finally to prove that 7 o 7™ admits a unique
fixed point, Z.

The upper bound (2.8) implies that for any pair (Z,2') € C; x C;, for any
(t,y) € [0, T] x RY,

T2~ T™(2)|(t,y)
Ky — X)) (X (@), Z() — (X (@), Z()] dm<w>]

Cd
t
< MKetMALA/ / |ZL(w) — Zs(w)|ds dm(w)
ca Jo
t
< Mge™r LR [ / eMse=Ms| 7! Zs|ds}
0
t
< Mge™a LR [/ eMssupe=Mr| 7! — Zr|ds}
0 r<t
eMt 1
< Mge™ar, E [supe_MT|Z; — ZT|]
M r<t
el\/ft -1
< Mge™ Ly 12" = Z||%.1 -



Probabilistic representation of a class of non-conservative PDEs 1199

Then considering (70 T™)(2'); = T™((Z')(t, X,) and (v 0 T™)(Z); = T(Z)(t, X2,
we obtain

fgged\“ (T o T™)(Z")e — (7o T™)(Z)4
= sup e MHT™(Z')(t, Xe) = T™(Z)(t, X))

1
< MKeTMALAMHZ/ - Z||é\.{,1 .

Taking the expectation yields [(7 o T™)(Z")y — (1 o T™)(Z)|Y, <
Mye™aLy L\ Z" — Z|| . Hence, as soon as M is sufficiently large, M >
Mge™ ALy, (1 oT™) is a contraction on (Cy, | - |4 ,) and the proof ends by a
simple application of the Banach fixed point theorem. (I

In the sequel, we will need a stability result on v solution of (3.1), w.r.t. the
probability measure m, which will be treated in the fundamental proposition below.
The proof will be postponed in the Appendix, see Section 7.1.

Proposition 3.2. We assume the validity of items 2., 3. and 4. of Assumption 1.
Let u be a solution of (3.1). The following assertions hold.

(1)

(2)

(3)
(4)

(5)

For any couple of probabilities (m,m') € Po(C?) x P(C), for all (t,y,y') €
[0,T] x C* x C¢, we have
™ (t,y) — u™ (8,9) [P < Croa(®) [ly = /P + [Welm, m")?] , (3.6)

where Cra(t) = 204 (1)t + 2)(1 + eXCxa®) with Cj \(t) =
2e2Ma(L2 + 2M2ZL3¢t). In particular the functions Ck n only depend on
Mg, Lg,Mp,Lpy and t and are increasing with t.

For any (m,m’) € P(C%) x P(C?), for all (t,y,y’) € [0,T] x C¢ x C%, we
have

[ (£ y) = w™ (6,5') P < €xa®) [ly = o2 + Wulm,m)] (3.7)
where Cra(t) = 2Ch ()(t + 2)(1 + XCxal®)) with € \(t) =

2e2Ma (max(Ly,2M )% + 2M 2 max(Ly, 2My)%t).
The map (m,t,z) — u™(t, ) is continuous on P(C%) x [0,T] x R? where
P(CY) is endowed with the topology of weak convergence.

Suppose that K € WY2(RY). Then for any (m,m’) € P2(C?) x Po(C?),
te0,T]

[ (£, ) = u™ (¢, )13 < Cre,a (8) (1 + 26Clre,a (£) [ We(m, m)|* (3.8)
where Cra(t) = 204 (1)t + 2)(1 + eXCxa®) with Cj \(t) =

2e2Ma (12 4 2M2 L3t) and Cra(t) := 2e2Ma(2M i L3t(t + 1) + | VK|3),

recalling that || - |2 denotes the standard L?(R?) or L?(R% R?)-norms.
Moreover t — C~'K7A, Ck A are increasing in t.

Suppose that F(K) € L*(R?). Then there exists a constant Cx a(t) > 0

(depending only on t, M, La, || F(K)|l1) such that for any random proba-

bility n : (Q, F) — (P(C?), B(P(C?))), for all (t,m) € [0,T] x P(C?)
Effu"(t,) —u™(t,)|5] < Cra(t) suwp E[{n—m@)Pl.  (3.9)

PEC(C?)
llelloo <1
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We remark that the expectation in both sides of (3.9) is taken w.r.t. the
randomness of the random probability 7.

Remark 3.3. a) By Corollary 6.13, Chapter 6 in Villani (2009), Wr is a metric
compatible with the weak convergence on P(C%).

b) The map d : (v, ) — \/ sup E[[(v — u, ¢)|?] defines a (homogeneous) dis-

p€ECy(C?
lelloo <1

tance on P?(C%). That distance is used in Le Cavil et al. (2016b) in order to
control the error induced by the interacting particle approximation scheme.

¢) The Lipschitz continuity stated in item 2. of Proposition 3.2 implies the one of
item 1. For expository reasons, we have decided to start with the less general
case.

To conclude this part, we want to highlight some properties of the function u™,
which will be used in Section 3 of Le Cavil et al. (2016b). In fact, the map (m,t,z) €
P(CY) x [0,T] x R = w™(t,z) has an important non-anticipating property. We
begin by defining the notion of induced measure. For the rest of this section, we
fix t €[0,T).

Definition 3.4. Given a non-negative Borel measure m on (C? B(C%)). From
now on, m; will denote the (unique) induced measure on (C¢, B(CY)) (with Cf :=
C([0,t],R%)) defined by

[ Fomeas = [ oy, miao)

where F: C¢ — R is bounded and continuous.

Remark 3.5. Let t € [0,T],m = &¢ ,£ € C%. The induced measure, m;, on C{ is
Oe Jo<r<t)-

The same construction as the one carried on in Theorem 3.1 allows us to define
the unique solution to

u™(s,y) = fo’ K(y — Xs(w)) exp (fos A(r, X, (w), u™ (r, Xr(w)))dr) my(dw),
(3.10)
Vs € [0,t].

Proposition 3.6. Under the assumption of Theorem 3.1, we have
V(s,y) € [0,8] x RY, u™(s,y) = u™ (s,y).

Proof: By definition of my, it follows that (s,y) = u™ (s, y)|j0,4xra is a solution of
(3.10). Invoking the uniqueness of (3.10) ends the proof. O

Corollary 3.7. Let N € N, ¢',... ¢ ... &N be (Gy)-adapted continuous pro-
cesses, where G is a filtration (defined on some probability space) fulfilling the usual
conditions. Let m(dw) = + Zfil d¢i(dw). Then, (u™(t,y)) is a (G;)-adapted ran-
dom field, i.e. for any (t,y) € [0,T] x R%, the process is (G;)-adapted.

3.2. Emistence and uniqueness of the solution to the McKean stochastic differential
equations. For a given m € Po(C?), u™ is well-defined according to Theorem 3.1.
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Let Yy ~ ¢p. The well-posedness of (1.4) is equivalent to the one related to the
following McKean type SDE:
Yi = Yo+ fo ®s, Y, u™ (s, Vo)) AW, + [y g(s, Yy, u™ (s, Ys))ds
m=L(Y).
The aim of the present section is to prove, following Sznitman (1991), by a fixed
point argument the following result.

Theorem 3.2. Under Assumption 1, the McKean type SDE (1.4) admits the fol-
lowing properties.

(3.11)

(1) Strong existence and pathwise uniqueness;
(2) existence and uniqueness in law.

Proof of Theorem 5.2: We fix m € Py(C%). Thanks to Assumption 1 and Propo-
sition 3.2 implying the Lipschitz property of u™ w.r.t. the space variable (uni-
formly in time), the first line of (3.11) admits a unique strong solution Y™, for
which by classical arguments as Burkholder-Davies-Gundy (BDG) and Jensen’s
inequality, there exists a positive real Cy = Co(La, Ly, ma, mg) > 0 such that
Efsupy<r [Y|?] < Co (1 +E[|Yo]?]) . Consequently the law ©(m) := L(Y™) be-
longs to P2 (C%). We consider now the application © : Py(C?) — Po(C?).

Let now m and m’ in Po(C?). We are interested in proving that © is a contraction
for the Wasserstein metric. Let u := u™, v/ := u™ be solutions of (3.1) related to
m and m/. Let Y (resp. Y') be the solution of the first line of (3.11) related to m
(resp. m/).

By definition of the Wasserstein metric (2.1)

(Wr(©(m),0(m")* < Elsup Y/ -] . (3.12)

Hence, we control |Y/ — Y;| with the help of Lemma 7.1 in the Appendix.
Using the overmentioned Lemma 7.1 and Proposition 3.2, by applying succes-
sively inequalities (7.36) and (3.6), gives

Bl v} - i < C | [ Bl v - viPlars [ pum o Par] (39
t<a 0 s<t 0
for any a € [0,T], where C' = Cg 4(T)Cx A (T).

Applying Gronwall’s lemma to (3.13) yields

E[sup |Y; — Y/]?] < ceCT/ Wy (m,m')|*ds . (3.14)
0

t<a

Then recalling (3.12), this finally gives
WL (O(m), B(m))2 < C’eCT/ Wy (m, m')2ds, a € [0,T]. (3.15)
0

We end the proof of item 1. by classical fixed point argument, similarly to the one
of Chapter 1, Section 1 of Sznitman (1991).

Concerning item 2. it remains to show uniqueness in law for (1.4). Let (Y, m?!),
(Y2,m?) be two solutions of (3.11) on different probability spaces, Brownian mo-
tions and initial conditions distributed according to (y. Given m € Py(C%), we
indicate by ©(m) the law of Y, where Y is the (strong) solution of
_ 2

t t
ﬁ=Y01+/ @(s,}/s,qu(s,Yg))dWs+/ o(s, Voo u™ (5, V.))ds . (3.16)
0 0
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on the same probability space and same Brownian motion on which Y'! lives. Since
u™ s fixed, Y is solution of a classical SDE with Lipschitz coefficients for which
pathwise uniqueness holds. By Yamada-Watanabe theorem, Y2 and Y have the
same distribution. Consequently, ©(m?) = L(Y) = L(Y?) = m?. It remains to
show that Y! = Y in law, i.e. m! = m?. By the same arguments as for the proof
of 1., we get (3.15), i.e. for all a € [0,7],

Wa(LY), L)) = [Wa(O(m), O(m?))|* < CGCT/ Wa(m?,m?)[*ds.
0
Since ©(m') = m' and ©(m?) = m?, by Gronwall’s lemma m' = m? and finally
Y! =Y (in law). This concludes the proof of Proposition 3.2. O

4. Strong Existence under weaker assumptions

Let us fix a filtered probability space (Q, F, (Fi)i>0,P) equipped with a p di-
mensional (F);>o-Brownian motion (W;);>o.

In this section Assumption 2 will be in force. In particular, we suppose that (o
is a Borel probability measure having a second order moment.

Before proving the main result of this part, we remark that in this case, unique-
ness fails for (1.4). To illustrate this, we consider the following counterexample,
which is even valid for d = 1.

Ezxample 4.1. Consider the case ® = g = 0, Yy = 0 so that (o = dg. This implies
that ¥; = 0 is a strong solution of the first line of (1.4). Since u(0,.) = (K * {p)(),
we have u(0,-) = K.

A solution u of the second line equation of (1.4), will be of the form

u(t,y) = K(y) exp ( /O A0, u(r, o))m«) , (4.1)

for some suitable A fulfilling Assumption 2, item 2. We will in fact consider A
independent of the time and S(u) := A(0,0,u). Without restriction of generality
we can suppose K (0) = 1. We will show that the second line equation of (1.4) is
not well-posed for some particular choice of 8. Now (4.1) becomes

u(t,y) = K(y)exp (/t Blu(r, 0))dr) . (4.2)

By setting y = 0, we get ¢(t) := u(t,0) and in particular, necessarily we have

= oo [ 1600, 0

A solution u given in (4.2) is determined by setting u(t,y) = K(y)o(t). Now, we
choose the function § such that for given constants a € (0,1) and C > 1,
|r—1|* , ifre]0,C]
B(r) = |C—1]* ,ifr>C (4.4)
1 Lifr<0.

B is clearly a bounded, uniformly continuous function verifying 5(1) = 0 and 3(r) #
0, for all r # 1.
We define F: R — R, by F(u fl rB ydr. Fis strictly posmve on (1,400),

dr = 0o

and it is a homeomorphism from [17 +00) to R+, since fl Tﬁ(r)
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On one hand, by setting ¢(t) := F~1(t), for t > 0, we observe that ¢ verifies
@' (t) = o(t)B(e(t)),t > 0 and so ¢ is a solution of (4.3). On the other hand, the
function ¢ = 1 also satisfies (4.3), with the same choice of A, related to §. This
shows the non-uniqueness for the second equation of (1.4).

The main theorem of this section states existence (even though non-uniqueness)
for (1.4), when only the coefficients ® and g of the SDE are Lipschitz in (z,u). The
idea of this section is to regularize the coefficient A into A, := A * ¢4+, to make
use of results of Section 3 and then to control the limit.

Theorem 4.1. Under Assumption 2, (1.4) admits strong existence.

The proof uses three main ingredients.

(1) The tightness of processes (Y™),cn corresponding to the solutions
(Yo, tun)nen related to A, see Lemma 7.10 in the Appendix.

(2) Given a sequence (Y;,)nen of processes converging in law to some Borel
probability measure m on C?, we show the convergence of (u,,)nen to some
function u verifying the linking equation (3.1) related to m, see Proposition
1.2.

(3) The strong convergence of (Y,),ecn to some process Y, whose law is m, see
Lemma 7.8 in the Appendix.

Before proving the main result, we first establish proposition below, permitting us
to prove the statement 2. above.

Proposition 4.2. Let (Ay)nen be a sequence of Borel uniformly bounded functions
defined on [0, T]xR¥ xR such that for everyn € N, A, (t,-,) is continuous. Assume
the existence of a Borel function A : [0,T] x RY x R — R such that for almost all
te[0,T], [An(t,-, ) —Alt,-,")] m 0 uniformly on each compact of R? x R. Let

(Y™) be a sequence of R%-valued continuous processes, whose law is denoted by m™.
We set Z™ := u,(.,Y™), where for any (t,x) € [0,T] x R?,

Un(t, ) = [ou K(z — X;(w)) exp {fot A (r, X (W), un (7, XT(w)))dr} dm™(w).
(4.5)
We suppose that (Y™, Z™) converges in law.

Then (u,) converges uniformly on each compact to some continuous u : [0,T] X
R? — R which fulfills

u(t,x) = K(x — Xy(w)) exp (/ Alr, X (w), u(r, Xr(w)))dr)dm(w), (4.6)
cd 0

where m is the limit of (M™)p>0.

Proof: We draw the reader’s attention on the fact that all the technical results
invoked in this proof are stated and proved in Subsection 7.3 of the Appendix.

Let v denote the Borel probability measure on C?xC to which the law of (Y, Z™)
converge. Without loss of generality, the proof below is written with d = 1. By
Proposition 7.6, the left-hand side of (4.5) converges uniformly on each compact to
the continuous function u defined by

u(t,z) = e K(z — X;(w)) exp {/0 A(r, XT(w),X;(w’))dr} dv(w,w’), (4.7)

V(t,x) € [0,T] xR.
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It remains to show that u fulfills (4.6). For this we will take the limit of the right-
hand side (r.h.s.) of (4.5) and we will show that it gives the r.h.s. of (4.6). For
neN, (r,x) € [0,T] x R, we set

An(r, z) = Au(r,zun(r,z)) (4.8)

A(ryz) == A(r,z,u(r,z)). (4.9)

We fix (¢t,2) € [0,T] x R. In view of applying Lemma 7.2, we define f,,f:C - R
such that

:\h
—~
<
S~—
Il

K(z — y.) exp (/0 Ay (r,yr)dr)

fly) = K(z—y) exp(/o /~\(’I“, y,,)dr) .

We also set P™ := m™. Since (Y™, Z™) converges in law to v, m™ converges weakly
to m. Since the sequence of functions |/~\n| is uniformly bounded then the sequence
of functions (f,) is also uniformly bounded. We denote by M the common upper
bound of the each A,,.

The maps (f,) are continuous by Lemma 7.5, and also the function f since, u
is continuous on [0,7] x R. Taking into account Remark 7.3, we will show that
fn — f uniformly on each ball of C.

Let us fix M > 0 and set B1(0,M) := {y € C,|[|yllc := supscjor |ys| <
M}, For any locally bounded function ¢ : [0,7] x R — R, we set ||{||oo,mr =
SUP,e(0,1],6€[— M, M] |4(s,&)]. Let € > 0.

Since u, — u uniformly on [0, 7] x [-M, M], there exists ng € N such that,

n>ng = ||[un — ul|loom <€ . (4.10)

The sequence uy, o, 7]x [0 is uniformly bounded. Let Ip; be a compact interval
including the subset {u,(s,z) | (s,z) € [0,T] x [-M, M]}.
For all (s,z) € [0,T] x [-M, M],
|An(s, ) — A(s, )| = [An(s, 2, un(s, ) — A(s, z, u(s, )]
An(S, Zz, un(s, ZL')) - A(Sa Z, un(57 l‘))‘
+ |A(s, 2, un (s, x)) — A(s, z, u(s, x))|
=L (n,s,2) + I(n,s,x) .

(4.11)

Concerning I, since for almost all s € [0,T], A,(s,-,") — A(s,+,-) uniformly
n oo
on [—M, M] x Ips, we have for x € [—M, M],
OSIl(n75,I) < sup |An(8,l‘,§)—A(S,l‘,§)‘ —— 0 ds-a.e. )
z€[—M,M],E€rp n — oo
from which we deduce
sup I1(n,s,x) — 0 ds-a.e. (4.12)
z€[—M,M] n = 0o
Now, we treat the term I5. Taking into account (4.10), we get for n > ng (ng
depending on ¢),

0< sup Ir(n,s,xz) < S(e), (4.13)
s€[0,T),x€[—M,M]



Probabilistic representation of a class of non-conservative PDEs 1205

where

5(5) = sup |A(S,£L’,§1) 7A(S,CE,£2)|.
SE[O7T]7IE[7M»M]»‘€1*§2|S5

We take the lim sup on both sides of (4.13), which gives,

lim sup sup Ir(n,s,x) < S(e). (4.14)
n— oo s€(0,T],z€[—M,M]

Summing up (4.12), (4.14) and taking into account (4.11), we get,

0 <limsup sup |An(s,z) — A(s,z)| < S(e) ds-a.e. (4.15)
n—oo ze[—M,M]

Since A satisfies Assumption 2, the uniform continuity on each compact of (z,§) €
R xR — A(s,z,£) (uniformly with respect to s) holds and lim._,S(g) = 0.
Finally,

sup  |An(s,z) — A(s, z)] — 0 ds-a.e. (4.16)
z€[—M,M)] n =

Now, for n > ng, using (2.7), we obtain

T
sup  |fa(y) — £(4)] < M exp(MaT) / sup  |An(r,2) — A(r,2)|dr.
y€B1(0,M) 0 z€[—M,M]
(4.17)

Since (/~\n),A are uniformly bounded, taking into account (4.16) and Lebesgue’s
dominated convergence theorem, the right-hand side of (4.17) goes to 0 when n —
0. This shows that f,, — f uniformly on B; (0, M).

We can now apply Lemma 7.2 (with P,, and f, defined above) to obtain, for
n — 00,

J K@ Xpen ( / A X (), Xr<w>>>dr) dm™ ()

converges to

t
/K(x — Xi(w)) exp (/ Alr, X (w), u(r, X,«(w)))dr) dm(w),
C 0
which finally proves (4.6) and concludes the proof of Proposition 4.2. O
Now, we are able to prove the main result of this section.

Proof of Theorem /.1: Let Yy be a r.v. distributed according to (5. We define
Ay i (t,2,6) €[0,T] x R X R = A, (t, 2, )

. (4.18)
= [ ot = o6ule - A E)dnnden,
R4 xR

where (¢,,)n>0 is a usual mollifier sequence converging (weakly) to the Dirac mea-
sure. Thanks to the classical properties of the convolution, we know that A being
bounded implies that ¥n € N, [|A,|loo < |01 1|0nllzt ||Alloe = ||Al|oo- For fixed
n € N, ¢,, are Lipschitz so that A,, defined in (4.18) is also Lipschitz (and uniformly
bounded). Then, for fixed n € N, ®, g are Lipschitz and they have linear growth
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by item 6. of Assumption 1. So we can apply the results of Section 3 (see Theorem
3.2) to obtain the existence of a pair (Y™, u,) such that

dY" = (8, V" un(t,Y,"))dW: + g(£, Y," un (8, Y;"))dt
Y& =Y, (4.19)
un(t, ) = E[K (z — Y exp ( [y A (r, Y, un (r, Y,))dr)].

We recall that A, are uniformly bounded and we remark that ®,g have linear
growth, taking into account the fact that they are Lipschitz and fulfill item 6. of
Assumption 1; moreover {Y{"} ,en are obviously tight. Consequently Lemma 7.10 in
the Appendix gives the existence of a subsequence (ny) such that (Y™, wu,, (-, V"))
converges in law to some Borel probability measure v on C? x C. By Assumption 2,
for all t € [0,T], An(t,-,-) converges to A(t, -, ), uniformly on every compact subset
of R? x R.

In view of applying Proposition 4.2, we set Z;"* := wuy, (¢, Y"") and m™ :=
L(Y™). We know that (A,, ), A satisfy the hypotheses of Proposition 4.2. On the
other hand (Y"*, Z™) converges in law to v. Now Proposition 4.2 says that (uy,, )
converges uniformly on each compact to some u which verifies (4.6), where m is the
first marginal of v. In particular we emphasize that the sequence (Y"™) converges
in law to m.

We continue the proof of Theorem 4.1 concentrating on the first line of (1.4).

We set, for all (t,7) € [0,T] x R, k € N,

Zk((t,a:)) = @((t,x,unk((t,m))))

k(t,x) = g, x,uy,(t,x

alt,z) = Ot ult,x)) (4.20)
b(t,z) = g(t,z,u(t,x)) .

Here, the functions u,, being fixed, the first equation of (4.19) is a classical SDE,
whose coeflicients depend on the (deterministic) continuous function u,. By item
2. of Remark 3.1, the functions u,, appearing in (4.19) are Lipschitz with respect
to the second argument with constant not depending on n and uniformly bounded.
This implies that the coefficients ay, by are Lipschitz (with constant not depending
on k) and have linear growth with uniform rate.

Since (u,, ) converges pointwise to u, then (ax), (bi) converges pointwise respec-
tively to a,b where a(t,x) = ®(¢t, z, u(t,x)),b(t, ) = g(t, z,u(t, x)).

Consequently, we can apply Lemma 7.8 with the sequence of classical SDEs

{ AY;™ = ag(t, Y™ )dW, + by (t, Y, )dt

Y = vy, (4.21)

to obtain

sup |Y{" — V| ———— 0,
t<T k — 400

where Y is the (strong) solution to the classical SDE

dZ, = a(t, Z,)dW, + b(t, Z)dt
Zo =Yy

a(t,z) = O(t, z,u(t,x))

bt,z) = g(t,z,u(t,r)) .

We remark that Y verifies the first equation of (1.4) and the corresponding w fulfills
(4.6). To conclude the proof of Theorem 4.1 it remains to identify the law of YV

(4.22)
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with m. Since Y™ converges strongly, then the laws m™ of Y™ converge to the
law of Y, which by Proposition 4.2, coincides necessarily to m.
|

5. Weak Existence when the coefficients are continuous
In this section we consider again (1.4) i.e. problem

Y, =Y+ f(f O(r, Yy, u(r,Yr))dW, + fotg(rv Y, u(r, Y;))dr,
with YQ ~ CO 5

u(t,r) = fcd dm(w) [K(a: — X;(w)) exp {fot A(r, X, (w), u(r, Xr(w)))drH ,
for (t,z) €[0,T] x R?
m=L(Y),

(5.1)
but without the Lipschitz conditions on the coefficients @, g, A and the condition
(o is allowed to be any probability measure. In that case the existence or the well-
posedness will only be possible in the weak sense, i.e., not on a fixed (a priori)
probability space.

The aim of this section is to show weak existence for problem (5.1), in the sense
of Definition 2.9 under Assumption 3. The idea consists here in regularizing the
functions ® and g and truncating the initial condition {y to use existence result
stated in Section 4, i.e. Theorem 4.1.

Theorem 5.1. Under Assumption 3, the problem (1.4) admits existence in law,
i.e. there is a solution (Y,u) of (5.1) on a suitable probability space equipped with
some Brownian motion.

Proof: We consider the following mollifications (resp. truncations) of the coeffi-
cients (resp. the initial condition).

®, : (t,2,6) €[0,T] x R* x R fRde ¢4 (z — ") (€ — r)O(t,r',r)dr'dr

Gn: (t,2,6) €0, T] x R4 x R fRdeqﬁfl(x — 1" pn(& —1)g(t, v, r)dr'dr

Vp € Cy(RY), fou GH(d2)p(2) = Juu Coldn)ip(—n v @ A7) .

5.2

We fix a filtered probability space (£, F,P) equipped with an (F;);>o-Brownian
motion W. First of all, we point out the fact that the function A satisfies the same
assumptions as in Section 4. On one hand, by (5.2), since ¢¢ belongs to S(R?), ®,,
and g,, are uniformly bounded and Lipschitz with respect to (z, ) uniformly w.r.t.
t for each n € N. Also (' admits a second moment and (£}}) weakly converges to
&. For each n, let YJ" be a (square integrable) r.v. distributed according to (.
On the other hand, by Theorem 4.1, there is a pair (Y™, «") fulfilling (1.4) with
®, g, (o replaced by ®,,, gn, (7. In particular we have

Y=Y+ f(f (I)n(r= Y, un(r, Y;n))dWT + f(f gn(r7 Y un(r, Y,))dr
with  YJ'~ ¢}
Un(t,2) = [pq dm™(w) {K(z — Xi(w)) exp {fOtA(r, X, (W), up(r, Xr(w)))drH ,
for (t,z) €[0,T) xR?,
m" = L(Y™).
(5.3)
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Since ((')neny weakly converges to (o, it is tight. Being ®,, and g, uniformly
bounded, the hypotheses of Lemma 7.10 are fulfilled. So, setting Z" := u, (-, Y™),
that lemma implies that there is a sequence (Y™, Z"*) converging in law. For
simplicity we replace in the sequel the subsequence (ng) by (n). Let (Y™) be the
sequence of processes solving (5.3). We recall that (m™) denotes the sequence of
their law. The final result will be established once we will have proved the following
statements.

a) u™ converges to some (continuous) function u : [0, 7] x R — R, uniformly on
each compact of [0, 7] x RY, which verifies

t
u(t,z) = K(z — X¢(w)) exp {/ A(r, X, (w), u(r, Xr(w))))dr} dm(w),
cd 0
V(t,z) € [0,T] x R% where m is the limit of the laws of m™.
b) The processes Y™ converge in law to Y, where Y is a solution, in law, of

{ Vo= Yoo fy ®(r, Yo, u(r, Yo))AWs + g (Yo u(r, Yo))dr 5 )

Yo~ (o -

Step a) is a consequence of Proposition 4.2 with for all n € N, A,, = A.

To prove the second step b), we will pass to the limit in the first equation of
(5.3). To this end, let us designate by C2(R), the space of C?(R?) functions with
compact support. Without loss of generality, we suppose d = 1. We will prove that
m is a solution to the martingale problem (in the sense of Stroock and Varadhan,
2006, chapter 6) associated with the first equation of (5.1). In fact we will show
that

V<P€Co( )t € [0,T], Myi=p(Xs) —p(Xo) — 5 (A r)dr
is a F;X-martingale, where (F;¥,t € [0,7]) is the canomcal filtration  (5.5)
generated by X,

where we set (Ay@)(z) = FP%(r,z,u(r,2)))¢"(x) + g(r,z,u(r,z))¢ (z),
re[0,T],z € R.

Let 0 < s <t <T fixed, F:C([0,s],R) = R continuous and bounded. Indeed,
we will show

Vo € C2(R), E [( (X,) — — [HA dr) F(X,,r < s)} -0 (5.6)

We recall that, for n € N, by definition, m” is the law of the strong solution Y™ of

t

t
Y =Yg 4 / B (r, Y (r, Y)W, + / G Yt (r, V) )dr
0 0

on a fixed underlying probability space (2, F,P) with related expectation E.
Then, by Itd’s formula, we easily deduce that Vn € N,

E

(wm o) [ (GO0 (Y ()

+ gn (1, Y, un (1, an))@’(yrn))dr> Py r< S)‘| = 0.
(5.7)
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Transferring this to the canonical space C and to the probability m™ gives

E™"

(sD(Xt)—so(Xs)— | (3o X unr X)) ()
’ (5.8)

+ gn(ra Xr,un(’ra XT))QD/(XT)>dT>F(Xu; 0<u< S))] = 0.

From now on, we are going to pass to the limit when n — 400 in (5.8) to obtain
(5.5). Thanks to the weak convergence of the sequence m™, for p € CZ(R), we have
immediately

E™ [(p(Xe) = ¢(Xs)) F (X0, 0 < u < 5)]
—E™[(¢(X1) — (X)) F(Xu,0 < u < 5)] ——— 0.

n — o0

(5.9)

It remains to show
lim, oo E™ [H"(X)F(X,,0 <u <) =E"[H(X)F(X,,0 <u<s),
with H"(«) := f;(%@%(r, oy U (1, )" () + G (7, ey g, (1, @) )0 () dr,
H(a) i= [T (302(r, ar, ulr, an))o" (ar) + g(r, ar, ulr, )¢ (o )dr -
(5.10)
In order to show that E™[H™(X)F(X)] — E™[H(X)F(X)] goes to zero, we will
apply again Lemma 7.2.

As we have mentioned above, F' is continuous and bounded. Similarly as for
Lemma 7.5, the proof of the continuity of H (resp. H,,) makes use of the continuity
of @, g, ", ¢ (resp. Py, gn,©”, ¢’') and Lebesgue dominated convergence theorem.

Taking into account Remark 7.3, it is enough to prove the uniform convergence
of H* : C — R to H : C — R on each ball of C. This relies on the uniform
convergence of ®,(t,-,-) (resp. gn(t,-,-) ) to ®(¢,-,-) (resp. g(t,-,-) ) on every
compact subset R x R, for fixed ¢t € [0,7]. Since the sequence (m™) converges

weakly, finally Lemma 7.2 allows to conclude (5.10).
O

6. Link with nonlinear Partial Differential Equation

From now on, in all the sequel, to simplify notations, we will often use the
notation fi() = f(t,-) for functions f : [0,7] x E — R, E being some metric
space.

In the following, we suppose again the validity of Assumption 3.

In this section, we want to link the nonlinear SDE (1.4) to a partial integro-
differential equation (PIDE) that we have to determine. We start by considering
problem (1.4) written under the form

Yi = Yo+ [y B(s, Yo, ul (Vo)) AW, + [ g(s, Y, ul (Yy))ds, Yo ~ Go

ul'(@) = fon K(z — Xi(w)) exp { JEA(r X (), u;”(XT(w))))dr} dm(w)

LY)=m.

(6.1)

Suppose that K is formally the Dirac measure at zero and consider a solution (Y, v)
of (6.1). We can easily show that v is a solution of (1.3) in the sense of distributions.
Indeed let ¢ € S(RY). Applying It6 formula to o(Y;) we can easily show that the
function v, which is the density of the measure v defined in (1.3), is a solution in
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the sense of distributions of (1.1). For K being a mollifier of the Dirac measure,
applying the same strategy, we cannot easily identify the deterministic problem
(e.g. PDE or PIDE) solved by u™.

For that reason we begin by establishing a correspondence between (6.1) and
another McKean type stochastic differential equation, i.e.

Yy = Yo+ [y ®(s,Ya, (K %7™)(5,Y2))dW, + [y g(s,Ys, (K %4™)(5,Y5))ds,

with YONCO

4™ is the measure defined by, for all ¢ € Cp(R?)

V() = (0 ) = Joa (X (W) Vi (X, (K % 4™)(X))dm(w)

LY)=m,

(6.2)

where we recall the notations (K * v)(s,:) = (K * 75)(-) and ~+/*(p) :=
Jpa p(2)7" (dz).

Theorem 6.1. We suppose the validity of Assumption 3. The existence of the
McKean type stochastic differential equation (6.1) is equivalent to the one of (6.2).
More precisely, given a solution (Y,7™) of (6.2), (Y,u™), with u™ = K x~™, is a
solution of (6.1) and if (Y,u™) is a solution of (6.1), there exists a measure valued
function ¥™ such that (Y,~y™) is solution of (6.2).

In addition, if the measurable set {¢& € RYF(K)(&) = 0} is Lebesgue negligible,
(6.1) and (6.2) are equivalent, i.e., the solution measure v™ (of (6.2)) is uniquely
determined by the solution function u™ ((6.1)) and conversely. We recall that the
map F denotes Fourier transform.

Proof: Let (Y,u™) be a solution of (6.1). Let us fix ¢t € [0, 7.
Since K € L*(RY), the Fourier transform applied to the function u™ (¢, ) gives

eI exp ( / A X, (@), w(xr(w)») dm(w).

(6.3)
By Lebesgue dominated convergence theorem, one can show that the function

Flu™)(t,€) = FUK)(©) /

cd

rrigerto = [ e ([ AG X (6w)) dne)

is continuous. Since A is bounded, f™ is also bounded. Let (ax)g=1,.. 4 be a
sequence of complex numbers and (zj)k=1... 4 € (R?)9. Remarking that for all
¢ e RY

d 2

d d 4 N\
Zzakapeﬂf.(mk—%) = (Z ake_ig'x"> (Z apei§'®p> =
k=1 p=1

k=1p=1

)

d
§ ake—1€‘$k
k=1

which shows that f™ is non-negative definite. Then, by Bochner’s theorem (see
Theorem 24.9 Chapter 1.24 in Rogers and Williams, 2000), there exists a finite
non-negative Borel measure j; on R? such that for all £ € R?

miey = L [ gmigo,m
e = o= [ e an) (64

We wish to show that v;™ := pf* fulfills the third line equation of (6.2).
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Since pi™ is a finite (non-negative) Borel measure, it is a Schwartz (tempered)
distribution such that

My =p and VY € S(RY), <Y loopy" (RY) < 00

| vt o)

On one hand, equalities (6.3) and (6.4) give
Fu™)(t,-) = FUK)F (") = u™ () = K* " (6.5)

On the other hand, for all ¢ € S(R?),

(1", )
= (F7Hf™), )
= (™ F 1))

= [ 70 ([ e el [ A X ) () ) de

R4

= ([ 7w es ([ A X, ) (X, () ) dmfe)
_ /C ([ 7 wi@e e e ([ Al X ), (K ) (X)) drn(e)
s e / A X ). (K < )X ) ) dme)

Cd
where the fourth equality is justified by Fubini theorem and the fifth equality follows
by (6.5). This allows to conclude the necessary part of the first lemma statement.

Regarding the converse, let (Y,+™) be a solution of (6.2). We set uj*(z) :=
(K * ™) (x), so that the first equation in (6.1) is satisfied for (Y, u™). Since pj* is
finite, the second equation follows directly setting ¢ = K(x — ) in (6.2).

To establish the second statement of the theorem, it is enough to observe that
from the r.h.s. of (6.5) we have

Fu™)(t,-)

Leb({¢ € RYF(K)(&) =0}) =0 = F(u") = TFE) a.e. ,te€0,T],

where Leb denotes the Lebesgue measure on R%. This shows effectively that ™
(resp. u™) is uniquely determined by u™ (resp. v™) and ends the proof. O

Now, by applying Ité’s formula , we can show that the associated measure "
(second equation in (6.2)) satisfies a PIDE.

Theorem 6.2. The measure ", defined in the second equation of (6.2), satisfies
the PIDE

I =3 Z ((®D")i;(t, , (K * "))
i,j=1 (6.6)
—div (g(t, z, K 3" )n") + 9" At x, (K ("))
7§ (dx) = Co(dx) ,
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in the sense of distributions, i.e. for everyt € [0,T], o € S(R?) we have

| el
- [ ela)o(da

[ @A (e s )i

+ / / V() gl (K 9™, 2 ()

+ - Z / /Rd 812]90 )(‘I)(I)t)”(s x, (K*fy )(5 33)),78 (dl‘)dsda? )

1]1

Proof: It is enough to use the definition of 7{* and, as mentioned above, apply It6’s
formula to the process p(Y;)Vi(Y, (K x7y™)(Y)), for ¢ € C5°(RY) and Y (defined in
the first equation of (6.2)). Indeed for p € C§°(R?), 1td’s formula gives

E[p(Y)Vi(Y, (K x~™)(Y))]

— Elp(¥o)] + / E [0(Y)A(s, Ya, (K # 7™ (s, Yo)Va(Y, (K + ™) (Y))] ds
+ / ZE (V) gi(s, Yiu (K %7™) (s, YO Va(Y, (K 5 4™)(Y))] ds

/ S B (V) (08 (5 Y (€ 2 7) o YOVa(Y, (K 7™ (V)ds.

1,7=1

By the definition of the measure ~;", for each t € [0,71], in (6.2), we have

[ oni (dx):/ )
# [ o () ) s

+ / V() - gls,, (K 5™ (s, 2))" (de)ds
0 ]Rd

+ = Z / )( @D, (s, (K *4™)(s,2))7" (dx)ds
7,] 1
This concludes the proof of Theorem 6.2. (I

7. Appendix

In this appendix, we present the proof of some technical results used in previous
sections.

7.1. Proofs of the technicalities related to Section 3.1. In this section, we prove
the fundamental properties of the map (m,t,2) — «u™ (¢, z) announced in Proposi-
tion 3.2.
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Proof of Proposition 5.2: We will prove successively the inequalities (3.6), (3.7),
(3.8) and (3.9).
Let us consider (¢,y,y’) € [0,T] x R? x R%.
e Proof of (3.6).
Let (m,m’) € P2(C%) x P2(C?). We have

™ (6 y) — ™ (6, )P < 20um (ty) — a6y )P+ 20t y) = u™ (Y (70

The first term on the r.h.s. of the above equality is bounded using the Lipschitz
property of u™ that derives straightforwardly from the Lipschitz property of the
mollifier K and the boundedness property of V; (2.6):

™ (t,y') = u™ (L, y)]

Y
= | [, 1= X)) ~ KO/ = X KX (@) " (X)) (72)
< Lge™y —y|.
Now let us consider the second term on the r.h.s. of (7.1). By Jensen’s inequality
we get
u™ (t,y') = u™ (1)

. K@y — X¢(w))Ve (X (w), u™(X (w)))dm(w)

= L, KO = Xl DV (), (X)) ()

S\/
Ccdxcd

K~ X@DV (X0 (X))

K(y = Xi(w)Ve (X (w), u™ (X (w)))

for any p € TI(m,m’). Let us consider four continuous functions x, ' € C([0,T],R%)
and 2,z € C([0,T],R). We have

K = 2)Vi(w, 2) = K(y —2))Vi(a/,2)|”
<2|K(y — ) = K(y —}) [Vilw, 2)” (7:4)
+2[Vi(w, 2) = Vi, 2)° | K (y =} -
Then, using the Lipschitz property of K and the upper bound (2.8) gives
Ky — 2)Vi(w, 2) — K(y —p)Vi(a!, )

< 2L%eMa|g, — o))

¢
+ 4M[2<L?\62tMAt/ [lzs — 2> + |25 — 2L|?] ds (7.5)
0

t
< CkAu>[a%wsupmsagz+(/ zszu2d4 ,
0

s<t
where Cye 4 (t) = 2e2Ma(L2. + 2M% L3t). Injecting the latter inequality in (7.3)
yields

™ (t,y') —u™ (t,y)?
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< Ciea®) [ a0l () - K ()

s<t

¢
+/ [ (s, X(w)) — u™ (s, Xo(w'))]? ds] dp(w,w') .
0
Injecting the above inequality in (7.1) and using (7.2) yields
[u™ (¢, y) = u™ (8,y)|

< 20k A() [Iy —y P+ (1+1) /C sup [ X, (w) — X, (') Pdp(w,w’)

dxCd s<t
o / (s, X, (w)) — um’<s,Xs<w'>>|2dsdu(w,w'>], (7.6)
X

Replacmg y (resp. y') with X;(w) (resp. X;(w’)) in (7.6), we get for all w € C?
(resp. w’ € CY),

™ (¢, Xy (w)) — u™ (£, X ("))
< 2050 1X(w) - X))

+(1+ t)/c sup| X, (w) — X4 (W) Pdp(w,w’) (7.7)

dxcd s<t

t
[ e ) - (s, X @) P ds )]
cidxcd Jo
Let us introduce the notation
2(s) = / ™ (5, X (w)) — ™ (5, Xo ()| dia(w,’) . for any s € [0,
cdxcd

Integrating each side of inequality (7.7) w.r.t. the variables (w,w’) according to p,
implies

Y(t) < 202{,A(t)/0 Y(s)ds+2(t+2)Ci A (1) /Cdxcd S:gIXs(w)—Xs(W’)IQdu(w,w/),

for all ¢ € [0,T]. In particular, observing that C' , (a) is increasing in a, we have
for fixed t €]0,T] and all a € [0, ]

v(a) < 20K A(t) /Oa 7(8)d8+2(t+2)02(,1\(t)/c sup | X (w) = Xs(w')*du(w,w’) .

dxCd s<t

Using Gronwall’s lemma yields
W = [ X)) - (6 X )P du(ow)
Cixcd

<2t +2)Ch 5 (1) Cral) / sup [ X, () — Xo () Pdpa(eo, o) .
C

dxCd s<t

Injecting the above inequality in (7.6) implies
[0 () ™ (1) < 20 A1)t 4+ 2)(1 + 2 Cerd) [y — 2

+/C sup | X (w) — X, (w')|2dp(w, w )}

dxcd s<t

(7.8)
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The above inequality holds for any g € II(m,m'), hence taking the infimum over
w € II(m,m’) concludes the proof of (3.6).

e Proof of (3.7).
Let (m,m’) € P(C%) x P(C?%). The proof of (3.7) follows at the beginning the same
lines as the one of (3.6), but the inequality (7.5) is replaced by

(K(y —z)Vi(z,2) — K(y —a})Vi(e, 2')[°

< 2Ky — @) - K — )] Vilw, 2)]?
+2|Vi(z,2) = Va(a', 2 )P |K (' — 2})[?
< 2e?"Ma max(Ly, 2Mg )2 (|2 — x;|2 A1)
t
+4M7- M max(LA,2MA)2t/ (|a:; —z,2 A1
0
+ |25 —z;|2)ds
t
< Ceald) [+ 0Guple ol P A1)+ [P
s<t 0

where € (t) := 2e*M (max(Lg, 2Mg )? + 2Mj max(Ly, 2My)?t). Following the
same lines as for the proof of item 1. leads to

(1) — " () S 28 A1)+ 2)(1+ a0 [y -y

[ sl (w) ~ X A L duw )]

dxcd s<t

which constitutes the analogue of (7.8) and we conclude in the same way as for the
previous item.

e Proof of the continuity of (m,t,z) — u™(t, ).

P(C?) x [0,T] x R? being a separable metric space, we characterize the continuity
through converging sequences. We also recall that WT is a distance compatible
with the weak convergence on P(C%), see Remark 3.3 a).

By (3.7), the application is continuous with respect to (m,z) uniformly with
respect to time. Consequently it remains to show that the map ¢ — u™(t,x) is
continuous for fixed (m,z) € P(C?) x RY.

Let us fix (m,tg,z) € P(C?) x [0,7] x R%. Let (t,)nen be a sequence in [0, 7]
converging to tg.

We define F), as the real-valued sequence of measurable functions on C% such
that for all w € C%,

tn
Fp(w) = K(x — X, (w)) exp (/ Alr, X (w), u™ (r, Xr(w))dr> . (7.9)
0
Each w € C¢ being continuous, F,, converges pointwise to F' : C* — R defined by

F(w) = K(z — Xy, (w)) exp ( /0 ! A(r, X, (w), u™(r, Xr(w))dr) . (7.10)



1216 A. Le Cavil, N. Oudjane and F. Russo

Since K and A are uniformly bounded, Mge”™ is a uniform upper bound of the

functions F,,. By Lebesgue dominated convergence theorem, we conclude that

Fw)im(e) - [ Pl)amw)

— 0.
n—-+o0o

™ (tn, ) — w™(to, )| =

This ends the proof.
e Proof of (3.8).
Let (m,m’) € P2(C%) x P2(CY).
Since K € L?(R?), by Jensen’s inequality, it follows easily that the functions
z — u™(r,z) and z — u™ (r,z) belong to L2(RY), for every r € [0,T]. Then, for
any 1 € T(m, m),

o) = () = [ () = () Py

:/Rd
Xu(w) Vi(X (@), ™ (X ()| dia(eo, )
/ / X)) Vi(X () u™ (X ()~
R4 JCdxCd
2
K(y = X)) Vi(X (@), u" (X(w')))] dp(w, o) dy

/Cdxcd /Rd

Ky = Xu() (X (@), (X(w')))]zdyduw,w') ,
(7.11)

[, TR Xe@) X ) (X (@)
Cixcd

2
dy

where the third inequality follows by Jensen’s and the latter equality is justified by
Fubini theorem.
We integrate now both sides of (7.4), with respect to the state variable y over R¢,

for all (z,2") € C¢ x C?,(2,2') € C x C,
I =Vite.2) = Kty = Vi’ ) dy
2 Ky ) — K(y — 2)*|Va(z, 2)]* dy (7.12)
2| Wile.2) - Vila, DI (y — =) dy.

We remark now that, by classical properties of Fourier transform, since K € L?(R?),
we have

V(2,6) € R x RY, F(K,)(€) = e *“F(K)(€)

where in this case, the Fourier transform operator F acts from L?(R%) to L?(R%)
and K, : j € R — K(y — z). Since K € L?(R?), Plancherel’s theorem gives, for
all (g,z,2') € R4 x €1 x C4,

K — o) - K(5—2)*dy = / Koo (5) — Koy (9)]2dg
R4 Rd
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= [ e T FE)(E) - e HF(E)(©)Pde
- / FUROF feiem — i€ g

< [ IFENOP - o - apPag

< m—xm/ FR)E)P [¢f?de

= fo—aif? [ 1RO ©cPas

— ol / F(VE)(©)Pde
R4
2y — )2 VK2 | (7.13)

Injecting this bound into (7.12), taking into account (2.8), yields

[ K@= avie.s) - Ky - sila Py (.19
R
< 2VEK|3 e — 23| exp(2tMy)
+ 2M g |Vi(z, 2) — Vi(2', 2')|?
< 2P| VK| — i)
¢
+4MKL?\thMAt/ [lzs — 2> + |25 — 2L|*] ds
0
< 2e*MAQMy L3R+ |VK]3) sup |z, — 2l
0<r<t
¢
+4MKL%62tMAt/ |zs — 21|% ds
0
<

¢
Cra(t) [ sup |z, — 2|2 —|—/ |zs — 1|2 ds] ,
0

0<r<t

for all (z,2') € C% x C% and (z,2') € C x C, with Cr A (t) := 2> M (2Mp L3 H(t +
1) +[IVKI3).

Inserting (7.14) into (7.11), after substituting X (w) with =, X (w’) with 2/, z with
u™(X (w)) and 2’ with u™ (X (w')), for any p € II(m, m’), we obtain the inequality

™ ) = (&3 (7.15)
< Cea®{ [, s 1X06) = X )P s

/cdxcd/m (5, Xo(w)) = u™ (s, s(W'))Istdu(w,w’)}.

Since inequality (3.6) is verified for all y € R?, s € [0, 7], we obtain for all w,w’ € C?

lu™ (S,Xs(w)) — ™ (S,Xs(w’))|2
< Orals) [[Xs(w) = Xs (W) + W (m,m)?]
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< Cga(s) [ sup | X, (w) — X,(W)* + Ws(m,m’)ﬂ )

N 0<r<s

Integrating each side of the above inequality with respect to the time variable s and
the measure p € II(m,m’) and observing that Ck 4(s) is increasing in s, yields

= tums w)) —u™ (s WNI? ds dp(w, W’
e [ s X)) = o (5 X ) P dsde )

< Cga(t)t [/c sup |X,(w) — XT(W')\2 dp(w,w’) + Wy(m, m')Z} (7.16)

dxCd 0<r<t
By injecting inequality (7.16) in the right-hand side of inequality (7.15), we obtain
[u™(t, ) —u™ (t, )3
< Cra(t)(1+ tCKA(t))/ sup | X, (w) — X, (W) Pdu(w, )
CixCd 0<r<t
+tCx A () Cra )Wy (m,m)? . (7.17)
By taking the infimum over u € II(m,m’) on the right-hand side, we obtain
[t ) =™ (8,13 < Creoalt)(1+2tCrea (8) [ We(m,m)|* . (7.18)
e Proof of (3.9).
By the hypothesis 4. in Assumption 1, K € L'(R?). Given a function g : [0, 7] x
R? — C, (s,z) + g(s,x) , its Fourier transform in the space variable = will be

denoted by (s,&) — F(g)(s,§) instead of Fg(s,-)(£). Then for (@,s,&) € Q x
[0, T] x RY, the Fourier transform of the functions u”* and u™ are given by

F(u)(s,€)

= F(K)(&) /cd e X (@) exp </OSA(T, X, (w),u" (r, Xr(w)))dr> dne(w) (7.19)
F(u™)(s,€)
= F(K)(&) /cd e 71X (@) oxp </OSA(T, X (w),u™(r, Xr(w)))dr> dm(w) . (7.20)

To simplify notations in the sequel, we will often use the convention

V2 (y) := Vi(y, u”(y)) = exp (/OTA(G,ymuV(@,ye))d@) ,

where v” is defined in (3.1), with m = v.
In this way, relations (7.19) and (7.20) can be rewritten as

Fu™)(s.6) = FU)E) /Cde’ig'x-*“)vg"@(X(w))dmw)

(7.21)
Fas.) = FEEQ [ OV @) dm()
Cd
for (@,s,£) € Q x [0,T] x R™.
For a function f € L'(RY) such that F(f) € L'(R%), the inversion formula of
the Fourier transform is valid and implies

Flz) = \/% /R R, v et (7.22)
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f is obviously bounded and continuous taking into account Lebesgue dominated
convergence theorem. Moreover

[flloo < Oplie (7.23)

rllf

where we recall that || - ||; denotes the L!(R?)-norm. As F(K) belongs to L!(R%),
from (7.23) applied to the function f = u"(s,-) — u™(s,-) with fixed © € Q,s €
[0,T], we get

Efu"(s, ) — u™(s,)lI3]

1 n m 2
< BlIF (s ) — P (s
< g ( ) (s,€) — Fu™)(s s>ds>2 (7.24)
- \/ﬂ R4 ’ '

where we recall that E is taken w.r.t. to dP(®).

The terms intervening in the expression above are measurable. This can be justi-
fied by Fubini-Tonelli theorem and the fact that (@, s, z) — u"* (s, z) is measurable
from (Q x [0, T xR¢, FRB([0, T])) @ B(R?)) to (R, B(R)). We prove the latter point.
By item 3. of this Lemma, we recall that the function (m,t,z) — u™ (¢, x) is contin-
uous on P(C%) x [0, T] x R? and so measurable from (P(C%) x [0, T] x R?, B(P(C%))®
B([0,T]) @ B(R?)) to (R, B(R)). The application (@,t,x) + (7s,t, ) being measur-
able from (Q x [0, T] x RY, F @ B([0, T) @ B(R?))) to (P(C) @ B([0,T]) ® B(R?)), by
composition the map (@, s, x) — u"@ (s, x) is measurable. By Fubini-Tonelli theorem
(@,5,&) — F(u")(s,£)) is measurable from (Q x [0, T] x R?, F @ B([0,T]) ® B(RY)

o (C,B(C)) and (s,&) — u™(s,&) is measurable from ([0, 7] x R, B([0,T] ® RY)
o (R, B(R)).

We are now ready to bound the right-hand side of (7.24). For all (0,s) €

Q x [0,7T], by (7.21)

[F(u™)(s,€) = F(u")(s,8)|

<VFE)©| [ eV (XK ) dmie /C I X @) )
+ |F(K l‘/ SO @nale) = [ eI )]
(7.25)
which implies
2
( g)—f(umxs,gndg)
< (/ O Analellde + [P >||Bs,w<5>|de)
< 21} +IQ) (7.26)

where

2

{ I = ([ IFUE) | As 2(8) 1) -
12 1= (fou |F(R)©)11Boo(€)1d8)”
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and for all w € 2, s € [0, T

Aso(€) = fpa e OV X (W))dig (W) = fou e XLV (X (W) dm(w)
Bria(€) 1= Jou X VI (X (0))di1o ) = Jos e EX OV (X () dipo )
(7.28)

We observe that (@,s,§) — Asz(€) and (@,s,€) — Bsg(€) are measurable.
Indeed, the map (w,@, s,&) + e X Vs (X (w)) is Borel. By Remark 2.4 we
can easily show that for all N € N*, (@,s,£) — 1a,(€)nz(w) is (still) a random
(finite) measure when 2 is replaced by © x [0,7] x R? and Ay is the centered
ball of R? with radius N. Proposition 3.3, Chapter 3. of Crauel (2002) tells us
that (@,s,&) > [pa e ©X @V (X (w))1a, (§)dns(w) is measurable, and letting
N — 400, we observe that (@,s,§) — [.. e~ Xe(@Yne (X (w))dne (w) is also
measurable.

The measurability of A, B follows again by use of Fubini-Tonelli theorem.

Regarding A s, let (5 ¢ denotes the function defined by y € C% s e~ %Y=V (y).
Then, one can write As & = (g —m, ps.¢), where (-, -) denotes the pairing between
measures and bounded, continuous functionals. ¢ ¢ is clearly bounded by e*Ma;
inequalities (2.8) and (3.6) imply the continuity of ¢s¢ on (C%, || - ||le), for fixed
(5,€) € x[0,T] x R By Cauchy-Schwarz inequality we obtain for all @ € €,
s€[0,T]

e < WFE ([ 1FE@aoka)

IN

IN

Il ([ F RN - mplas) . 129)

Since the right-hand side of (7.29) is measurable, taking expectation w.r.t. dP(®)
in both sides yields

Bl < 1R ([ IFR)©) Bl - mopn ) de)

< M| F(K)| /|}'(K)(§)\ sup  E[[(n—m,¢)|*]d¢
R P€Cy(C?)
lelloo <1
< @MFE)E sup Ell(n—m, )] . (7.30)
©eCy(C?)
lelloo <1

Concerning the second term By g, for all (s,&) € [0,T] x R?, we have
2

BuslOF = | [ TR0 (1R (X () = V2 (X () ds(e)
< [ VRO VI ) dne(e)
< ey [ e ) - e X @)ar ), by (29
< st [ e, ) = 0 X ) P i)
< s g ) ) dr (7.31)
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where we recall that 7, is a probability measure on C? for all @ and that functions
(r,r,0) € [0,T] x RT x Q v u"(r,z) and (r,z) € [0,T] x R? s u™(r,z) are
uniformly bounded.

Taking into account (7.31), the measurability of the function (o, r) € Qx[0,T] —
|lu" (r,-) — u™(r,-)||%, and Fubini’s theorem imply

2
E (/ [F(E)(E)] sup IBs,‘(§)|d€>
Rd

E[I7] < s
< E[sup |Bs.(6)]* || F(K)|3]
£cRe
< se2SMALiIIf(K)II?/§E[Ilu”(r,-)—um(n-)IIZo]dr~ (7.32)
0

Taking the expectation of both sides in (7.26), we inject (7.30) and (7.32) in the
expectation of the right-hand side of (7.26) so that (7.24) gives for all s € [0, T]

E[Hu”(s, ) — um(s7 )”go} < CQ(S) /OS E[Hu"(r, ) — um(r, )”io]d’r

+Ci(s) sup E[[(n—m,9)|*], (7.33)
pECL(CT)

llelloo <1

where Cy(s) := ﬁeSM‘\H}'(K)H% and Cy(s) = ﬁser}V]ALf\H}'(K)H% On one
hand, since the functions «"7 and ™ are uniformly bounded,
E[[|u”(s,-) — u™(s,-)||oo’] is finite. On the other hand, observing that a — C4(a)

and a — Cy(a) are increasing, we have for all s €]0,7],a € [0, s
E[lu"(a,) — u™(a,)]1%]

< Cals) [ B — I + (o) s Bl =moo)f]

llelloo <1

By Gronwall’s lemma, we finally obtain

Vsel0,T], E[lu"(s,-) —u™(s,)%] < Ci(s)e*®® sup  E[[(n—m,@)[*] .
pECL(CT)

llelloo <1

(7.34)

d

7.2. Technicalities about Section 5.2.

Lemma 7.1. We suppose the validity of Assumption 1. Let r: [0,T] — [0,T] be
a non-decreasing function such that r(s) < s for any s € [0,T]. LetU : (t,y) €
[0,T] xC? — R (respectively U’ : (t,y) € [0,T] xC? — R), be a given Borel function
such that for all t € [0,T], there is a Borel map U; : C([0,t],RY) — R (resp.
U, : C([0,1,RY) — R) such that U(t,-) = Uy(-) (resp. U'(t,-) = U!(-)). Setting
Co,4(T) = 12(4L% + TLﬁ)elzT(4L§’+TL§), the following two assertions hold.
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(1) Consider'Y (resp. Y') a solution of the following SDE for v = U (resp.
v=U"):
Y, = YO"’fOt CI)(’/‘(S), Yr(s)7 U(T(S)a Y/\r(s)))dWS + fot g(’/’(S), Yr(s)7 U(T(S)a Y/\r(s)))ds
for any t € [0,T],
(7.35)
where, we emphasize that for all 8 € [0,T], Z.rg == {Z,,0 < u < 0} €
C([0,0],R?) for any continuous process Z. For any a € [0,T], we have

Elsup ¥} ~ ¥if?) < Cao(T)E [ / U (t), Ypriey) — U (r(8), Y )Pt | . (7.36)
sa 0

(2) Suppose moreover that ® and g are %—Holder continuous w.r.t. the time
variable and Lipschitz w.r.t. the space variables i.e. there exist some pos-
itive constants Le and Ly such that for any (t,t',y,y,2,2') € [0,T]* x
R2d % RQ

{ |D(t,y,2) — Bt ¢/, 2)| < La([t —¢'|7 + |y — /| + |2 = 2/])
1
|g(t,y,z) - g(t/ay/az/)l < Lq(|t - t/|2 + |y - y/| + ‘Z - zll) :
Let ri,79 : [0,T] — [0,T] being two non-decreasing functions verifying
r1(s) < s and r3(s) < s for any s € [0,T]. Let Y (resp. Y') be a solution
of (7.35) forv=U and r =ry (resp. v=U" and r = ry). Then for any
a € [0,T], the following inequality holds:

(7.37)

Elsup ¥/ = 12 < Cog(T) (I = rall -+ [ IV, ) = ¥ Pl

+E [/ U1 (t), Yoar 1)) — U (r2(2), Y,'Mz(t))|2dt} ),(7.38)
0
where || - ||2 is the L2([0, T])-norm.

Proof: (1) Let us consider the first assertion of Lemma 7.1. Let Y (resp. Y”)
be a solution of (7.35) with associated function U (resp. U’). Let us fix
a €]0,T]. We have

Yy — Yg’ =ay+ By, O € [O,a], (7.39)
where
0
00 i= [ (B Yo U6, Vo) = B (6). Y U (1(3), V)
(4
B = [ (0060 U051, Vo) = 806, Yoo (r(5). V) s
By BDG inequality, we obtain
E sup|ag|?
0<a
@ 2
< 08 | [ B Yo U9 Vnrt) = 006, Vi U (9. Y )| ]
a 2
= 4 [ 7B |09 Yo (90, Vo) = R, Vi U 160, V)] ]
a 2
< SL%{)/ E UU(T(S),Y.AT(S)) —L[’(r(s), _//\T(s))‘ ]ds
0
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+8L2 /0 E [m(s) —}f;(s)|2] ds

(7.40)
Concerning 8 in (7.39), by Cauchy-Schwarz inequality, we get
Esup |Bg|?
0<a

IN

alb {/a 19(r(8), Yo(o) Ur(5), Yonr(s))) = 9(r(s), Y ) U (7(s), Y ))) [P ds

IN

2aL°E [ / U(r(3), Yorr(s) = U (r(s), Yir ) Pds

2 2
+2aL> /O E[|K.(s)—Yr’(s)| ds .

(7.41)
Gathering (7.41) together with (7.40) and using the fact that r(s) < s,
implies
Efsup Yy — Yp|?]
0<a
< 4(4L2 +TL2 ( / U (r(s), Y/\r(s ) — /(T(S)’ -I/\T(s))‘QdS]
+ / HYT (8) 7‘(8
0
< 4(4L3 +TL2 ( / U(r(s), Yoars)) —U'(r(s), ./Ar(s))\st]

+ [ E[squerds) ,
0 0<s

for any a € [0,].
We conclude the proof by applying Gronwall’s lemma.
(2) Consider now the second assertion of Lemma 7.1. Following the same lines
as the proof of assertion 1. and using the Lipschitz property of ® and ¢
w.r.t. to both the time and space variables (7.37), we obtain the inequality

Efsup Yy — Y;|?]
t<a

< 12(4L3 +TLY) (/0 |r1(t)—r2(t)|dt+/0 E(IY;, 1y = Yy |21t
E| / U1 (8), Yongs ) — U (ral1), Yy ) Pal] + / E[|x-1<t>mt>|21dt)
< 12<4L1+TL3>(||7~1—7~2||1+ / E{Y!, ) — Y., Pldt

L[ A0, Yor0) = U 0 V)Pt + [ Blsupl, ~ ¥Rt ).
0 0 s<t

Applying again Gronwall’s lemma concludes the proof.
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7.3. Some technical proofs of the convergence of approximating sequences related to
Section / and Section 5. The results stated and established in this section are the
main tools that will be used in Section 4 and Section 5 to prove the main theorems,
i.e. Theorem 4.1 and Theorem 5.1.

Lemma 7.2. Let (P,)n>0 be a sequence of probability measures on C? converging
weakly to some probability P. Let (fn)n>0 be a uniformly bounded sequence of real-
valued, continuous functions defined on C%, converging uniformly on every compact

subset to some continuous f. Then/ frn(w)dP, (w) —>/ fw)dP(w) .
cd n — +oo cd

Remark 7.3. We apply several times Lemma 7.2. We will verify its assumptions
showing that the sequence (f,) converges uniformly on each bounded ball of C9.
This will be enough since every compact of C¢ is bounded.

We emphasize that the hypothesis of uniform convergence in Lemma 7.2 is cru-
cial, see remark below,

Remark 7.4. Let define Q = [0,1] equipped with the Borel o-field, (Z,)n>0 a
sequence of continuous, real-valued functions s.th.

0 , x> 2

ne , TE [6, 1] (7.42)
-nr+2 , z€ [%,T%]
(Mp)n>0 s.th. my,(dz) = 01 (dx)

We consider a sequence of probability measures
and mo(dz) = do(dx).
On one hand, we can observe the following.

1
n

o 7/, — 0, pointwise.
n — +oo

e for allm >0, |Z,| <1, surely.
e m, —— m, weakly.

n — +oo

On the other hand,fol Zpdm, = Zp(2) =1 -» 0.

1
n
The proof of Proposition 4.2 goes through several steps.
We first formulate below an useful elementary result, which follows by a simple

application of Lebesgue dominated convergence theorem. It will be often used in
the sequel.

Lemma 7.5. Let A : [0, 7] xR% xR — R be a Borel bounded function such that for
almost all t € [0,T] A(t,-,-) is continuous. The function F :[0,T] x C? x C — R,
xo € R, defined by F(t,y,z) = K(xo — yi) exp (fot A(r, Yy, zr)dr) 18 continuous.

The proposition below establishes an important result about the convergence of
the sequence (uy)nen-

Proposition 7.6. Let (A,)nen be a sequence of Borel uniformly bounded functions
defined on [0,T] x R? x R, such that for every n, A,(t,-,-) is continuous. Assume
the existence of a Borel function A : [0,T] x R? x R — R such that, for almost all
te[0,T7], [An(t, o) — At ., )] m 0, uniformly on each compact of R* x R.

Let (Y™)nen be a sequence of continuous processes. We consider a sequence (uy)
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such that, for all (t,z) € [0,T] x R?

Un(t, ) = [ou K(z — X;(w)) exp {fot A (r, X (W), un (7, XT(w)))dr} dm™(w)
m" = L(Y") .
(7.43)
We set Z™ := u"™(-,Y") for all n € N. Suppose moreover that v™ = L(Y™ Z™)
converges weakly to some Borel probability measures v on C* x C.
Then, (u,) converges uniformly on each compact of [0,T] x R? to a function
u:[0,T] x R = R such that

t

u(t,z) = K(x — X¢(w)) exp {/ A(r, XT(w),X,((w’))dr} dv(w,w’) , (7.44)
cixcC 0

for all (t,x) € [0,T] x R, In particular u is continuous.

The proof of Proposition 7.6 is based on a technical lemma.

Lemma 7.7. Let (A,), A be as stated in Proposition 7.6. Let xo € RY, we designate
by F,,, F:[0,T] x C% x C — R, the maps

Falt. )= Koo~ ) eso ([ Anlru )

t
and F(tayvz) = K({EO - yt) exp (/ A(T» yrvzr)) .
0

Then for every M > 0, F,, converges to F when n goes to infinity uniformly with re-
spect to (t,y,z) € [0, T]x By(0, M) x By (0, M), with Bi(O, M) := {y € C*.||yl|0 :=
SUPyeo,r) [Yul < M} for k € N*.

Proof of Lemma 7.7: We want to evaluate

||Fn_F||oo,1\/I = sup |Fn(tayaz)_F(tuy7Z)|
(t,9,2)€[0,T)x B4(O,M)x B1(0,M)

Since (Ay)n>0 are uniformly bounded, there is a constant My such that

Vr e [0,T], sup |An(r,yl, 2.) — A(r,yl, 21.)| < 2Mjy.
(y’,2")EB4(O,M)xB1(0,M)

By use of (2.7), we obtain for all (¢,y,2) € [0,T] x Bq(O, M) x B1(0, M),
‘Fn(t7yaz) - F(t7y7z)|

t (7.45)
< My exp(My) / sup An(r, 5 21) — Al ol 22\ dr,
0 (y',2')EB4(O,M)xB1(0,M)
which implies
||Fn - F||00,M
T (7.46)
< My exp(My) / sup An(r, 0l 2) = Ay, 20l dr.
0 (y',2")€EB4(O,M)xB1(0,M)

By Lebesgue’s dominated convergence theorem, we have

T
/ sup A (sl 20) — A(r, gl 20)] dir — 0,
0 (y',2")EB4(O,M)xB1(0,M)

which concludes the proof of Lemma 7.7. ([l
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Now, we proceed with the proof of Proposition 7.6.

Proof of Proposition 7.6. The first step consists in proving the pointwise conver-

gence of (up)nen-
Observe that

t

un(t,z) = K(z — X¢(w)) exp {/ Ay (r, Xr(w),X;(w/))dr} dv™(w,w").
cixcC 0

Let us fix t € [0, 7],z € R?. Let us introduce the sequence of real valued functions

(fn)nen and f defined on C? x C such that

folw2) = Ko=) @ { [ Aa(roan )}

and  f(y.2) = K(z —y2) exp {/Ot Al zr)dr} |

By Lemma 7.5, f,, and f are continuous.
By Lemma 7.7, it follows that f,, —+> f uniformly on each closed ball (and
n — oo

therefore also for each compact subset) of C% x C. Then applying Lemma 7.2 and
Remark 7.3, with C¢xC, P = v, P* = v™ allows to conclude that (u,),en converges
pointwise to u when n goes to oo, with u defined by (7.44).

We go on proving the uniform convergence of (u™),en on each compact of [0, 7] x
R?,

We fix a compact C of R?. The restrictions of u, to [0,7] x C' are uniformly
bounded. Provided we prove that the sequence (un|jo,rjxc) is equicontinuous,
Ascoli-Arzela theorem would imply that the set of restrictions of w,, to [0,T] x C
is relatively compact with respect to uniform convergence norm topology.

To conclude, given a subsequence (uy,, ) it is enough to extract a subsubsequence
converging to u. Since the set of restrictions of u,,, to C' is relatively compact, there
is a function v : [0,T] x C — R to which w,, converges uniformly on [0,7] x C.
Since (uy,) converges pointwise to u, obviously v coincides with «w on [0,7] x C.

It remains to show the equicontinuity of the sequence (u,,) on [0,7] x C. We do
this below.

Let &/ > 0. We need to prove that 36,7 > 0,V(¢, ), (t',2") € [0,T] x C,

[t—t'|<§, |z —2'|<n=VYneN, |uy(t,z) —u,(t',2")| < €. (7.47)

We start decomposing as follows:

Jun (t, @) = un (', 2")] < |(un(t, ) — un(t,2"))] + |(un (£, 27) — un (', 2))]. (7.48)
As far as the first term in the right-hand side of (7.48) is concerned, we have

|un(ta Z) - un(tv x/)|
Jea | K (2 = Xi(w)) — K(2' = Xy(w))| exp(MaT)dm" (w),
exp(MAT)L|x — /|,

INIA

where the constant My is an uniform upper bound of (|A,|,n > 0). We choose

_ e’ :
n= m to obtain

(nt,) — e, ) < 5, (7.49)
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for z, 2" € C such that |z — 2’| <n and t € [0,T].
Regarding the second one we have

un(t,2") — un(t',2")| < By + Ba, (7.50)
where
Byi= | Jou [K (@' = Xi(w) - (w — Xu(w))]
exp { [y A (r, Xo (@), (r, X, () dr } dim” ()

7.51
Byi=|fos K I—Xt’(wD[eXP{fo Ml X X))

—exp{fo n (7, X (W), un (1, Xr(w)))dr}]dm”(w)’ .

We first estimate B;. We fix ¢ > 0. Since (m,,) are tight, by Proposition 7.9
there is d. > 0 such that

vneN, P(Q; ) <e, (7.52)

where Q"5 =@ € Q ‘ sup V(@) - Y@ > e
(t,t)€[0,T]2,|t—t"| <6,
In the sequel of the proof, for simplicity we will simply write QF := Q5 . Suppose
that [t —t/| < 6..
Then, for all 2’ € C

t
B, = ‘E[(K(m' -Y") - K(2' — Y;f)) exp {/ A(r, Y, u™(r, YT"))H ‘
0
< exp(MAT)E[|K (2 = ¥") = K(2/ = Y]
where
Lie,n) == E [|K(x' YY) K@ - Y 1Qg] (7.53)
Le,n) = E“K(:c’ V") - K(2' - Y 1@)0] . (7.54)
We have
and
Iy(e,n) < LKE[DQ” —yy 1(9?4 <elg. (7.56)
At this point, we have shown that for |t —¢/| < 4., 2’ € C,
By < 6(2MK + LK) eXp(MAT) . (7.57)
We can now choose ¢ := m exp(—MaT) so that By < ‘%

Concerning the term Bs, using (2.7), we have

By < Jea|K( x/—Xt,(w \e{fo‘ Ao (1 X (@ (X () ) ar
’I"X W)Uy (1, X (w dr pe
A A (rXet an X @) dr} | g (7.58)
< M exp(MAT) [ dm™ (w \ S A, X (@), (r, X () |
S MKeXp(MAT)MA|t7t/| .



1228 A. Le Cavil, N. Oudjane and F. Russo

’

We choose § = min(d,, Iy oxp(iry)- For [t — '] < &, we have By < % By

additivity By + Bs < %‘5/ and finally, taking into account (7.49) and (7.50), (7.47)
is verified. This concludes the proof of Proposition 7.6. O

We end this section by recalling the following classical result on strong conver-
gence of solutions of SDEs.

Lemma 7.8. Let Ry be a square integrable random variable on some filtered prob-
ability space, equipped with a p dimensional Brownian motion W. Let a,, : [0,T] x
R? — RY*P and b, : [0,T] x RY — R? Borel functions verifying the following.
edL > 0, for all (z,y) € R x RY, sup,sqlan(t,z) — an(t,y)|
+Supn20 |bn(ta .Z‘) - bn(tvy)| < L|J) - y|7
e 3¢ >0, for all x € R, sup,,>o(|an(t, )| + |bu(t, 2)]) < (1 + |z]);
o (an), (bn) converge pointwise respectively to Borel functions a : [0, T] xR? —
RIXP and b: [0,T] x R — R?.
Then there exists a unique strong solution of
{ dYy = a(t,Y;)dW; + b(t, Yy;)dt

Yoo By (7.59)

Moreover, let for each n, let the strong solution X™ (which of course exists) of

{ dY{ = an (8, Y")dWy + by, (¢, Y/")dl (7.60)

Yy = Ro.
Then,

L2
t<T n — +oo

Proof: The existence and uniqueness of Y follows because a,b are Lipschitz with
linear growth.

The proof of the convergence is classical: it relies on BDG and Jensen’s inequal-
ities together with Gronwall’s lemma. ]

7.4. Tightness of the approzimating sequences of processes related to Sections / and
5. Before stating a tightness criterion for our family of approximating sequences we
need to express the classical Theorem of Kolmogorov-Centsov, stated in Theorem
4.10, Chapter 2 in Karatzas and Shreve (1988), taking into account Remark 4.13.

Proposition 7.9. Let r € N*. A sequence (Py,)n>0 of Borel probability measures
on C" is tight if and only if

lim sup P, {weC" | |wo| > A}) =0, (7.61)
eN

A—r+00 p

o V(e,s,t) € RY x [0,T] x [0,T7,

li P, ({w e C" —ws|>e})=0. 7.62
it sup (fw | L |we — ws| > €}) (7.62)
[t—s|<8

The following tightness result will be used in the proofs of Theorems 4.1 and 5.1.
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Lemma 7.10. Let K : R — R be bounded and Lipschitz. For n € N, let A,, :
[0,T] x RT x R — R be uniformly bounded in n. We consider Borel functions
@, : [0,T] x RTx R — R¥>*P g, :[0,T] x RY x R — R?, which have linear
growth with respect to (y, z) (uniformly with respect to time t), with rates uniformly

bounded in n. We also consider a tight sequence (CF) of probability measures on
Re. Let (Y™, uy,) be solutions of

AY" = (6, YY" un(t, Y{")dWe + gn(t, Y/ un (8, Y)"))dt
Un(t,2) := [o0 K(2 — Xy (w)) exp {f(f A (r, X (w), wn (1, Xr(w)))dr} dm™(w)
my, = L(Yy),

(7.63)

where for alln € N, Y" is a r.v. distributed according to (§.
Then, the family (1/” =LY u,(,Y"™)), n> 0) is tight.

Remark 7.11. In the proof below we will make use of the following classical state-
ment, which can be established easily with the help BDG and Cauchy-Schwarz
inequalities.

Let ® : [0,7] x RY — R¥P and § : [0,7] x R? = R? be Borel functions with
linear growth in the second variable (uniformly with respect to the time variable).
Let Y be solution of the SDE

t

t
Y=Y, +/ &)(S,Ys)dWs JF/ g(s,Ys)ds,
0 0

where W is a p-dimensional Brownian motion. Then, for every k£ > 1, there is a
constant C' only depending on the linear growth rate and constant of ® and g such
that

E ((Y; - Y.)**) < ClJt — 5", Vs,t € [0,T].
Proof: 1f we indicate by P, the law of (Y, u™(-,Y™)) we bound the Lh.s. of (7.61)
as follows:
P, ({w € C™ |wo| > A})
P{](Yg", w™(0,Y5")) > A})

< BT+ e (0,Y3)] > A
< BUIYET > 5+ B 0,55 > )
< GUreR) > TN +RAAO.Y) > 2. (764

Let us fix € > 0. On one hand, ({J) being tight there exists a compact set & of
R? such that sup (J(RS) < e. Then, there exists Ac > 0 such that {z € R?| |z| >
neN

22} C R¢ which implies
AE n c
sup (' ({z € RY| 2| > 5 ) Ssup (oK) e
neN neN

On the other hand, by item 2. of Remark 3.1, |u™| is uniformly bounded by
Mg exp(MAT). Consequently, for all A > 2M exp(MT),

B({1u"(0,Y§)] > 3)) = 0. (7.65)
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Consequently for A > max(\., Mg exp(MAT)), we get
sup P, ({w € CHY wo| > A}) < e (7.66)
neN
Taking the limit when A goes to infinity, we finally get inequality (7.61) since € > 0
is arbitrary.

It remains to prove (7.62). We will make use of Garsia-Rodemich-Rumsey Theo-
rem, see e.g. Theorem 2.1.3, Chapter 2 in Stroock and Varadhan (2006) or Barlow
and Yor (1982). We will show that, for all 0 < s < ¢t < T, there exists a positive
real constant C' > 0

E[Yy" = Y * + Jun (8, ") = un(s, V)] < Clt — s, (7.67)
where C' does not depend on n. Suppose for a moment that (7.67) holds true.
Let € > 0 fixed. Let § > 0. If P,, denotes again the law of (Y™, u"(-,Y™)), the
quantity

P,({weC | sup |wi—ws|>e}) (7.68)

(s,t)€[0,T]2
lt—s|<5

intervening in (7.62) is bounded, up to a constant, by

P( max (V" =Y+ |u"(t,Y") —u"(s, Y|} > ) . (7.69)
(s,t)€[0,T]?
lt—s|<s
Let us fix v €]0, i[ By Garsia-Rodemich-Rumsey theorem, there is a sequence of
non-negative r.v. I'" such that, a.s.
sup E[(T™)4] < oo
neN

(s,t) € (0,71, [V = Y|+ [u"(t, V") —u"(s, Y < Tt —s[". (7.70)
If |t — s| <6, (7.70) gives
max {|V/" — Y[ 4 [u"(t, V") —u" (s, Y[} < T™07 (7.71)

(s,t)€[0,T72
l{—s|<s

By (7.71) and Chebyshev’s inequality, for any n € N, the quantity (7.68) is bounded
by
P(I"§Y >¢e) = PI">ed™ )
ot
S 574’
for any n € N. Since § > 0 is arbitrary, (7.62) follows. To conclude the proof of
the lemma, it remains to show (7.67). For this, let 0 < s <t < T. We have first to

bound E[|Y;* — Y*|*].
~ We set Bu(t,y) = Plt,y,un(t,9)), Gn(t,y) = gn(t,y, tn(t,y)). Let Lo (resp.
L,) denote the uniform linear growth rate of ®,, (resp. g,), by item 2. in Re-
mark 3.1, we see that ®,, (resp. §,) have uniform linear growth with rate Lg (1 +
max(Ly, Mg )eMsT) (vesp. Ly(1 + max(Lg, Mg )eMrT)). Consequently by Re-
mark 7.11, for every k > 1,

E[lY; =Y < Ot — s, (7.72)
where the constant C’ does not depend on n and only depends on I~1q>, f/g, Mg, Mg,
My, Ly, k,T.
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Regarding the second expectation in (7.67), we get
n n 4 n
Ellun(t, V") — un(s, Y] = /C (X)) — uns, X, (@)) " (@)
(7.73)
< 8(L+ 1),
where
I = / (n (t, X1 (w)) = tn (5, Xo(w)))  dm™ (w)
¢ \ (7.74)
L= / (tn (5, Xt () — tn (5, Xa(w))) dim (w) |
c
On one hand, for all z € R?,
|t (E, ) — wpn (s, )]

- ‘IE {K(m —Y;")eh An“er“'»un(nYr”))dT}_ E [K(x —Ym)els AAnﬂ%w(nYﬁ))dr}

< » |K(z — Xi(w)) — K(x — Xs(w))| exp (/0 A (1, Xy wp (7, Xr))dr> dm™(w)

+ » K(z — Xs(w)) ‘exp (/Ot A (ry X (W), (r Xr(w))> dr

= o ([ A X X)) | )

By (2.7) and (7.72) (with k = 1) together with Cauchy-Schwarz inequality, this is
lower than

Ly exp(MaT) /c X)Xy (@)ldm" (@)

i /StAn(r,Xr(w),un(an(w)))dr‘dmn(w)

< (Lx exp(MAT)VC' + My exp(MAT)MAVT) /|t — s,
where M is an upper bound of K. This implies

I fcd |un(t, X¢(w)) = tn(s, Xe(w))|*dm™ (w)
(L exp(MAT)VC" + My exp(MAT)MyVT)* |t — s]? .
(3.2) in item 2. of Remark 3.1 implies

I, = fcd [tn (8, Xe(w)) — un(s, Xs(w))|*dm™(w)
< Lg exp(MAT) [oa | Xi(w) — Xo(w)[*dm™ (w)
< L exp(MAT)C'|t — s|?
where the second inequality comes from (7.72) with k = 2.
Coming back to (7.73), we have [I; + L[ < C"'|t — s|? with C”" a constant value

depending only on T, Lo, Ly, ma, mg, Ma, Mg, Lg,T. This enable us to conclude
the proof of (7.67) and finally the one of Lemma 7.10.

+ Mg exp(MAT) /

IN I
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