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Abstract. This article studies the dynamics of a nonlinear dissipative reaction-
diffusion equation with well-separated stable states which is perturbed by infinite-
dimensional multiplicative Lévy noise with a regularly varying component at inten-
sity € > 0. The main results establish the precise asymptotics of the first exit times
and locus of the solution X € from the domain of attraction of a deterministic stable
state, in the limit as ¢ — 0. In contrast to the exponential growth for respective
Gaussian perturbations the exit times grow essentially as a power function of the
noise intensity as ¢ — 0 with the exponent given as the tail index —a, o > 0,
of the Lévy measure, analogously to the case of additive noise in Debussche et al.
(2013). In this article we substantially improve their quadratic estimate of the small
jump dynamics and derive a new exponential estimate of the stochastic convolu-
tion for stochastic Lévy integrals with bounded jumps based on the recent pathwise
Burkholder-Davis-Gundy inequality by Siorpaes (2018). This allows to cover per-
turbations with general tail index o > 0, multiplicative noise and perturbations of
the linear heat equation. In addition, our convergence results are probabilistically
strongest possible. Finally, we infer the metastable convergence of the process on
the common time scale t/e* to a Markov chain switching between the stable states
of the deterministic dynamical system.

Received by the editors February 19th, 2018; accepted April 27th, 2019.

2010 Mathematics Subject Classification. 60H15, 60G51, 60G52, 60G55, 35K05, 35K91,
35K55, 37D15, 37L55.

Key words and phrases. Small noise asymptotics, first exit times, first exit location, metasta-
bility, nonlinear reaction-diffusion equation, a-stable Lévy process in Hilbert space, multiplicative
Lévy noise, regularly varying noise, stochastic heat equation with multiplicative a-stable noise,
multiplicative stochastic Chafee-Infante equation.

Research supported by FAPA grant “Stochastic dynamics of Lévy driven systems” at Facultad
de Ciencias, Universidad de los Andes, Bogoté, Colombia.

665


http://alea.impa.br/english/index_v16.htm
https://doi.org/10.30757/ALEA.v16-24
https://matematicas.uniandes.edu.co/~ma.hoegele/index.html

666 M. A. Hogele

1. Introduction

This article solves the asymptotic first exit problem from the domain of attraction
of a stable state in a generic class of scalar dissipative reaction-diffusion equations
subject to small multiplicative regularly varying Lévy noise, such as small multi-
plicative a-stable noise. More precisely, the asymptotic first exit time and locus,
as the noise intensity € tends to 0, are determined completely.

The first exit problem of a randomly perturbed dynamical system from the
domain of attraction of a stable fixed point in the limit of small noise intensity has
a long history in finite dimensions for Gaussian perturbations going back to the
works of Cramér and Lundberg and giving rise to the edifice of large deviations
theory and the associated Freidlin-Wentzel theory. We refer the reader to the
classical works Kramers (1940); Freidlin and Wentzell (1970); Day (1983, 1996);
Deuschel and Stroock (1989); Freidlin and Wentzell (1998); Dembo and Zeitouni
(1998); Berglund and Gentz (2004); Bovier et al. (2004) and the references therein.
In infinite dimensions this problem was studied for the infinite dimensional Wiener
processes for instance in Faris and Jona-Lasinio (1982); Freidlin (1988); Brassesco
(1991, 1996); Berglund and Gentz (2013). It is a characteristic feature of small
Gaussian perturbations that the first exit times grow exponentially as a function
of the inverse of the noise intensity, with the prefactor in the exponent given as the
solution of an optimization problem. The convergence of the suitably renormalized
process to a Markov chain Kipnis and Newman (1985); Galves et al. (1987) and its
connection between the metastability and the spectrum of the diffusion generator
are treated in Kolokol'tsov and Makarov (1996); Kolokol’tsov (2000); Bovier et al.
(2005, 2004); Berglund and Gentz (2010). In the context of regularly varying Lévy
jump noise perturbations, however, the perturbed process exhibits heavy tails and
therefore lacks the necessary exponential moments for a large deviations principle
(cf. Sato, 1999; Applebaum, 2009).

The first exit problem for dynamical systems perturbed by small a-stable or
more generally regularly varying Lévy perturbations was addressed in different
settings in a series of works. After the early work of Godovan’cuk (1981) on a
large deviations principle in Skorohod space the first exit times problem is solved
in one dimension for additive a-stable noise in Imkeller and Pavlyukevich (2006).
The authors introduced the following purely probabilistic proof technique also used
and extended in this article, which we sketch briefly:

Given an a-stable noise perturbation edL the first step is the choice of an e-
dependent jump size threshold p®, which decomposes the driving noise into the
sum ed€® + edn®, £° being an infinite intensity process with jumps bounded from
above by the threshold p® and thus exhibiting exponential moments and 7° the
compound Poisson process of jumps bounded from below by the threshold. As-
suming that ep® tends to 0 as € tends to 0 and taking into account that £° has
exponential moments, it does not come as a surprise that up to the first large com-
pound Poisson jump of 7°, the process €£° is very small. Hence the resulting flow
decomposition of the strong Markov solution X< yields that up to the first jump of
en®, the process X¢ remains close to the deterministic solution with overwhelming
probability. Therefore in the vast majority of cases it cannot cause the exit from the
domain of attraction. Due to the Morse-Smale property and the choice of the noise
decomposition the convergence of the deterministic solution to a small ball centered
in the stable state is faster than the first large jump time. As a consequence, the
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first large compound Poisson jump starts from close to the stable state and yields
an exit probability of the first large jump in terms of the tail of the Lévy measure.
The strong Markov property propagates this exit scenario to all independent wait-
ing time intervals between the large jumps. The exit is hence caused with very high
probability by the first successful attempt of a large jump to exit. The resulting
geometric exit structure of the exit times happens at a rate given by the tail decay
of the Lévy measure governing the large jumps which in the case of regular vari-
ation is of polynomial order. In Pavlyukevich (2011) the author shows this result
for gradient systems in any finite dimension and multiplicative noise; in particu-
lar, he derives an exponential estimate for small deviations from the deterministic
system. He obtains exponential estimates for the small noise components, however
his treatment of the small jump component depends on the dimension of the driv-
ing noise and is not suitable in infinite dimensions. In Hogele and Pavlyukevich
(2014) the results are generalized to the non-gradient case in finite dimensions, in
addition the convergence in law of the first exit locus is proved. The well-posedness
of reaction-diffusion equations in infinite dimensions in a generic setting is estab-
lished in Peszat and Zabczyk (2007); Marinelli et al. (2010); Marinelli and Réckner
(2010a,b); Brzezniak et al. (2018). In the infinite dimensional situation summarized
in Debussche et al. (2011) and explained in detail in Debussche et al. (2013) the
authors consider the first exit times of the Chafee-Infante equation perturbed by
small additive regularly varying noise. Their treatment of the small noise dynamics
remains elementary with quadratic deviation estimates and precisely for this reason
only allows for tail indices —a for 0 < o < 2 there.

This article provides a substantial extension of these results in several direc-
tions. We extend the scope of the deterministic forcing of Debussche et al. (2013)
to a general class of weakly dissipative non-linear reaction terms over an interval
with Dirichlet boundary conditions for which the system retains the Morse-Smale
property of the deterministic system. The most important cases covered here are
dissipative polynomials of odd order, such as for the Chafee-Infante equation, and
the linear heat equation. Our results are stated for the Laplace operator with
Dirichlet conditions on the Sobolev space H} over the standard interval [0, 1]. We
expect the results to hold true for any unbounded operator with negative point
spectrum A which generates a generalized contracting analytic semigroup. How-
ever, we use the Morse-Smale property of the deterministic dynamical system in Hg
as well as the smoothness of the separating manifold of the domains of attractions,
and to our knowledge these results are not readily available in the literature for
general spaces D(A?).

The generalizations of the type of stochastic perturbations are twofold. In the
first place we study multiplicative noise coefficients as opposed to Debussche et al.
(2013). They are the original motivation of this article and make it necessary to
consider the first exit problem localized on large balls. Consequently we get rid
of the rather strong point dissipativity of the deterministic dynamical system, and
also treat the important new example of the linear heat equation subject to additive
and multiplicative a-stable noise.

Secondly, we lift the rather strong restriction of a tail index 0 < a < 2 in
Debussche et al. (2013) with the help of an exponential estimate of the stochas-
tic convolution for multiplicative Poisson random integrals with bounded jumps.
It combines the recent pathwise estimate of the stochastic convolution in Salavati
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and Zangeneh (2016) and the pathwise Burkholder-Davis-Gundy inequality in Sior-
paes (2018). Since multiplicative noise necessarily leads to working with stopped
processes, the non-pathwise estimates of the stochastic convolution available until
then were rather difficult to implement. With these new powerful tools at hand
an almost sure estimate in the exponent of an exponential moment yields a lift of
the right side of the Burkholder-Davis-Gundy inequality to the exponent, which is
estimated with the help of a Campbell type formula for the Laplace-transform of
Poisson random integrals. Our estimates are rather direct and avoid the adaption
of the technically charged large deviation theory introduced by Budhiraja and col-
laborators; see for instance Budhiraja et al. (2013); Budhiraja and Nyquist (2015);
Budhiraja et al. (2016). In comparison to those works we construct explicitly (on
the same probability space as the driving noise) a completely understood model of
the first exit times and locus respectively to which the original objects converge.
Our convergence results are optimal in a probabilistic sense, in that we obtain ex-
ponential convergence up to all exponents strictly less than 1, while the limiting
object does not have exponential moments of order 1. The same applies to the con-
vergence of the first exit locus, which is essentially a geometric mixing of deformed
large jump increments of the noise. Those increments with tail index —a, o > 0,
have moments of order 0 < p < « and we show convergence in any such LP-sense
towards the limiting object. Finally we infer metastability in the sense of Imkeller
and Pavlyukevich (2008) and Hogele and Pavlyukevich (2015) as a corollary.

The article is organized as follows. In Section 2 we present the general setup,
the specific hypotheses, the main results and examples. The proof relies on the
mentioned e-dependent distinction of large and small jump perturbations. In Sec-
tion 3 we prove an exponential error probability estimate on the smallness of the
stochastic convolution between large jumps and its pushforward to the nonlinear
equation. In Section 4 we use the preceding result which yields an asymptotic com-
pound Poisson noise structure that essentially contains only large jumps. With the
help of the strong Markov property and tailor-made event estimates we identify
the asymptotic first exit mechanism of the solution of the fully perturbed nonlinear
equation.

2. The object of study and the main result

Notation: For J = (0,1) we consider the Sobolev space H := H}(J) equipped with
the inner product ((z,y) = (Vz,Vy) for z,y € H and the norm ||z|| = ((z,z)2,
where (-,-) is the inner product in L2(J) with |z| = (z,2)2. Let Co(J) be the
space of continuous functions z : J — R with (0) = z(1) = 0 equipped with the
supremum norm | - |«. Since |z| < |2|oo < ||| for £ € H we have the embeddings
H < Co(J) = L*(J), in particular, |z| < Ag||z| for all z € H and the Sobolev
constant Ag > 0.

2.1. The underlying deterministic dynamics.

The unperturbed PDE. The object of study is the effect of random perturbations
of the deterministic dynamical system given for any ¢ > 0 as the solution map
x — u(t; z) of the following nonlinear reaction-diffusion equation over the interval
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J with Dirichlet boundary conditions. We consider
0
au(t’ C) = Au<t7 C) + f(u(t, C))
with  w(t,0) =u(t,1) =0 and u(0,(;z) = z((),

fort > 0, 2 € H and ¢ € J, where the non-linearity f € C?(R,R) satisfies the
growth condition

(2.1)

limsup f'(r) < Ao. (2.2)
|r]—00
This equation has unique and well-posed weak and mild solutions in L?(J) and H
(cf. Temam, 1997; Debussche et al., 2013). The solutions are most regular for any
t > 0and x € L2(J), that is, u(t;z) € C>(J) N Co(J).

Remark 2.1. In case of f(r) = nggl bjrd with by, < 0 for n € N it is well-known
in the literature Rocha (1988); Henry (1985); Hale (1997) that for a generic choice
of (bg,...,b,) € R that is, up to a nowhere dense set, the dynamical system
generated by (2.1) is of Morse-Smale type. In other words, there is a finite number
of fixed points, all of which are hyperbolic and whose stable and unstable manifold
intersect transversally. The paradigmatic example of the Chafee-Infante equation
is studied in Chafee and Infante (1974/75); Henry (1985) where f(r) = —a(r® — ),
r € R, whenever a > 72 and a # (7n)?, n € N. Since all finitely many equilibria are
elements of H C L*°(J), the Morse-Smale property only involves f on a bounded
set. On bounded sets a general function f € C?>(R,R) is approximated in C?-norm
by polynomials and the generic Morse-Smale property is inherited by f.

The deterministic dynamics: It is well-known that the solution of equation (2.1) has
the nonnegative potential function V(z) = [, ((Va(¢))? + F(2(¢)))d¢ on H where
F(r) = f:ﬁ f(s)ds for some rg. Therefore, equation (2.1) reads as the gradient
system

0

P
The level sets of V are bounded in H and positive invariant under the system (2.1).
For r > 0 set

U :={z e H|V(z) <dr)},

d.(r) == inf{s > 0] B,(0) SV'0,5]}  and d(r) = sup ]| (2:3)

(t, () = —(DV)(u(t,()) with  w(0,¢;2) =2(¢) forx € H.

As a consequence, V serves as a Lyapunov function and yields the following result
(cf. Henry, 1981; Hale, 1997).

Proposition 2.2. Denote by P C H the set of fized points of (2.1). Then we have
0 < |P| < oo and for any x € H there exists a stationary state ¢ € P of the system
(2.1) such that limy_,o u(t; z) = .

For ¢ € P we define the domain of attraction D(¢) := {x € H|lim;_, u(t; z) = ¢}.
The set of stable states is the subset P~ of all ¢ € P such that D(¢) contains an
open ball in H. For ¢* € P7, 1 < ¢ < |P~|, we denote its domain of attraction
D' = D(¢") and the separating manifold between them by S := H \ J, D*. For a
generic choice of coefficients the Morse-Smale property implies that S is a closed
C'-manifold without boundary in H of codimension 1 separating all elements of
(D*)4.ep- and containing all unstable fixed points P\ P~ (cf. Raugel, 2002).
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Reduced domains of attraction: Note that f : H — H is locally Lipschitz continu-
ous. For any subset D* C D* with C' boundary, such that A+ f on D" is uniformly
inward pointing we have
| Av+ f(v)
K1 = inf n'(v), —————) >0, 2.4
! vE@D"ﬁcg(I)« (v) |Av + f(v)]] ) (24)

where n‘(v) is the normalized inner normal at the foot point v € dD* and the space
C3(I) = C3(I) N Co(I). In the sequel we define the following nested reduced domains
of attraction of D* in order to formulate the nondegenericity of the noise perturba-
tions in Hypothesis (S.4) below. Fix a radius Ro > 0 such that P C Bg,/2(0) and
U N ID* # () for all ¢* € P~. We define for §; > 0,7 =1,...,3, R > R and G
the function appearing in (2.9) below the following reductions of D*:
D{(R) := D' nU¥,
D3(61,R) :={x € Di(R) | Bs,(x) € Di(R) },

D(61,02,R) == {2z € D5(61,R) | (] {v+G(v,2)} C D5(61,R) }.

vEBs, ()

(2.5)

For convenience we set D4(d1, R) := D4(61, 01, R). The reduced domains of attrac-
tion are nested by construction and D' = Ugsr, se(0,1) P3(0,R) (cf. Debussche
et al, 2011). For any R > 0 and § € (0,d¢], dp € (0,1] sufficiently small, the
reduced domains of attraction D4(6, R) (and D5(8,R)) are positive invariant under
the dynamical system (2.1) due to the uniformly inward pointing property of f on
oD".

Proposition 2.3. For any choice of f such that (2.1) is Morse-Smale, D* C D*
with D' € C' satisfying (2./) and R > R there exists a constant ko > 0 which
satisfies the following. For any function 4. : (0,1] — (0,1) with lim._,qv. = 0 there
is a constant g9 € (0,1] such that for each € € (0,&0] the conditions t > ro|In(ve)|
and x € D{(R) imply ||u(t;z) — ¢*|| < 4. In addition, (2.1) is Morse-Smale if
and only if the equilibrium points are hyperbolic.

This result is based on the existence of a Lyapunov function, the uniform inward
pointing property of f on D" and the hyperbolicity of the fixed points. In De-
bussche et al. (2011) it is shown for a stronger form of approximation for the
Chafee-Infante equation. Its generalization is straightforward. The second part of
the statement is given by Theorem 2.2.1 in Hale (1997) and the references therein.

2.2. The stochastic reaction-diffusion equation.

The Lévy driver: Given a filtered probability space © = (Q, A, P, (F;)i>0) satis-
fying the usual conditions in the sense of Protter (2004), let L = (L(t))i»0 be a
cadlag version of a Lévy process in (H,B(H)). We denote by My(H) the class
of Radon measures v on B(H) satisfying v(A) < oo for A € B(H) with 0 ¢ A.
The Lévy-Chinchine representation establishes a unique Lévy triplet (h, Q,v) with
h € H, a positive trace-class operator Q € Lj (H) and v € My(H) satisfying
v({0}) = 0 and [, (1 A [ly|*)r(dy) < oo such that the characteristic function
drt)(u) := E[exp(i{(u, L(t))))] has the exponent

t(i((h,u>>—%<(@u,u)>+/H (er€ws) —1—i((z,u)1{|]2| < 1})V(dz)>, weH, t>0.
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By the Lévy-Ito representation of L there exist a Q-Wiener process (Bg(t)):>0 and
a Poisson random measure N on € with intensity measure dt @ v(dz) on [0, c0) x H
such that [P-a.s.

L(t) = ht + Bg(t) + /ot/| < zﬁ(dsdz) + /ot/| o 2N (dsdz) (2.6)

for all t > 0, where N([a,b) x A) := N([a,b) x A) — (b—a)v(A) for a < b, A € B(H),
0 ¢ A is the compensated Poisson random measure of N. For a comprehensive ac-
count of Lévy processes in Hilbert spaces with refer to Peszat and Zabcezyk (2007).
In this study we set h = 0 and Bg = 0, since their exit contributions are asymp-
totically insignificant compared to the pure jump part, if v # 0.

The multiplicative nonlinearity is given as a map G : H x H — H which satisfies
the following standard boundedness and Lipschitz conditions. There are constants
K1, K5 > 0 such that

/ 1G (@, ) |2v(dz) < Ki(1+ [2]?)  forall z € H, 2.7)
B1(0)

|G (z1,2) — G(x2,2)|| < Ka|lz1 — 22| for all 1,29,z € H. (2.8)

The perturbed equation: We consider the formal stochastic reaction-diffusion equa-
tion for t > 0,2 € H,{ € J and ¢ € (0, 1]

dX°(t,¢) = (AX®(t, Q) + f(X°(t,€)))dt + G(X*(t—,(),edL(t,()) 9
2.9
with  X°(¢,0) = X°(t,1) =0 and X°(0,¢) = z(Q),

where
G(X*4(t,¢),edL(t,Q)) =

= G(X(t—,(),ez(¢))N(dtdz) —|—/ G(X(t—,(),ez(¢))N(dtdz).
|z|<1 |z|>1

Proposition 2.4. Assume the setting of Subsection 2.1, in particular, the growth
rate (2.2) for f € C?>(R,R) and the conditions (2.7) and (2.5) of G. Then for
any mean zero cadlag L*(P; H)-martingale & = (£(t))i=0 on , T > 0, and initial
value x € H, equation (2.9) driven by edf instead of edL has a unique cadlag mild
solution (X°(t;x))iecjo,r). The transition kernels of the solution process X© induce
a homogeneous Markov family satisfying the Feller property and hence the strong
Markov property.

The proof relies on the local Lipschitz continuity and the dissipativity of f : H — H.
A proof for dissipative polynomials f is given in Peszat and Zabezyk (2007), Chapter
10, and for the Chafee-Infante equation in Debussche et al. (2013) and can be
extended to our situation straightforwardly. By interlacing of large jumps, this
notion of solution is extended to the heavy-tailed process L, as carried out in
Peszat and Zabczyk (2007), Subsec. 9.7, pp.170.

Corollary 2.5. For x € H and € > 0 equation (2.9) has a unique global cadlag
mild solution (X¢(t;x))i>0 which satisfies the strong Markov property.



672 M. A. Hogele

2.3. The specific hypotheses and the main results.

We fix the standing assumptions of Subsection 2.1 and 2.2 and impose the following
additional conditions.
Hypotheses:

(D.1) The function f is generic in the sense that the solution flow of (2.1) defines
a Morse-Smale system. In addition, we assume 2 < |P~| < oo.

(D.2) The function f satisfies the eventual monotonicity condition (2.2).

(D.3) We fiz a subset D* C D* with C'-boundary such that the operator A + f is
uniformly inward pointing on OD" in the sense of (2.4).

(S.1) There is a globally Lipschitz continuous function Gy : H — [0, 00) such that
1G(y, 2)| < Gi)llzll,  y,z € H.
(S.2) The Lévy measure v € Mo(H) of L is regularly varying with index —a,
a > 0, and limit measure p € Mo(H).

For a definition of regular variation see for example Def 3.44 in Debussche et al.
(2013). By Bingham et al. (1987) and Hult and Lindskog (2006) Hypothesis (S.2)
is equivalent to the existence of measurable functions h,¢ : (0,00) — (0, 00) such
that

. v(rU) . _

lim ———= =1 forany U € B(H) with 0 ¢ U,

r=o0 h(r)u(U)
where h(r) = r~*¢(r) and ¢ is a slowly varying function. In other words, we have
lim, oo £(ar)/¢(r) = 1 for any a > 0. We define the set of increment vectors z € H
sending « € H to the set U € B(H) as

JY(x):={z€ H|z+G(z,2) €U}, r € H.
For any ¢* € P~ we denote the measure m*(U) := u(JY(¢")), U € B(H) with
0 ¢ U, and the scale h. := h(1) for € € (0,1].
(S.3) For all * € P~ and R = Ro we have m*((D* NUR)®) > 0.

(S.4) For D" in (D.8) and all n > O there are 6 > 0 and R > Ry such that
m* (D" \ D5(0,R)) < n.

Hypothesis (S.3) states that asymptotically there is some non-vanishing mass for

large jumps to exit, while (S.4) codes the nondegeneracity of the limiting Lévy

measure on the boundary dD*, in order to allow for the approximations of D* by
D5(6,R) in terms of m*.

(S.5) For any n > 0 and ¢ there are sets D* C D* satisfying (D.3) as well as § > 0
and R > Ry > 0 such that

m*(H\ | J D5(6,R)) <.

Hypothesis (S.5) is a uniform version of (S.4) for all domains of attraction D*.



The first exit problem of reaction-diffusion equations for small Lévy noise 673

The first exit time result: For v,e € (0,1], R > R, = € D5(¢?,R) and the
cadlag mild solution (X°(¢;x))i>0 of (2.9) we define the first exit time from the
reduced domain of D"

Ti(e,R) :=1inf{t > 0 | X°(¢t;x) ¢ D5(e7,R)}.

We define the characteristic exit rate AL of system (2.9) from D* by

1 LyC
AL = y(gjw ) ((b‘)), e € (0,1]. (2.10)
Then (S.2) implies 2—2 = EQZ‘EL) iy m*((D*)¢). Our asymptotic exit time result

reads as follows.

Theorem 2.6. Let Hypotheses (D.1)-(D.3) and (S.1)-(S.4) be satisfied for some .
Then there is an EXP(1)-distributed family of random variables (s'(€))eec(0,1] on
Q satisfying the following. For any ¢ > 0 and 6 € (0,1) there are R > Ry and
€0,7 € (0,1] such that ¢ € (0,gq] tmplies

sup  E[efPemERI=s @l <14 ¢
z€Ds5(e7,R)

Therefore, we have the convergence of all moments
lim E[|AL7s(e, R)|"] € [n! — ¢, n! + ]
e—0

uniformly in D(e7,R) and the following polynomial behavior

1—c 1—|—C]C[ 1-2¢ 1+ 2c
~ e l(2)mH((DY)e) e (2 )mH((DY)e)

sup E|7;(e,R)| € ,
zeD4(e7,R) [ ( )} [ )‘é )‘é

B

where the supremum can be changed to the infimum.

In terms of Brassesco (1996) the memorylessness of s*(¢) describes the “unpre-
dictability” of the exit times, however, with a “polynomial” loss of memory as op-
posed to a “exponential” loss of memory in the case of Gaussian perturbations.

The first exit locus result: For the statement of the main result about the exit
locus we write AL := L(t) — L(t—), t > 0 for L given by (2.6). For some p € (0,1)
and ¢ € (0, 1] we define large jump arrival times of L by

To(e) :=0,  Tip(e):=inf {t > Th_i(e) | |AL| >}, k=1,  (211)

and large jump increments by Wy (e) := Ap, o)L, k € N. The family (Wi(e))ren is

iid. with

V(U N B2, (0))
fe ’

where . := v(B;_,(0)) satisfies

P(eWi(e) e U) = U e B(H),

Pe

ey HBHO).

We drop the e-argument of Tj, and Wj. The asymptotic exit locus result theorem

reads as follows.

Theorem 2.7. Let Hypotheses (D.1)-(D.3) and (S.1)-(S.4) be satisfied for some ¢.
Then there is a family of random variables (8 (€))cc(0,1) on Q with &' (e) being
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GEO()L/B:) distributed and satisfying the following. For any ¢ >0 and 0 < p < «
there are R = Ro and v, p,eo € (0,1] such that € € (0,e9] implies

sup B[ X*(ri(e, R)s) = (6 + G(o',eWao) 7] < e
z€D4(e7,R)
For any ¢ > 0 there are R > R and v, p € (0,1] such that for any U € B(H) with
m*(U) > 0 and m*(0U) = 0 there is g9 € (0, 1] such that ¢ € (0, ] yields

mt(U N (DY) _

sup ‘P(XE(T;Q(&R)W) el) - m((D")°) =

xeD5(e7,R)

The metastability result: Under Hypothesis (S.5) we have a good approxima-
tion of D* by sets D4(d, R) with inward pointing A + f at its boundary in the sense
of (2.4). Hence the exit rate € — AL = ¢*/(1/e)m*((D")¢) asymptotically depends
on ¢ only by a prefactor and the process X¢ converges on the common (polynomial)
time scale ¢/(e*¢(1/¢)) to a continuous time Markov chain whose transition prob-
abilities from D* to D" only depend on the values (m*(D")), 1 < k < |P7 |,k # ¢.
This behavior is typical for regularly varying Lévy noises such as a-stable noise
Imkeller and Pavlyukevich (2008); Debussche et al. (2013); Hogele and Pavlyuke-
vich (2015) and differs strongly from the Gaussian case (see in particular Galves
et al., 1987). In the introduction of Hogele and Pavlyukevich (2015) it is explained
in detail how this behavior corresponds to the degenerate Gaussian case where the
time scales are comparable which occurs if and only if the potential barriers are all
of exactly the same height. The asymptotic metastability result reads as follows.

Corollary 2.8. Let Hypotheses (D.1)-(D.3), (S.1)-(S.3) and (S.5) be satisfied.
Then there exists a continuous time Markov chain M = (My)y>o with values in P~
and infinitesimal generator G for p = |P~| given as the matriz

—m! ((Dl)c) m!' (D?) ... m!(DP)
G = : : , (2.12)
m? (DY) o mE(DEY) e (DY)
and a constant v > 0 such that for any R > Ry, T > 0 and = € Di(v, R),
_ . d )
1 < ¢ < [P, we have (X (WW))te[O,T] — (My)¢ejo,r) in the sense of
convergence of finite-dimensional distributions.
The proof of this result is an analogous construction as in Hogele and Pavlyuke-

vich (2015) and does not depend on the fact that the system is infinite-dimensional
and follows in a fairly straightforward manner.

2.4. Ezxamples.

2.4.1. The Chafee-Infante equation with multiplicative stable noise.

We consider equation (2.1) for f(r) = —a(r® —r), r € R, where a > 72 and
a # (mn)? for all n € N. The respective deterministic dynamical system is a
well understood Morse-Smale system and has two stable states ¢*, . € {4, —} with
domains of attraction D*, see Hale (1997); Henry (1981).
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The stochastic perturbation of interest is an H-valued symmetric a-stable Lévy
process L(t) = fot szH<1 2N (dsdz) + fot sz”>1 2N (dsdz) with characteristic triplet

(0,0,v), where v(dz) = ig‘iﬁ), a€(0,2), r=|z|, 2 = z/||z|| and o is a symmetric
Radon measure on 9B (0) C H. The characteristic function has the special shape
¢ty (u) = exp(—tcq||ul|*) for some ¢, > 0. This Lévy measure is selfsimilar in the
sense that v(rA) = r~°v(A) for r > 0 and A € B(H) with 0 ¢ A. In other words,
it is regularly varying with index —« and has the limiting measure p = v. We take
G(z,z) = ||z|2.

Then the H-valued mild solution of the Chafee-Infante equation with multiplicative
a-stable noise

dX7(t) = (AX®() — a(X=(£)® — X=(¢)))dt + e]| X=(£) | dL(t)

has the following first exit times and locus behavior from a set D = D* C D* with
inward pointing vector field A 4 f in the sense of (2.4). For any ¢ > 0 there are
R > 1 and &g, € (0,1) such that e € (0, o] implies

1
sup Elri(e,R)| € —————[1—¢, 1+ (]
zeD4(e7,R) [ ’ ] EQV(Wi”DC - (b)

and for any U € B(H) with u(mU —¢) >0 and V(”%)”(Q)U — ¢) = 0 we have
V(2 (UN D) -6
sup P(X®(mz)eU)e (et (1 ) )

zeDy(e7,R) V(WDC - 9)

[1—¢c 1+,

where 7 = 74(g, R). Our results also cover the exit times result of the additive case
given in Debussche et al. (2013). In addition, the continuous time Markov chain
M constructed in Corollary 2.8 is switching trivially between the states {¢™, ¢~}

and (X¢(ZX;2))eo,m) N (M¢)iep0,) in the sense of Corollary 2.8.

2.4.2. The linear heat equation perturbed by additive and multiplicative stable noise.

We consider the linear heat equation on H with Dirichlet conditions, that is, f = 0,
since the eigenvalues of the Dirichlet-Laplacian are strictly negative with upper
bound —Ag. The unit ball D := B;(0) C H is obviously positive invariant. As
in the previous example we treat perturbations by a symmetric a-stable process
(L(t))t>0. We consider the multiplicative coefficient G(z, z) = {( —v, z))v for some
0 # v € H, with ||v]| =1 fixed. For ¢ >0, t > 0 and = € D the equation

dX®(t) = AX(t)dt + e{(X°(t) — v,dL(t))v with  X*(0) =z,
has the following first exit times and locus behavior as ¢ — 0. We calculate the

exit increments using the half space in v direction, H(v) = {z € H | (z,v) > 0},
as follows

TP0)={ze H||(-v,2)] >1} = (H(v) +v) U (= H(v) —v).
Theorem 2.6 states that for any ¢ > 0 we find 9,7 € (0,1) such that € € (0, ]

implies

sup  E[r.(e)] € 1

S s S
2E€B1_ v (0) e*2v(H(v) +v) [ ]
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and Theorem 2.7 yields for U € B(H) with v(JY"P°(0)) > 0 and v(J2Y"P°(0)) = 0
] v (U0 (1) +0) U (= H(w) - v)))
meBSEI:w o P(X®(r;2) €eU) € 20 (H(0) + 1)

where 7 = 7, (¢). Note that our first exit results also cover the additive case, which
to our knowledge is also new in the literature for G(z, z) = z, with

1
E -
meBSEl; (0) ()] & e (D<)

V(U N Dc)
P(X*(r;2) €U) € i’
pen o XM € U) € =g

[1—¢14¢,

[1—¢c 1+, and

[1—¢,1+ ¢, where 7 = 7,.(¢).

3. Exponentially small deviations of the small noise solution

This section is devoted to a large deviations type estimate for the stochastic con-
volution between consecutive large jumps. It quantifies the fact that in the time
interval strictly between two adjacent large jumps the solution of (2.9) is perturbed
by only the small noise component and deviates from the solution of the determin-
istic equation by only a small e-dependent quantity, with a probability converging
to 1 exponentially fast as a function of the inverse noise intensity, 1/, as & — 0+.

Preliminaries and notation: In this section we fix the domain of attraction D = D*
of = ¢* and the invariant subset D = D* with D* € C' such that f is inward
pointing on dD. We drop all further dependencies on the index ¢. For a better
understanding of the role of the different scales we formulate and prove our results
for abstract scale functions

. NV : -
p :(0,1] = [1,00), E1_1)1514_,0 = 00, 51—1>%1+€p =0,
7.1 (0,1] = (0,1], Jim 7 =0, (3.1)
T :(0,1] = [1,00), lim T° = oo,

e—0+

before choosing them numerically in (3.30)-(3.33) below the statement of Proposi-
tion 3.3. We fix the following notation for abstract scales

To:=0, Ty:=inf{t>Ts1||AL|>p"} and Wy :=ApL, k=1 (3.2)

We define the compound Poisson process n° which consists only of large jumps
of L with intensity (. := v (Bf,g (0)) and the jump probability distribution by
P(Wy, € U) = v(UN B;-(0))/B:. Then

t e8]
0y = / / zN(dsdz) = Z Wilir,<ty, t=0.
0 Jlzl>pe o

The complementary small jumps process & := L; — n; has the following shape

t t
& :/ / zN (dsdz) —|—/ / zN (dsdz)
0 Jlzll<1 0 Ji<]lzll<p®
t B t
:/ / zN(dsdz)+/ / zv(dz)ds.
0 Jlzll<pe 0 J1<]lzll<p®
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The process £° has for any ¢ € (0, 1] exponential moments of any order due to the
uniformly bounded jump size and £° — tf1<|\z|\<pf zv(dz) is a mean zero (Fy)i>o-
martingale in H.

Denote by (S(t)):>0 the semigroup (e!2);0 on H. It is a generalized contraction
Co-semigroup satisfying several regularization properties. We refer for our special
setup to Debussche et al. (2013) p.13-14 and for general cases to Pazy (1983).

The i.i.d. family of EXP(S.)-distributed waiting times between successive large
jumps of 1 is given by to = 0 and ¢y := T}, — T)—1 for k > 1. We denote the process
L between the waiting times by ¢5%(¢) := Ly 7, _, — L, _, for t € [0,¢). Then
the i.i.d. families (tg)ren, (Wk)ren, (fg’k(t))te[o,tk),keN are independent. We call
Ye(t,¢;z) forallt >0, ¢ € J and € H the mild solution of

aYe(t,¢) = (AY(1,Q) + FY () ) dt + G(Y*(t=,C), ede? (1)),
with Y*(0,¢;2) = 2(), and Y*®(¢,0;2) =Y*(¢,1;2) =0.

(3.3)

In the following two subsections we derive all results on the stochastic convolution
w.r.t. to £ up to the hitting time of Y© leaving a large ball. We shall get rid of that
artificial time horizon in the proof of Proposition 3.4 by showing that the process
Y¢ at time o is strictly inside the large ball whenever the noise convolution is small.
For R > Rg, € € (0,1] and x € D3(v., R) we define the (F;);>o-stopping time

ol =0k (e) :=inf{t > 0| Y(t;z) ¢ U™} (3.4)
3.1. Exponential estimate of stochastic convolutions with bounded jumps.

In this subsection we show that for small € > 0 the stochastic convolution with
respect to G(Y¢(s—), ed€%(s)) is very small, i.e. of order < ~Z for some ¢ > 1, with
a probability which tends to 1 in terms of v. exponentially fast as long as Y¢ and
the stochastic convolution remain bounded by R. For the solution Y (¢; ) of (3.3)
with R > Ry, € € (0,1] and x € Da(7., R) we consider the multiplicative stochastic
convolution process

Uyt = /Ot St —s)G(Y*(s—;x),edE%(s))
- / / S(t— $)G(YE(5—:2), 22) N (dsdz)
o Jo<iol<pe

¢
+ / / S(t—s)G(Ye(s;2),e2)v(dz)ds =: D" + by".
0 Ji<]lz|I<p®
The process (U;");>0 is an (F;)¢>0-adapted cadlag process. For R > Ry, € € (0,1]
and z € Da(7y., R) we set
0% :=0% ,(e) :=inf{t >0 | U7 ¢ Uy and o= No* (3.5)

Proposition 3.1. Let the Hypotheses (D.1)-(D.3), and (S.1)-(S.2) be satisfied and
the functions p',~y. be given by (3.1) and fulfill for some q > 1 the limit relation

€\27e
limI'(e) =0 where I(e) := (ep ) 1"

e—0 T 7;1q+6 (3~6)
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Then for any R = Ro there is g9 € (0, 1] such that € € (0,e0] implies

sip P( sup U5 > 47) < 2exp(—(27.) 7). (3.7)
2€D32(v:,R) s€[0,0ATe]
Proof: The plan of the proof is as follows. First we get rid of the drift 6% (Step 0).
In order to control ®* we start with the exponential Kolmogorov inequality where
we introduce the free parameters A and x. We estimate the stochastic convolution
with the help of a result of Salavati and Zangeneh (2016) and derive an exponential
version of the Burkholder-Davis-Gundy inequality using the respective pathwise
result by Siorpaes (2018) (Step 1). Then we optimize over the free parameters and
use the Campbell representation of the Laplace transform of the quadratic variation
of Poisson random integrals and a Campbell type estimate shown in Lemma 3.2.
This allows for a comparison principle for the characteristic exponent of ¥=:* (Step
2) and allows to conclude (Step 3).

Step 0: Drift estimate. We show that for any R > Ry there is g9 € (0,1] such
that € € (0, 0] implies

1
sup sup b7l < 57?
te[0,0ATe]) 2€D2(v-,R)

We write Y(t) = Y¢(t;x) and recall Hypothesis (S.1). For g, := sup,¢y= Gi(x)
the triangular inequality and the norm estimate of the heat semigroup .S yield for
HAS D2 (’YE? R)

sup ||| < sup |/ /<| < S(t—s)G(Y (s—),ez)v(dz)ds||

t€[0,0] tel0,o0]

< / / 1S(t — $)G(Y (s-), 22)||w(dz)ds
el Jo Jicpaiicr
o sup / / e~ M=) ||y (dz)ds
te(0,0] 1<||z]|<p®

<eqr swp / IGRP / 2l (dz)
te[0,00) J 0O 1<]lz]|<p®

v(Bi(0
< (917( Alo( ))) ep® < Coep®.

Note that the right side is independent o and x. The limit (3.6) yields the existence
of a constant g € (0, 1] such that for € € (0,e0] we have ep® < 74/2Cj and hence
satisfies the claim.

Step 1: Exponential estimate of the stochastic convolution. Note that for
go of Step 0 and € € (0, 9] we get

@ o e ay o e
P(_ sup [ U;7) >0 <P sup B > ) +B( sup B > )
te[0,0ATe] te[0,0AT*e] 2 te[0,0AT*] 2

e Ve
=P( sup [|@7] > ).
te[0,0AT*] 2
Kolmogorov’s exponential inequality yields with a free parameter 9 > 0 reads

g e 0 e
P( sup [P, |I>3)<exp(—193)E exp(J sup [|®;7])]- (3.8)

te[0,0ATe] te[0,0ATe]
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For Mt(l) = fot f0<|\z|\<pf G(Y (s—;x),e2)N(dsdz) the process (Mt(/l\zf)@o is an
(Ft)t=o-martingale. The pathwise estimate of the stochastic convolution in Salavati

and Zangeneh (2016) (Theorem 6) yields for any ¢ > 0 the following P-a.s. inequal-
ity (@5 = 0)

t
25> < 2 / e MU (@0, dM D))
0

+Y e (s — o

0<s<t

_ o—2hat (2 /O t /“ L, N G ), )N (dsdz)

> 2@, A,MWY)

[ e PN

< et (0| + M),

where
¢
anzg/"/ XMo@, G(Y (s—), 2) )N (dsdz),
0 Jlzll<p®
¢
MO = / / D05 | G(Y (5=), 2)[|2N (dsdz).
0 Jlzll<p®
Therefore
sup | 85°2 < sup e oM |+ sup e 2Moipr®) (3.9)
te[0,0AT*] te[0,0AT*] te[0,0AT*e]
Step 1a: We start with the first term in (3.9). Ito’s formula applied to e*2A0tMt(2)
gives
¢ ¢
e~ 2ot g2 = / e 2hos g2 — 2A / (e72Mos M (D) ds. (3.10)
0 0

The preceding identity (3.10) defines the following recursion. We replace the ex-
pression e~ 2205 M, §2) under the integral by the respective right-hand side
g y

t t
e_2A°tMt(2) _ / e—2Aos1dMS(12) _ 2/\0/ (6—2A031MS(12))0}81
0 0

t
= / e~ 2hosig 2
0
t S1 S1
+<—2A0)/ (/ €—2Aosszs(22)_2A0/ 6_2A032M‘9(22)d82)d81
0 0 0

t
= / e~ 2hosig )2
0

t S1 t S1
+HM//€%W%%+HMV/6%W%%M.
0 0 0 0
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Repeating this procedure k + 1 times an easy induction shows that for all k € N

e~ 2ot jr ) — Z/ / / / _oAy)e —2A0€edMs(£2+l)dse...d81
2A0 k+1/ / / 72Aosk+1 5k+1d5k+1 .dsy.

Cauchy’s formula for repeated integrals applied to the second term provides

t S1 Sk
oot [ [T [T et s

_ ’(—21\0) /Ot ((_QAOL(!t - 5))k€_2AsMS(2)ds’

k
< 2A0 /t Mds sup e 25| M),
0 k! s€[0,t]

Since sup,¢io 6_2AS|M3(2)| < oo P-a.s. we may pass to the limit as k¥ — oo and
obtain with the help of the monotone convergence theorem that

1imsup —2Ay) k+1/ / / _QAOS"MS(flldSkH ...dsy

k—o0

2A0(t —
< 2A¢ hmsup/ @ds sup e 2A“’|MS(2)| =0, P—as. (3.11)
k—oo Jo (k - 1)' s€[0,t]

Hence we have proved the represenation

,QAOtM(z) Z/ / / / QA ¢ 72Aosp+1dM§[2J)rld3e .dsy

For each of the summands we apply Cauchy’s formula for repeated integrals

/ / / / —2A¢)fe o5 g M) ds, ... ds,
Se+1

_QA(t_S)el ° —2Aor 2
:(—2A0)/0 ( &1)!) /Oe Aor M ds.

Fubini’s theorem yields P-a.s.

—1 £
Z/ 2A0 t_ > ) / e 2Mora M ds

/ 2A(] t— S))Z_ / 72A0TdM(2)d8
0 € - 1 0 "

:/ —2Ao(t— 5)/ 6—2A07'dM7£2)dS'
0 0
We estimate

t s
672A0t|Mt(2)| < |(—2A0) / e 2Mo(t—s) / 672A0TdM7(.2)d8|
0 0

¢
< |(—2A0)/ e_QAO(t_S)ds| sup [MW| < sup [MW|,  (3.12)
0 s€[0,t] s€0,t]
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where
s t
/ e~ 2horgr(?) = 2/ / (@57, G(Y (s—), 2)) N (dsdz) = MY,
0 z||<p®
Since the right-hand side of (3.12) is nondecreasing the first term in (3.9) has the

upper bound

sup 672A0tMt(2)< sup |Mt(4)\. (3.13)
te[0,0ATe] te[0,0ATe]

We continue with the pathwise Burkholder-Davis-Gundy inequality by Siorpaes

(2018)
oANT*®
sup | M| < 64/[MB]oape + 2/ H,_dM®, (3.14)
te[0,0ATe]
where
H, = M§4)/\/[M(4)]s+ sup |MVJ2 . (3.15)
rel0,s]

Note that sup,sq|Hs| < 1 P-a.s. by construction.
Step 1b: The second term in (3.9) is easier since the nonnegative integrands allow
for a P-a.s. monotonicity estimate

sup e_QAotMt(S)< sup // |G(Y (s—),2)||> N(dsdz)
llz]l<p®

te[0,0ATe] te[0,0ATe]

oANTE
/ /|< IG(Y (s—), 2) | N(dsdz) = MD,.. (3.16)
pe

Step 1lc: We combine (3.9), (3.13), (3. 14) and (3.16). The subadditivity of the
square root and the estimate /r <7+ Lfor r > 0 yield

E[exp(@  sup [ &57])]
te[0,0ATe]

E[exp (QMG,/[M(@]MTE + Q/UATE H-dM + M )|
0
< e[ exp (2 (61/[MD]orr- +2/0A Hy dM® + MO))] 3a7)
0

Young’s inequality with the additional free parameter y > 0 reads

2
M®] pre M ape + 2
[M®]gare < 2X[ ]AT+2

Then the estimate abed < (a* + b* + ¢* + d*) /4, a,b,c,d > 0, provides for (3.17)

the upper bound
2 oAT®
+ 2192(/0 Hy dM() + 02 My )|
[M(4)]U/\TE):| + ilexp (6192X2)

s
1 oAT*® !
eyafom (50t 77 )] oo (02

392 392
A (L0109 + 2
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= J1(0,x) + J2(9, x) + J3(9) + Ja (D). (3.18)

Step 2: Campbell’s formula and Optimization over the free parameters.

We now choose the free parameters ¥ and x as e-dependent functions ¥, := Vq%

and y. = 72%? such that the upper bound (3.18) of the right side of (3.8) reads

exp(—0: 390 (0o x) + o0, Xo) + Ja(02) + (0.

In the sequel we estimate the respective terms Ji, ..., Js one by one.
J1 (¢, xe): By P-a.s. monotonicity we have

[MUUATs: / /Z”<p (@, G (Y(s—),az)»ﬁ(dsdz)LATg
_16/0AT /||<p (@57, G(Y (s—),e2)) N (dsdz)

oNT*®
< / / 1257 |2 lex]|? N (dsdz)
0 |z]|<p®

oNT*® T°
< C’g/ / lez||2 N (dsdz) < Cz/ / lez||2 N (dsdz).
0 l2l1<p* o Jizl<ee

The classical Campbell formula for the Poisson random measure N has the shape

E[exp (12(&)2[M(4)]UAT5)}

Xe

cs (" )
<E[exp (-2 / / 22N (dsdz)
| (7?”6 o Jisl<er )
Csllez]?
= E{exp (TE/ (exp (%) - 1)V(dz))]
llzl<p® e
The limit (3.6) implies for the exponent

ezl _ (ep°)?
" 4g+6 X 4q+6
lel<pe Yed 0 T A2t

— 0, as € — 0.

In the sequel we use (¢" — 1) < (e — 1)r for all r € [0,1] under the integral in the
exponent of equation (3.19) and choose ¢ € (0, 1] small enough such that € € (0, g¢]
implies C5(ep®)?/~v2973 < 1. If, in addition, p* > 1 for any ¢ € (0,£0] we obtain the
following upper bound of (3.19)

E[exp (Cg(e — 1);;7; /|z|<p5 ||ZH2V(dZ))}

< Blesn (Oote =0 s ([ 1elPotas) + (u550))]

(spE)QTE)’

< exp (04 T Ag+6
Ve
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exp(—f%“)h(ﬁe’ Xe) = exp(—

where Cy = Cs(e — 1)<f\|2||<1 | 2[[2v(dz) + v(B5(0))). Thus € € (0,&0] yields
9

1
2’75 )Jl(ﬁ67XE)

1
e
<

, ' ) (3.19)
£ exp(— () < = exp(——).
1 exb(— 5 exp(CuT(e) < 5 exp(—5 )
J2 (Y., xe): There is ¢ € (0, 1] such that for e € (0,g¢] we have the estimate
195 q 6% 2
exp(—-78)J2(Ve, Xe) < Iexp(*z% + 6(Jexe)”)
— i e (,L + 6 2
=7 XP 2. Ve
J3(9:): Recall that

(3.20)
) < 5 em(—g)

@ _ t & ), e2) )N (dsdz
M= 1] (@060 5,0 N

such that for the function hy(s—,ez)

representation

2H, (@5, G(Y (s—;z),e2))) we have the

t t
Z* .:/ / hw(s—,sz)N(dsdz)(z/ Hs_dM§4)).
0 Jlzll<ps 0
implies

(3.21)

Lemma 3.2 which is proved in Appendix 5.2 yields € € (0, 1] such that ¢ € (0, &g]
sup

E| exp (892|237
x€Do (’YE,R)
This implies for € € (0,g¢] the estimate

oNTe

)| <2

1
exp(—ve Z’Y‘?q)‘]3(196) <

2 1 1 1
—_— — < = — . 3.22
L) <jen-oo). (G2
J4(¥.): This case resembles the one of J; (¥, xc). Since we have only positive jumps
we estimate P-a.s.
(3)
MO’/\TE

=[] 16ty PN asaz)
0 llzll<p*

oANT*

< / / g2 lle|2N (dsdz),
0 l2ll<pe

leading to

E{exp (202 M(S?’A)TE)] < E[exp (TE/“ < (exp(2919? ||ez||?) — l)V(dz))}.
z||<p®
Analogously to J; (9, x) we obtain with the help of the limit (3.6) that for ¢ — 0+
llzll<p®
201 (ep%)?

2q+2
’qu+

(ep°)?
7%?%2 — 0
<landp® > [

sup 20192 [lez)|* < 20192 (¢p°)® < 201 :
The additional restriction of g € (0, 1] such that € € (0, &g] simultaneously implies

l2ll<1 |lz|I?v(dz) /v(B$(0)) yields the estimate
et
Ju(9:) <

vy

E{exp (/OUATE /|z|ng (exp (202 g1]]e2||?) — 1) y(dz)ds)}
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ENE

< ZE[GXP ((6 — 1)29106T5'19? (5p8)2>]

(Epe)2T6

1
< 5 exp (C7w)

This implies for gy € (0, 1] sufficiently small and any e € (0, g¢] the estimate

1 1 1
eXp(_ﬂai'Yg)‘h(/\E) < 3 exp(— 2

Step 3: Conclusion. For ¢y € (0, 1] sufficiently small such that (3.19) - (3.23) are
satisfied we conclude for ¢ € (0, o] that

). (3.23)

E,T 1 E,T
P( sup W57 > 4) < exp(—d590)E | exp(v. sup [|@57)]

te[0,0ATe] t<oATe
1
<2 — .
X exp( 2. )
Note that our estimates are uniformly over all z € Dy(v.,R). This finishes the
proof. O

Lemma 3.2 (An asymptotic Campbell type estimate). Under the hypothesis of
Proposition 5.1 and the notation of Step 2 of the proof of Proposition 5.1 the process
Z5% = (Z;" )10 given in (3.21) satisfies the following. There is g9 € (0,1] such
that € € (0,g0] implies

sup E [ exp (892 ’Zi’/fTE
2€D2(v:,R)

)| <2

The proof is found in Appendix 5.2.

3.2. Exponential estimates of the deviations of the small jump equation.

For e,v € (0,1], x € H, T > 0 we define the events

Exr(v,6) ={ sup [[WS7|<v},  Elrp(v.e):={ sup [V <v}, (3.24)
s€[0,T] s€[0,T'Ao]

Ger(v,e) :=={ sup [[Y(s;2) —u(s;2)|| <7}, (3.25)
5€[0,7)

Gor(y,e)i={ sup |[Y(s;2) —u(s;z)| <7}, (3.26)
s€[0,T' Ao

Gu(v,6) :={ sup [[Y*(s;2) —u(s;2)| <7} (3.27)

s€[0,T1]

We suppress the overall dependence on e € (0,1]. This subsection is dedicated to
the proof of the following estimate used in the proof of the main result.

Proposition 3.3. Let the Hypotheses (D.1)-(D.3) and (S.1)-(S.2) be satisfied (for
fized v). Furthermore let the functions v.,p’,T" be given by (5.1) and X\. = \* be
defined in (2.10). Then there exists a constant ¢ > 1 such that if v.,p", T satisfy
condition (5.6) for this value of q and additionally

: - : B
E1_1>r(r)1_~_ BT¢ = oo, and 61_1>r(r)1+ Ae/Be =0 (3.28)
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we have the following. For any R = Ro and 6 € (0,1) there is a constant gy € (0, 1]
such that € € (0,e0] implies

1 1
sup E eeAETll(g;S’yE)) < 2exp(f2
z€D2(ve,R) Ve

)+ 26xp(75€2T€ ). (3.29)

(C) Choice of the scales:
(1) For any @ > 0 and ¢ > 1 fixed the scales satisfying (3.1) and (3.28) are
chosen as follows
Y=,  pfi=ef,
e nC pra 1 5 —-0* (330)
Be = v(p°Bi(0)) = O(e” “U(2))em0, T =€,
where v*, p* € (0, 1) satisfy
(2¢+3)7y" +(14+a)p" <1 (3.31)

and 6* := 2ap*. Since both ¢+ 2 > 0 and « > 0 condition (3.31) is easily

satisfied for sufficiently small positive values of v*, p*. Condition (3.31)
directly implies the limits (3.6) and (3.28).

(2) For further use in Section 4 we additionally impose the conditions

v < p", (3.32)

yx

a

on v* and p*, which do not contradict (3.31) since (3.33) is of the same

type and (3.32) can be satisfied independently. Then condition (3.32)

yields limg_,o4 |ln(’yg)|%% = 0 and inequality (3.33) implies the limit

+3pr <1, (3.33)

lim. 04 'yaﬁgf—s = 0. The latter two are used in the estimates (4.15) and
(4.18) respectively of Step 3 in the proof of Proposition 4.3 in Section 4.

Proof of Proposition 3.3: Our strategy consists of two steps. First we show in
Proposition 3.4 that for some ¢ > 1 and small ¢ the stopped small perturbation
event &7 p.(74) implies the stopped small deviation event G7 1. (57:). The second
step relates &, 7= (72) to £ p- (7€) before finally using the estimate of (£ 7-) in
Proposition 3.1.

Proposition 3.4. Let the Hypotheses (D.1)-(D.3) and (S.1)-(S.2) be satisfied and
for some fixed ¢ > 1 the scales ~.,p", T be chosen as in (C). Then for any R > Ro
there exists a constant €y € (0,1] such that € € (0,g0] and x € Da(v, R) imply

1
Elr=(1d) € Grre(57e). (3.34)

Corollary 3.5. Let the hypotheses of Proposition 3./ be satisfied. Then for any
R = Ry there exists a constant £g € (0,1] such that e € (0,&0] and € Da(v:, R)
imply

£ (78) C {0 > T}, (3.35)

The proof of Corollary 3.5 is given below the proof of Proposition 3.4 at the end of
this subsection.
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Corollary 3.6. Let the hypotheses of Proposition 3./ be satisfied. Then for any
R > Ry there exists a constant gy € (0,1] such that € € (0,20] and x € Da(y:, R)
imply

1
g.r,TE (FYg) g gm,TE(i'-Ys)- (336)

The proof of Corollary 3.6 is found at the end of the current subsection.

Remark 3.7. The proof of Proposition 3.4 given below is based on Gronwall esti-
mates in Lemma 3.8 and 3.9. They yield estimates with right-hand sides which
are monotonically growing as a function of an (e-independent) time argument T'
and imply the inclusion (3.34) for any fixed T instead of T¢ when ¢ is sufficiently
small. In Lemma 3.9 we show the stronger statement that (3.34) is valid for the
e-dependent argument 7' = T which grows monotonically T¢ — oo as € — 0+.
We stress that by the mentioned monotonicity in 7" that (3.34) is also valid for T¢
being replaced by any s € [0,7¢] and can be verified below line by line without
difficulty. The stopping procedure with o does not affect this reasoning.

Proof of Proposition 5.3: By Corollary 3.5 there is ¢ > 1 such that for any R > R
there is some g € (0,1] such that € € (0,¢] implies
Tre(78) € {o > T°}. (3.37)
This result yields
Elpe =&l p- N ({o > T} U{o <T°})

= (&2 N{o>T}) U (&7 N{o <T7})
= (& N{o>T}) U (Elp- N{o < T°}) = Eupe N{o > T}
Hence ¢ € (0,¢¢] yields

(Eore) = (Exre N{o >T}) =& p- U{o > T} (3.38)

The identity (3.38) puts us in the position to prove inequality (3.29).

Due to the independence of Y¢ and 77 and the statement of Proposition 3.4
there is a constant g9 € (0, 1] such that e € (0,e0] implies (3.34) and additionally
due to (3.28) the inequality

Be Ae o Ae 1 1
In(——— )+ ONT° <2025 + 022875 < (14 B.T°) < In(2) + =B.T¢. (3.39
n(ﬂe—e,\gH c 5 T Bsﬂe 5 (1+6:T7) < In(2) + 5517 (3.39)

With the help of (3.39) and Remark 3.7 € € (0, g9 yields
1
sup  E[e™<T1(G5(57.))
2€D>(72,R) 2
o 1
= s [ R@(Grse G s
z€D2(v:,R) JO 2

586_(/35_9/\5))T5 (340)

TE
S / sup  P(E5,(72)) Bee” 02 )%ds +
0 z€D3(v:,R) ’ /Bs - 9>\£

< sup  P(E; r-(7d)) + 2e~2B:T"
IEDZ(’YEaR)
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Using (3.38) we apply Proposition 3.1 and obtain for ¢ € (0,£¢] the inequality

sup P(ESr(M) < sup  P(EE () U{o > T))
z€D3(ve,R) z€D32(ve,R)

< osup P((E7 (7)) (3.41)
z€D2(7e,R)

1
< 2e e,

Combining (3.40) and (3.41) we obtain the desired result.
O

Proof of Proposition 3.4: We introduce the nonlinear residuum R® of the ran-
domness in Y*

R;" =Y (t;z) —u(t;z) — ¥3°, t>20, z € Da(7.,R), €€(0,1. (3.42)

The quantity we have to control in G, 7= has the shape Y* — u = W% 4 RS%,
By Proposition 3.1 we have a good estimate of ¥*®. It is therefore natural to
control the remainder term R®® in terms of W* which is done first for large
initial values = (of Y¢ and ) on small time scales in Lemma 3.8 and then for initial
values z (of Y¢ and ) close to the stable state and large time scales in Lemma 3.9.
Lemma 3.10 combines the previous two lemmas before concluding the statement of
Proposition 3.4.

Lemma 3.8. Let the Hypotheses (D.1)-(D.3) and (5.1)-(S.2) be satisfied and the
scales v.,p',T" be chosen as in (3.30). We set s* := ko|In(q:)|, € € (0,1], where
ko > 0 be given by Proposition 2.5.

Then for all R > Rg and K > 0 there is a constant ¢ > 1 such that in case
the scales 7., p', T satisfy (3.31), (3.52) and (5.33) with respect to q we have the
following. There is eg € (0,1] such that for e € (0,¢0], x € D1(R) andw € EZ pe (V2)
we have

sup IR (W) < K7e. (3.43)
te[0,55 AT Ao (w)]
Proof: Fix R > Ro and € € (0,1] and = € D1(R). Recall that f : H — H are
locally Lipschitz continuous, that is, for y,u € H

1 (y) = FW)ll < €y, wlly =, (3.44)

for some ¢* : H x H — (0,00), (y,u) — £*(y,u) jointly continuous and bounded
on bounded sets. Consequently, it is globally Lipschitz continuous on any of the
bounded level sets U™. The process R;* satisfies formally for all z € H and
e €(0,1)

dR;"

dt

Then the mild formulation of (3.45), the triangular inequality in H, the identity
Ye(t;x) —u(t;x) = Ry™ + Uy and (3.44) yield the estimate

=ARY" + f(YS(t2) — flu(tiz),  Rg“ =0. (3.45)

t
|m?u</e%WﬂWuﬂamw@mnmw—W?u&
0

Note that z € D1(R) C U and the positive invariance of U™ under the determin-
istic system u yield

sup  sup|lu(t;2)|| < d(R) < oo.
©€D3(7e,R) t20
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We define the (F;);>0 stopping time o, (g) := o Ainf{t > 0 | ||[R;""|| > 1}. Then
we obtain for ¢ € [0,5° AT A o.] on the event £7".. 7 (7¢) for any arbitrary fixed
qz1

V@ @) < Mlult )| + 1977 + 1B < d(R) + 2.

As a consequence, fr = SUP(y )€ B2

2y 12(0)) *(y,u) < oo implies

t t
eAUtHR?I” < ER(/ ersHRi,ac \ds + / ersH\I,i,des)
0 0
The Gronwall-Bellmann inequality applied to e®ot|| Ry || with 20| R || = 0 yields

t s
MR < [ [ e ards
0 JO

t s
< sup U5 / / IR (=) Mom gy s
r€[0,¢] o Jo

The elementary calculation of the factor

t s tr(t—s) A drd eZRt 1 ert
e RUETeR0T drds = + -
/o /0 lr(lr —No)  Aolr  Ao(lr — Ag)

shows for k := ¢gr — Ay > 0 on the event &7

»S

<are(72) the estimate

Kt
R < e sup ||we,
t 2 T
K= relo,t]

where t € [0,8° AT A o.]. We set q := Kok + 3 and obtain for any K > 0 a value
€0 € (0,1] sufficiently small such that € € (0,&o] implies on the event £77. . (7¢)
the desired estimate

Kks®

e
sup R < —
t€[0,s5 AT Aoy ] K

79 < K. (3.46)

If g9 € (0, 1] is additionally small enough such that K. < 1 for € € (0, eg] we have
on the event £7". 7 (74)

inf{t >0 | |R;*|| > 1} > s*AT° Ao,
which proves (3.43). O
Lemma 3.9. Let the Hypotheses (D.1)-(D.3) and (S.1)-(S.2) be satisfied and the
scales v.,p, T given by (C) for some ¢ > 1. Then for all R > Ro there exist
constants &g, 61, Ko > 0 such that for all x € Bs,(¢), € € (0,1] and w € & 7.(d1)

we have
sup IR (w)| < Ko sup IR ()] (3.47)
te[0,T¢ Ao (w)] re(0,7¢ Ao (w)]
Proof: The stability of ¢ implies that the linearization Av + f'(¢)v of Au+ f(u)
centered in ¢ has strictly negative maximal eigenvalues with strictly negative upper
bound, —A; < 0, say, in that (Av+f/(¢)v,v) < —A;|v|? for v € H. We fix 6y € (0,1)
such that we have additionally

sup (7] <20 @) = Co, (3.48)
vEBs, (4)
sip (1) — Fw)] < 2. (3.49)

v,wEBs (¢) 4
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The stability also implies the existence of 1 € (0,1) such that for x € Bs, (4)

u(t;z) € B%O (¢) t>0. (3.50)

Denote for z € Bs, (¢) the (F);>0-stopping time o, := o Ainf{t > 0 | |[R;®|| > 2}.
The decomposition (3.42) and the mean value theorem applied to (3.45) read

dR;*
dt

1
AR+ [ (o) + O(RET + W) dB(RY + )
0
1
= ARS 4 f(Q)RET + / (F/(u(t:2) + B(RE™ + U57)) — f(6))dORE"
0
1
+ / [ (u(t;z) + (R + U5™))dows™.
0

We multiply with R;*® in L?(J) and integrate by parts. Then for any 6; < %“ the
event 7. (d1) together with the embedding |¥;*[o < [|¥;||, the deterministic
stability (3.50) and the definition of the stopping time o, imply for ¢ € [0,7°] and
6 € [0, 1] the estimate

[u(t; z) + 6(RE™ + U2)| < do.

Hence the inequalities (3.48) and (3.49) and the embedding H C L?(J) give on
5;’,}5 (61) for any t € [0,T¢ A o.] the estimate

1d

2dt|R

\R”|2+Co\R”|I‘P”| *IR””Iz w5

Ry

(Co)?
Ao
such that we have after rearrangement

d
dt

< 2Co)?

RE.L2 AR <
[+ MIREP < =1

e

Gronwall’s lemma applied to |R;**|? with initial condition |Rg™|?
event 77 (1) for t € [0,7° A 0,] the estimate

= 0 yields on the

< 2(Co)?

Rs,z2
| t | Al

W52 (3.51)
In order to obtain an estimate in H we use the smoothing property of the heat semi-
group S and the mean value theorem as well as (3.51) on &7 %.. (01) for t € [0,7° A 0]
as follows

7A0t s)
R < 0 [ ) ~ St alas

AO 6 A(](tfs)
< Ci(Co+ — _— d
1( o+ 4) 0 m (| ) S
AO (00)2 67A0(t7s)
<Ci(Co+—)(2 1 —d e
1(Co + 4)( At ) = sri%pt]l |

< Cy sup [[U7,
rel0,t]
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where Cy = C1(Co+ %)(% + 1) fooo wm’ < oo. If, in addition, d; < %1

we obtain on &7 7 (d1)

1
inf{t >0 | |R>"| > ZO} >T° Ao,
Note that we have not used any specific property of 7. This finishes the proof. [

We combine Lemma 3.8 and Lemma 3.9. For this purpose we assume without
loss of generality that the limit

st
lim € {0,00}. (3.52)
This is justified by the choice of scales in (3.30) and Lemma 3.8.

Lemma 3.10. Let the Hypotheses (D.1)-(D.3) and (S.1)-(S.2) be satisfied and the
scales ., p', T given by (3.30). For the constant ¢ > 1 obtained in Lemma 3.8 let
v, p, T additionally satisfy conditions (5.31), (3.52) and (3.53). Furthermore, we
assume (3.52).

Then for any R > Ry there is a constant g9 € (0, 1] such that for any € € (0, 0],
r € Da(7e, R) and w € EF p-(vE) we have

R < 1 (353)
te[0,75 Ao (w)]

Proof: Recall the notation s := kg|In(v.)| with g from the statement of Proposi-
tion 2.3. Assume &g € (0, 1] is sufficiently small such that 7. < §p and v2 < §; given
in Lemma 3.9. In the first case lim._,o4 Z—: = 0 the result follows immediately by
Lemma 3.8 for K = i.

In the second case limg o+ ;—Z = 0 there is g € (0, 1] such that T° > s° for all
e € (0,g0]. Note that if o < s° then s° A o < s° and we are back in the first case.
Thus we only have to consider the case o > s°. Using Lemma 3.8 and the stability
of ¢ we fix additionally o € (0,1] small enough such that € € (0,ep] implies for
r € Da(7e,R) on &7 p-(7¢) and {o > s°} the estimates

g,T ]'
sup IR < g (3.54)
te[0,55 Ao
1
lu(t; ) — @] < TG for t > s°. (3.55)

Then (3.54) and (3.55) give for € Da(7e, R) on &7 1-(v¢) and {o > 5°}

1 1 1
[¥(5%52) =61l < [lulss ) = gl|+ RS |+ 197 < (545292 < 57 (356)

As in the proof of Lemma 3.9 the stability of ¢ implies for all z € Bs,(¢) that
u(t;x) € Bs,(¢) for all t > 0. In addition, the linear stability of ¢ gives a constant
¢y € (0,1] such that

[u(t; 2) —uty)| <Llollz —yll,  forallz,y € Bs,(¢),t > 0.
Hence we have for ¢ € (0,&0] and = € D(7:,R) on the event £7 . (v¢) N{o > T°}
Jut; ) —u(t — 5% Y5 (s% 2)) || < Lollu(s™;2) — Y= (s%5 )]
(3.57)

1 q
|< 7’78—’—75'

<R ;

|+ e
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Estimate (3.57) provides for € Da(7:, R) on £ p. (72)N{o > s°} and additionally
s¢ <t < T¢ A of the inequality

IRE™| = Y2t — %, 5%, Yo (5% 2)) — ult — 5 u(s%2)) — W57
Yot — 5,87, Yo(s552)) — ult — 555 Yo (s552)) — W50

t—s¢,s¢

Fllu(t — 555 u(s® ) — ult — 575 Y5 (%)) + 057+ 52607

7YE s; 1 .
< swp RS sre4ad e sup [0S
s€[s=,T¢ Ao s€[se,T¢ Ao
+sup  wRT).
s€[se, T=No] ’

On the other hand estimate (3.56), the Markov property of Y¢ for time s¢ and
Lemma 3.9 guarantee for x € Da (7, R) on &7 - (7d), {o > s°} and s* <t < T°Ao®
the inequality

1
IRyl < sup sup RSV + gre 0+ sup (WD
yEB%vs (¢) s€[0,T¢No—s°] s€[0,T¢ Ao
+ sup sup [ @S|
yEB%’YE (¢) s€[0,T5No—5°]
1
< sup sup ||V + G7e 92 +2 sup sup || W]
yEB%’YE (¢) s€[0,T= Ao YyED2(ve,R) s€[0,T¢ No]
1
SKy sw swp US4 g badt2 s swp [0S
yEB%’YE (¢) s€[0,T¢Ao] yED2(ve,R) s€[0,T¢ Ao
1
< (KO + 2)'75 + §’75~
We note that the preceding expression is less than %’ya for all e € (0,&¢] if g9 € (0, 1]
is chosen sufficiently small. This finishes the proof. O

Proof of Proposition 5.4:  Without loss of generality we assume in the sequel
T° > s for all € € (0,¢¢] for some g € (0,1]. Let the assumptions of Lemma 3.10
be satisfied for some R > Ry and ¢ > 1 be given by Lemma 3.8. By Lemma 3.10
there exists ¢ € (0, 1] such that for all € € (0,¢0] and x € D3(v., R) we have P-a.s.

1

o 7.
(G2 re() ={ sup [[Yo(tiw)—u(t;z)| > =
2 te[0,Tc Ao 2
—{ sup R4+ > 1)
te[0,Tc Ao 2
T 7 T 7.
C{ swp RFTIZLYU{ sw Uit > L)
te[0,7= Ac] te[0,7= Ac]

E,T ’75 o o
C{ sup B> FHU(Er-(0))" C (€77 ()% (3.58)
te[0,T¢ Ao

This finishes the proof of Proposition 3.4.
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Proof of Corollary 5.5: Proposition 3.4 states the existence of ¢ > 1 such that for
all R > Ry there is g € (0,1] such that ¢ € (0,&¢] implies for € Da(7., R)

& () N{o <T°}
=& () N{o <Tin{ sup [[Y*(t2) —u(t;2)]| < (1/2)7e}

te[0,Tc Ao
C{ sup [[Y*(t;2) —u(t; )| < (1/2)7:}
tel0,o0]
={Y*(t;z) € By, (u(tx)) for all ¢t € [0,0]}
C{Ye(t;x) U € By, (u(s;x)) for all t € [0, 0]}

>0
By construction, we have that
U UBVE ) € Dy ( )guR\ U
z€D2(v:,R) t20 vEOUTR
In particular, we obtain
Tr-(08) N {0 < T} C{Y*(o52) eU™\ |J B,.(v)}.
vEOUR

However, by definition of o it is clear that Y¢(o;2) € (UR)°. Therefore for gy €
(0, 1] sufficiently small, € € (0, 0] implies the desired result

7 - () N {o < T} = 0. (3.59)
O

Proof of Corollary 5.5: Combining (3.58) and (3.59) ensures a constant ¢ > 1 such
that for any R > R there is g9 € (0, 1] such that € € (0, g¢] yields

1
595,T5 (’7?) g gz,TE (5’7&)

4. The geometric structure of the large jumps dynamics

4.1. The models of the exit times and exit locus.

We now construct on Q := (2, A, P, (F;)t>0) the random variables (s'(€))cc (0,1 of
Theorem 2.6 and (R*(¢))-¢(0,1] of Theorem 2.7.

Definition 4.1. For given scales p and . in (C), Bj(¢e) := {eW; € TP (p)1,
and the arrival times T of Wy, given in (3.2), we define for € € (0, 1]

ZTk H (1—1(B§)1(BR),
k=1 j=1

=§: 1:[1—113<> 1(BY).
k=1 j=1
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Lemma 4.2. For given scale p= in (5.1) and any ¢ € (0,1] the random variable
5'(e) is exponentially distributed with rate \. and the random variable &' (g) is
geometrically distributed with rate P(B®) = A\./B.. In particular s*(g) := AL 5"(e) is
exponentially distributed with rate 1.

The proof is elementary and provided in Appendix 5.1.
4.2. FExit events and their estimates.

Recall the arrival times Ty, = ¢1 + - -+ + 5 of Wy, from (3.2). The following events
are the building blocks of the first exit events. For x € H, R > Ry and a given
rate v : (0,1) — (0,1) with 7. — 0 as € — 0 we define for j € N
AY) .= {Ve(t;x) € Dy(~.,R) for all t € [0, ;]
and Y¢(t;;2) + G(Y*(tj;2),eA, L) € Dy(7:, R)},

BY .= {Y*(t;z) € D4(7.,R) for all t € [0,1;]
and Y= (t;;x) + G(Y*(t5;0), €A, L) ¢ D5(7e, R)},

CY) .= {Y:(t;x) ¢ Dy(v.,R) for some t € [0,;)}.

In order to use the (strong) Markov property in Subsection 4.3 we identify
with the canonical probability space given as the path space of the driving noise
D([0,00), H). The shift operator O : D(]0,00), H) — D([0,00),H) by s > 0 is
defined on this space by O, o w(-) := w(s + -) for s > 0. It is applied to the event
A;(Ej ) by

0,0 AY) = [Y*(t + 5;Y(s;2)) € D5(7,R) forall t € (s,t; +5) and

YE(t; +5Y(s52) + G(Y(t; + 5;Y(5;7)), 60,45 L) € D3(7e,R)}
In particular, since t; +T5_1 = T; we obtain
Al =07, , 0 AV = {Y*(t,Y*(Tj_1;2)) € D5(7.,R) for all t € (Tj_1,T})

and Y(Tj;x) + G(Y*(Tj;2),eAr, L) € D5(ve, R)} (4.1)

and define the analogous expressions B}, := Or,_, o BY) and Cl:=0r,_,0 cY in
the sense of (4.1). We further define Qf(xj)(e, v) by G.(e,7) where T} in (3.27) is re-
placed by t; and analogously as above GJ (e, ) := Or,_, oGy (v, €). By construction
we have the representations
k—1 k—1
{re. =T} =) AnB; and  {r € (Th1,Th)} = [ ALNCE. (4.2)

j=1 j=1
4.3. Proof of Theorem 2.6 and Theorem 2.7.
In this section we prove two results which are not congruent to Theorem 2.6 and

Theorem 2.7. In Proposition 4.3 we show the statement of Theorem 2.6 and addi-
tionally the convergence in probability of the first exit locus of Theorem 2.7. We
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apply this strategy for the sake of efficiency in order to avoid the repetition of argu-
ments. Proposition 4.4 sharpens this result to the convergence in L? for p € (0, «)
of Theorem 2.7 by showing the respective uniform integrability.

Proposition 4.3. Let the assumptions of Theorem 2.7 be satisfied. Then for any
0 € (0,1) and ¢ > 0 there are g,y € (0,1] and R > Rq such that € € (0,¢0] implies
for any U € B(H) with m*(0U) = 0 that

sup E[eB\A;T;(E,R)—sb(E)\_
xeD4(e7,R)

1 L\C
1+ X" (r32) € U} = HWao € 7P (@)})] <1+
The statement of Proposition 4.3 directly implies the statement of Theorem 2.6.

Proof: The proof is organized in four consecutive steps. First, the strong Markov
property reduces the main expression to four geometric sums, whose limit consists
of event involving certain events, which are estimated in Step 2. In Step 3 we
estimate the resulting event probabilities using all the previous results available
and apply these results in Step 4 to the four sums mentioned above and conclude.

Step 0: Conventions and assumptions. We choose the scales ., p', T" ac-
cording to (C) for ¢ > 1 given in Lemma 3.8. Without loss of generality we set
0 € (3,1). We use Hypothesis (S.4) and fix ¢ € (0,2(1—6)), R > Ry large enough
and ¢ € (0, 1] sufficiently small such that

m*(D*\ D§(6,R))
pH (DY)
In addition, we assume g € (0, 1] is sufficiently small such that 7. < 4. Due to the

ubiquitous dependence of all quantities of €, R and ¢ we drop these dependencies.
For convenience we write D; = D!(v.,R), i = 2, 3.

<ec. (4.3)

Step 1: Reduction to events over (0,7;]. We start with the estimate

sup E[emm—sl (14 |1{X5(1y;2) €U} — 1{Wg € 1JU”’3°(¢)}|)]
x€Do g

< S+ S22+ 52 + S5, (4.4)
where

Si1 = Z seug E{eGAE‘T@’_T’“‘l{Ty =Tt N{s =T}
k=19 2

(14 X (ry39) € U}~ LW € 2777 (0)])],

o0

512 =2 Z sup E[ee/\ngy_Tkll{Ty c (kalaTk))} N {S = Tk}:|,
k=1 yED>

Sy 1= 222 sup E[ee’\f‘Ty_Tk‘l{Ty € (Tp-1, Te)} N {s = Tk}}
k=1 (=1 YED2

SS = QZ Z sup E[ee/\ah—y*Tkll{Ty c (TfflvTZ]} N {S = Tk}] .
k=1 ¢=k+1 YED2
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In the sequel we estimate the preceding expressions using the representations in
(4.2) and the strong Markov property with respect to the (F3):>o-stopping times 7.
S11: The term Sp; is treated first since it is the only one of order O(1)._q, while
all other expressions are o(1)._o. We denote the symmetric set difference by
Ei A Ey:=(E1\ E3)U(Ey\ Eyp) for events Ep, Ey. In the sequel we repeatedly
use strong Markov estimates of the following type using for brevity A% = Ai N A7
and Bk Bk N By
k—1 1
E[1({r, = i} 0 () 450 BY) (1 +[1{X*(Tiiy) € U} - 1{Wic € 27" (9)}])]
j=1

[(ﬁ 3B [1E) 1+ LX (D) € VYA € 277 (@)} 17 |

-=[s(} )

J

>~ m
|
—_ ,_.

Il
N

Exe(ry 1) [1(3’“)(1 +1{X*(Th;y) € UFA{W), € EJU”DC@)})H

y' €D2

<Et <_ﬂ )] s E[1B) (1 + 1{X(Tay)) € UYAW, € %‘7 on)
1)-

The (k — 1)-fold iteration of this argument yields

S11 < Z sup P(A, N A%k~

k=1 YED:2

- sup E[l (ByNB®) (1 + 1{X*(Ti;y) e U} A {Wy, € %JU“DC(QS)})}

supyep, E[1(B, N B°) (14 1{X*(Thiy) € U} & {Wi € LTV (9)})]
1 —sup,cp, P(4, N A°) '

(4.5)

S12: The remaining diagonal term is estimated as follows

Sz < 22 sup E|e?t1( (1) (45 n49) 0 (Ch 0 B
1

k= 1yED2 j=

For k£ > 1 we obtain by the analogous strong Markov arguments as for the term
S11

sup E[ew‘ftkl( ﬂ AJ N A<> < sup P(A, N A°)*! sup E {ewiTll(Cy N BO)],
yeD2 j=1 y€D2 y€ D2
such that
S12 < 2supE[ P-Tiy(Cy N BQ)} Z sup P(A, N A°)F1
k=1 D2
_ 2supyep, E {e‘g’\ETl 1 (Cy)}
1 — S'uI)yeD2 ]P(Ay N AO) '

(4.6)
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S2: The estimate of {7, € (Ty—1, 7|} and the representation of {s = T} } yield

oo k—1 k—1
<2303 sup Bl ti( () a3ny).
k=1 ¢=1YED2 J=+1

/—1
1() (45 n45) n(Byuchn43))).
j=1
For each of the summands k € Nand £k —1 > ¢ > 1 we combine the mutual inde-
pendence of the families (Tx)gen and (W )kEN with the analogous strong Markov
estimate and obtain

k—1 —
B | ettty AN B (A} NAS) N (B, UCy) N AS
sup E[e (N ans) (O N (ByUCl 0 43)]
< (1= P(A°)E[e”<T1] sup P(B, UC,) E[¢”<T1]" ' P(4°)k~!

yED>2

—(—
sup P(Ay N AO)Zfl (E[GOAETl]]P)(AQ)) (£-1)
yED>

Obviously we have

sup P(A4, N A%) < E[e?*<T1|P(A°),
yeD>

such that for any £ > 1

k—1

~(e-1)
sup P(A, N A°)~! (IE [e"’\ETl]IP(AO)) <k-1,
¢=1Y€D2

and hence

Sy < 2P(B°) sup P((B, UC,) N A°) E[e?*<1]

(k o 1)E [GOAETl]k*IP(AO)kfl
yED>

supyep, P((By U
Uwa%ﬂ}Mﬁ)

S3: Due to the doubly infinite summation S3 turns out to be the cumbersome case
here. We rewrite S3 in terms of the events

5= a5 S el (o 0 (e o)

k=10=k+1YED2
1( h Ag;m(Béqu))]
j=k+1

=0

= 2P(B°)E[e?T] (4.7)

The strong Markov estimates as in S7; yield for all £ > k + 1 for each summand
the following upper bound

s sl (a7} nisocy)

_ —k
< sup P(4, N AO) ' sup P(A, N B°) sup E[e‘g)‘lel(Ay)] :
yEDo y€D2 yED>2
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- sup IE[ee’\ET1 1(B, U C’y)}
yED>

Assuming that sup,¢p, E[e?*<T11(A,)] < 1 for € € (0,&¢] for &9 € (0,1] sufficiently
small, which we verify in estimate (4.16) of Step 3, we obtain

S3/2 < supP(4, 0 BOE[e* 1 (B, U )]

Sour(a, a9 (3 e[ ] )

k=1 D2 t=kt1 D2
supp, E[e?<T11(A,)] sup,cp, E[e?*<T11(B, UCy)] >
— ]P; A B<> 2 Y 2
P4y N E) ( (1—supp, P(A, N A))(1 — supp,, B[eT11(4,)])
supp, P(Ay, N B°) sup, e p, E[e?*<11(B, UC,)] )
(1 —supp, E[e“ETl l(Ay)] )2 '

< ]E[EGAETl] (
(4.8)

Step 2: Fine dynamic estimates of the events on (0, 7}].
Claim 1: For y € D, it follows that

1(A) < H{eWy € TP(9)} + 1{||eW1 ] > %}1{% < rolIn(v:)|} +1(Gy), (4.9)
1(B,) < 1{eWy € 7 (9)} + 1{cW € TP\P3(9)}

+ 1{[[eW]| > %}1{% < kol (o)} + H{Th < K1} + 1(Gy), (4.10)
1(Cy) < H{Th < K1} + 1(G5). (4.11)

Proof of Claim 1: We prove (/.9): By construction we have for y € Dy we have for
a=5Vag(R)

1(4,) < 1(A4,)1G)1{[leWe > L} + 1{[eWe | < 72} +1(G)
< 1(4,)1G)1{[eW.]l > EHTL > rolin(3:)1)
+1(A)LG) W]l > ZHTL < ro ()]} + 1{[1eWel| < 2} +1(G5)
<U{leWell > YV (Tiy) € By, (6)}1{eWh € T2 (V¥ (Tisy)
+ 1{lleWell > ZHTL < ol ()]} + LIWe ]| < £} +1(65)

< 1{|leW.| > %}1( N {eWiegP))

vEBg, (¢)
+1{[leWe]l < Z} + 1{]leWe ]| > EHTL < wolln(r)]} +1(G5).
We use that by definition

N {Wed®wi= () {y+Gly,eW)e Dy},

v€B3, (9) v€B3, (9)
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Then for y € Bz, (¢) on {[leW1] < 2=} we obtain for & € (0,0] with go € (0,1]
sufficiently small the estimate

Ve

ly + Gy, eWh) — ¢| < % —<%.

4
The obvious inclusion B.,_(¢) € D, for ¢ sufficiently small yields

lewell < By =1{lewel < By () {eWh e T w))).

y€Bs, (9)
Hence the inclusion JP2(B,_(¢)) € JP(¢) provides the desired result (4.9)
1(4,) < Wi € TP(0)} + 1{[leWe| > %}1{T1 < kol In(2)[} + 1(Gy)-

We prove (4.10): Hypothesis (D.3) implies for y € Dy and t > k17, that u(t;y) €
Ds. Hence on G, N {|leW1|| < 2=} it follows Y*(T1;2) + G(Y*(T1;z),eW1) € Do,
which implies B, NG, N {|leWy| < =} N {T1 > K17} = 0. Therefore, we obtain
the estimate

1(B,) < 1(B,)1(G,) + 1(G;)
<UB)LEG) Wil > 21Ty > rol n(r2)[}
+1(B,)1(G,) 1WAl > 31Ty < ol In(r.)[}
+1(B)1(G,)1{]|eW1]| < f}l{Tl K17e )
+1(B,)1(G,) H[eWi]| < Ty < miy} +1(G5)
<{Y*(Ty;y) € Bs., (¢>}1{6W1 € (Y (Ti;w))}
+ 1{[eWill > 3T < ol In(r) [} + 0+ Ty < miy} + 1(G5)
< UeWr € TP5(By, (6)} + HeWil| > Z1{T1 < rol (32}
+ 1{T1 < k1v:} + 1(Gy).
We conclude (1.10) by the obvious inclusions
TP2(B,.(¢)) € T™(¢), and DS C DU (D\ Dy).

We prove (/.11): By Hypothesis (D.3) y € Do and t > k1. imply u(t;y) € Ds.
Hence the event G, N{T1 > 17} implies that Y=(¢;y) € By, (u(t;y)) € D2(7e, R)
for all ¢t € (K17, T1] and Cy NG, N{T} > Kk17-} = 0. This 1mp11es the desired result

1(Cy) < L(CYUGY)HT1 = k1 + H{Th < k1ye} + 1(Gy)
= U1 < rive} +1(Gy),

and finishes the proof of Claim 1.

We recall the Lipschitz constant Ky of G given in (2.8).
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Claim 2: For y € Dy and U € B(H) it follows that

1(A, N B?) < L{[leWh ]| > %}1{7”1 < kol In(2)[} + 1(Gy), (4.12)

1(B, 1 4°) < HeWs € 72O (g)) + 1{[leW ]| > 31T < ol In(ae))
+ HT1 < ke ) + 1(G,), (4.13)
1(By NB°)1({X(T1;y) € U} AW € 7Y (9)})
< 1eWh € 20PN ()} L1 eW| > 1T, < mol In(a.))
+ T < k1y:} + 1(Gy). (4.14)
Proof of Claim 2: Estimate (4.12) is a direct consequence of (4.9) in Claim 1. With
the help of (4.10) the proof of (4.13) is straightforward. For the proof of (4.14)
we use the inclusion JY(B,_(¢)) € JY(¢) and the global Lipschitz continuity of
y — y+ G(y, z) with Lipschitz constant 1 + K5 as follows
1(B, N B){X(Ty;y) € Uy A{eW; € JY}
< HeWi € 77 () N (TY(By.(0) & TV (0)}
+1{[leWi ]| > ZYTY < rol In(re) [} + L{T1 < mive} +1(G5):

Finally we see for the first term the inclusions

{eWh1 € TP (¢) N (TY(B,.(¢)) & T (9)}
C{eW1 € TP () N (TY () \ TV (B,.(9))}
C {eWr € JPuearn NP (g)),

This finishes the proof of (4.14) and of Claim 2.

Step 3: Estimates of the factor probabilities. Step 2 provides the estimates
to dominate respectively the term S1; by (4.5), S12 by (4.6), S by (4.7) and S3 by
(4.8). In the sequel we estimate the probabilities of the events contained in these
expressions.

Event A,: Due to Hypothesis (S.2) and the choice v* < p* in (3.31) we have

{0}

. Ve € -1 _

. e \B.
sli%gr [ In(ye)l ( (avg)‘X)): =0

Together with (4.9) the limits (4.15) yield an € € (0, 1] such that € € (0, go] implies

(4.15)

sup P(4, N A°) < sup E[e*"11(4,)]

yED> yeD>
(1-0)A o Be 1 _BeTt
<1--—% 11 In(7.)|- oE ;
o (Ol mOls (S ) T g (T e )
(1-6) Ae 1-6X e
<1-— —2¢)]—<1l———<1—-—(1—¢)— 1. 4.1
(19[@; )5 2 g <10 9g < (41
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Event B,: Using that v is regularly varying and the initial choice of R > Rg in
(4.3) we obtain
v(2FP\Ps(=R) () A\ 1 v(2FP\Ps(r=0,R) ()
€ (j) < lim € 5
Pe =0 v(2TP(9)
D\D3(7¢,R)
_ IR g)
1(TP ()

In addition, by the choice of scales (3.33) there is gy € (0, 1] such that for e € (0, &¢]
we have

lim
e—0 Be

(4.17)

e
Be
Together with (4.15) we apply estimate (4.10) which gives gy € (0, 1] such that
e € (0,g0] implies

sup P(B, N B°) < sup E[e"*"11(B,)]
yED> yED>

< E[e™TP(W; € éJDC((ﬁ)) +E[e® T 1{Ty < ko In(v:)[}P(|eWr] > 7e)

P(Ty < k17e) =1 — e 1728 L erpyefBe < ¢ (4.18)

+ IE[GGAETl]IF’(Tl < K17e} + sup E[ee)‘ETll(g;)}

yED>
< e (L+0)Be (ea(1 - e—(ﬁe—9>\s)(ﬁo|1n(’>’5)\))) Lo
ﬁe - 9)\5 55 - 0>\5 A/gﬂs 55 - 0)\5
Be 1 _ BeT® Ae
e 37e 2 < (1+5¢c)—. 4.19
+5670>\6(e +e ) (1+ 0)55 (4.19)

Event C,: By estimate (4.11) we have a constant g € (0, 1] such that for € € (0, &
it holds

sup P(Cy) < sup E[e”"11(C,)]
yE€D2 yED>

A
< sup E[e? T (L(TY < k1) + 1(G5))] < 3e=.
yED> Be

Events A,NB° and B, NA®: By (4.12) there is g € (0, 1] such that for € € (0, &¢]
we obtain with the analogous calculations

(4.20)

A
sup P(4, N B°) < sup E[e®*T11(4, N B°)] < == (4.21)
yED> yED> ﬁa
With the help of (4.13), the regular variation of v and (4.3) there is a constant
such that for ¢ € (0, o] it follows that
A
sup P(B, N A°) < sup E[e?*T'1(B, N A%)] < == (4.22)
yEDoy yEDo ’ Bs
Step 4: Conclusion. We collect the estimates of the right-hand side of (4.4).
Estimate S;: Since m*(0U) = u(J%Y(¢*)) = 0 by assumption, the regular vari-
ation of v by Hypothesis (S.2) and (4.3) we have gy € (0,1] such that £ € (0, ]
yields

. . P!
;%P(Ewl IS jB<K2+1>wE(3U)ﬁD (¢)) (E)



The first exit problem of reaction-diffusion equations for small Lévy noise 701

y(%jB(Kerl)wE(aU)ﬁDc(gb)) v(p° B$(0)) _ 'u(jB(Kerl)J(aU)ﬂDC((b))

= lim < - <ec
=0 v(p° BS(0)) v(LTP () 1(TP(¢))
(4.23)
Hence (4.14), (4.19) and (4.23) combined yield
sup E{l(By NB°)(1+ 1{X*(Ty;y) e U} A{eW; € jUﬂDC})}
yeD2
SP(EWr € TV (9)) + P(Wh € JBtratine (00N (g))
+ BT} < kol In(ye) NB(leWi]| > 22) + sup P(GE)
a y€EDs
Ae
< (14 3¢c)—.
( )5,
Finally, for & € (0,0] the sum S1; given in (4.5) satisfies due to ¢ < 1
1
Si < 1+ 3¢ <146 (4.24)
—c

Si2 given by (4.6): By (4.16) and (4.20) the sum Sio given in (4.6) satisfies for

e € (0,g0) ’
c

1-c (
Ss given by (4.7): Using the estimates (4.20), (4.22) and the choice ¢ € (0, 25%) the
sum Sy given in (4.7) satisfies for € € (0, gg] the estimate

8c(145¢) [Ae\2
b < — 2 (Z2) <48 (4.26)
((1 - C)%)) <Ba)

S3 given by (4.8): Using (4.16) and (4.21) we obtain gy € (0, 1] such that ¢ € (0, &¢]
implies

S12 <

< 8. 4.25)

cg—jélc% 16¢2 <
(1- c)%) S (1-¢)2

We finally collect (4.24) - (4.27) and infer the existence of ¢y € (0,1] such that
e € (0,ep] yields

S, < 4 4e. (4.27)

_ 1 c
sup E[ew‘fm_s(e)' (1 + [ H{X(1p;2) € U} — H{Wge(oy € EJUQD ((b)}\)}
r€Doy

< 1+ 66¢.

Since ¢ € (0, 15—9) was chosen arbitrary this finishes the proof. (I
Having established the convergence in probability of the exit locus it is sufficient

to establish the uniform integrability. We keep all the notation and the scales of

the proof of Proposition 4.3.

Proposition 4.4. Under the assumptions of Proposition /.3 for any 0 < p < «

and R > Ry there are g, € (0,1] and such that

sip  sup B[ X(r2) — (0 4+ G W) <o (428)
66(0,60] wEDz(E'Y,R)

The proof of Proposition 4.4 is given in Subsection 5.3 of the appendix.
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Proof of Theorem 2.7: The convergence || X*(7;y) — ¢ — G(¢,eWg(o))|| — 0 in
probability as € — 0 is established in Proposition 4.3. In addition it holds true
uniformly for all y € Ds(¢7,R). The uniform boundedness of Proposition 4.4
implies the uniform integrability of the family of random variables (|| X¢(7;y) — ¢ —
G(¢,eWae(e))lIP)ec(0,¢0) and hence its convergence as € — 0 in LP.

The last statement of Theorem 2.7 follows from lim. o P(eWg.(oy(e) € U) =

OEB) for all U € B(H) with u(9U) = 0.

5. Appendix

5.1. Proof of Lemma J.2: the law of the models.

Since the family (Wy)ken is 1.i.d. and By = {eW} € (D")} we have that by
construction R*(e) is geometrically distributed with rate P(B®) = g Let 6 > 0.

We calculate the Laplace transform of 5*(g)

E[efe?«(e)} _ E{G—GZ;’;ln §;E<171<B_§>>1<B:>}

oo
_ H e 0Tk T1;2) (1-1(BY)1(BY)
k=1
o] I k—1
= Y E e [ -1B))1(B})
=1 j=1
] _k—l
= > E[[[e "0 -1(B)e " 1(By)
k=1 [j=1

The independence of (Wy)ren and (Tk)ren as well as the stationarity of (Wg)ren
yield that each summand takes the form

k—1
& | T]e o - 1B)e " 1(BY) HIE - LB E 5]
k—1

= (E[e™"] (1 - P(BY)))

_( Be (I_Ag)>’“ Be A
“\o+Bs B 0+ B- B

E [e "] P(BY)

Finally we conclude

o) k—1
o] _ B . B A
B[] ;(Mm“ ﬂs)) 0+ 5. .
Be AL 1 AL 1

O+B: 51— g8 (1-5) B BE—_(1-3
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AL s

= 2= _EXP(\.)(9).

5.2. Proof of Lemma 3.2: a Campbell type estimate.

Recall the notation from Step 2 of Proposition 3.1. For the (F;)¢>o-predictable
process (H;)i>o given in (3.15) and @ € Dy we recall the predictable itegrand given
by hy(s—,e2) = 2H((®2" G(Y (s—;x),ez))). Consider the process

Zy =27 = / / (s—,e2)N(dsdz).
o J) \|<p

We define the smooth function Z.(r) := vr?2 + ¢2, ¢ € (0, 1], with Zy(r) = |r|, which
satisfies the following useful properties

Ir] < Zo(r) < |r| + ¢, r € R,

|——|
su =
re]lg Ic (T)

Z.(r+h) <Z.(r) + Z.(h), r,h e R,

P0) = P (D),

Applying twice the mean value theorem, and (5.2) - (5.2) we obtain for all r,h € R
the estimate

|F(r+h) = F(r) — F'(r)h|
/ / |F" (r + 0'0h)|d0’dO |h2|
/ / |F(r + 0'0h) ( L ((:ii)/,?;l))ﬂc )Ido'do |h)
F(r)F(|n])(x )|h2|

Ito’s formula for Poisson random measures then yields P-a.s. for all ¢ > 0

F(Z:)

1 / / o P (52~ (2, )N ds)

t kZs_h(s—,ez)
! / /I lI<pe FiZa— hla=e2) = FiZe) - F(ZS_)wy(dz)ds.
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Let o be the (F;)¢>o-stopping time defined in (3.4) and (3.5). Then for k = k° =
892 = 8y 2472 we have

sup  sup (5 Ih(s,e2)
s€[0,0nT*] || z]|<p®
(ep°)?
<2pir  sw  |Hy |[dR)6i(R)
Ve s€[0,0AT*]

(ep°)?

N <2d(R)g1(R)T(e) =0, &0,
g

< 2d(R)g1(R)
where I'(e) = I'(¢)/T¢ in (3.6). Hence there is a constant g9 € (0,1] satisfy-
ing sup,e(g oare] SUP| 2| pe [R(8,€2)| <1 for all € € (0,60]. Then due to the op-
tional stopping theorem the second term vanishes. Using p® > 1, the constant
Cr= f\lz\Kl |lz|I?v(dz) + v(B$(0)), the parametrization ¢ = c. = 7. and the abbre-
viations h = h(s—,ez) and h? = h(s — Ao, ez) we have

E[F(Zuns)]

KZs_h
T.(Zs-)

<1+E '/Wr (F(Zo +h) - F(Z,_) — F(Z,_) )Z/(dz)ds}
Lo Jizi<es

< 1+E'/ U/ F(Z)F(h)) (=) + ) (hPo(dz)ds]
-Jo Izll<p® ¢

A £\2 ig o 21/ ds
<1+£[ | /|z<p£F<zs_M>F<|h>(<n> + ) e Pu(dz) s

t (e (502 + #°) (e 2212
<1+ | /lzlngE[F(ZsM)}F( Gil (2) s v(dz)ds

Ve
<1+ Gy /O E|F(Zsno)|ds =1+ Cs /0 tE[F(ZW)}ds,
where Cy = 2d(R)g1(R) and C5 = C;C5I'(e)F(1). Setting
6e(t) =E[F(Zins)], >0,
we have
(1) < 1+ C5T(e) /0 t e(s)ds,  t>0.

The Gronwall-Bellman inequality yields ¢.(t) < exp(CsI'(e)t) for all t > 0, and
in particular, ¢.(T¢) < exp(C5I'(¢)). For gy € (0,1] sufficiently small, £ € (0, ]
yields that the right-hand side is less than 2. We conclude by (5.2) the existence of
g0 € (0,1] such that ¢ € (0,ep] implies

E[exp (m€|ZMTE|)} < 6.(T%) < 2.

Note that our estimates are uniformly for all x € Dy. This finishes the proof of
Lemma 3.2.
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5.3. Proof of Proposition /./: uniform integrability.

Fix p € (0,). We use the conventions in Step 0 of the proof of Proposition 4.3.
Then for z € Dy

E[I1X°(r:2) = (6 + G(d, W)

<o (E[Ix(m ] + 1ol + i@ lWa o 7] ).

For the last term on the right-hand side of (5.3) we obtain
E[leWs ol17] = 3 E[JeWlP B (0) = k) = [l map)].
k=1

and hence for gy € (0, 1] sufficiently small the regular variation of v implies for
e € (0,g0] that

Oo > L1Bs5(0
E[(elwl)"] = / PR (| W] > r)dr = / -1 B0
IS 5 v(p°B5(0))
oo 00 e\
<2 [oepnrar =2y [ = ol
e o a—p
< 2(g0p®)"
a—p
We calculate the first term on the right side in (5.3)

E[lx4(ra)l?] = [ X )] > i = [T B ) >

Using (4.2) and the same strong Markov argument as in Claim 1 we obtain for
T € Dy

P([| X (7; 2)[| > r)

(o)

(60 < ox.

Z {IIX(m2) | > r} 0 {7 =T} UAIX(752)[| > 7} 0 {7 € (Th-1, Ti)})
k=1

[e%s) — k—1
<P ﬂ AL 0By {I X5 (T )| > r} U () AL Oy 0 {IIX5(752)] > r})
k=1 j=1 j=1
o0
< sup P(A,)"! sup P(B, N {||X°(Ty;9)]| > r})
h—1 Y€D2 yE€D2
+ Z sup P(A,)*~2 sup P(A, N Crn{llye(myll > r})
k1 YED:2 y€D2

 8uPyep, P(By N {|X*(Ty; )l > 7}) + supyep, AV (73 )l > 7)
SUPyep, P(Ay) (1 — SUPyep, P(Ay))
For the first sum we have for r > d(R) + 2

sup P(B, N {||X*(T1;y)l| > 7})

y€ D2

= sup P(B, N{|[Y*(T1;y) + G(Y*(T1;y),eWh)|| > 7})
yeDo
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< sup P(lly + G(y,eWh)|| > )
yeUR

< sup P(Gi(y)[|eWh]] > r —d(R) — 1)
yeUR

<P(g1(R)|eWr | > 7 — d(R) — 1) < P(|WA ] > i%)

Without loss of generality we fix p" by a > p’ > p > (1 — p)a and the estimate
(4.16) of A, yields
sup,cp, P(By N{I|X*(T3; ) > r})
1 —supp, P(A;)
Pl ’ / p’ ’
E[ImlP] ey (o) < =ali=0) EImar ] GY (9)
(1—c)3 (r=llgl)” =" (1 — 0)2u(B5(0)) (r — d(R) — 1)’

for any € € (0,e0] for e¢ sufficiently small. For the last term we obtain for
r> d(R) + Ky +1

< o0

sup B(IY* (1, . R )| > 1) =0,
y€Ds
since ||[Y=(75(e;R);2)|| = d(R) + (K2 + 1)ep® < d(R) + K2 + 1 for ggp™ < 1.
Therefore for ¢ € (0,1] and € € (0, eg] we have

B[t il <0 [ o B e Ry )] >
+
o 1

<C -dr < oo.

d(R)+2 THP(r —d(R) — 1)?
This establishes the uniform integrability result (4.28).
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