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Abstract. We study functional convergence of sums of moving averages with ran-
dom coeflicients and heavy-tailed innovations. Under some standard moment con-
ditions and the assumption that all partial sums of the series of coefficients are
a.s. bounded between zero and the sum of the series we obtain functional conver-
gence of the corresponding partial sum stochastic process in the space DI[0,1] of
cadlag functions with the Skorohod M, topology.

1. Introduction
Let (Z;)iez be a sequence of i.i.d. regularly varying random variables with index
of regular variation a € (0,2). This means that
P(|Zi| > z) = 2~ *L(z), x>0, (1.1)
where L is a slowly varying function at co. Regular variation implies E|Z;|® < oo

for every 8 € (0, ). We study the moving average process with random coefficients,
defined by

oo
X; :ZC]-ZH, ez, (1.2)
j=0
where (C;);>0 is a sequence of random variables independent of (Z;), such that the
series in (1.2) is a.s. convergent. One sufficient condition for that is
(oo}
Z |C;]1%7¢ < 0o a.s. for some € >0 (1.3)
§=0
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(see Hult and Samorodnitsky, 2008). We will use the following moment condition
on the sequence (C;):

ZE|C’j|‘s < 00 for some 6 < a, 0 <0 < 1. (1.4)
7=0

This condition also implies the a.s. convergence of the series in (1.2), since

o0 o0
EIX;° <Y EIC°ElZi-;|° =E|Z:|° Y E|C;]° < oc.
§=0 j=0
Beside condition (1.4) we will require some other moment conditions, which will be
specified in Section 3. We also impose the following (usual) regularity conditions
on Zi:

EZ, =0, if ae(1,2), (1.5)
Z is symmetric, if a=1.
Let (a,,) be a sequence of positive real numbers such that
nP(|Z1] > an) — 1, (1.7)

as n — 0o. Regular variation of Z; can be expressed in terms of vague convergence
of measures on E =R\ {0}: for a,, as in (1.7) and as n — oo,

nPag'Zi € ) S (o), (1.8)
with the measure 1 on E given by
1(dz) = (P1(0,00) (@) + 1 L(—o0,0)(2)) et|z| " ! da, (1.9)
where P(Z; > z) P(Z; < —a)
; > T i S T
= lim ——— -~ d = lim ———"2. 1.10
P= %Pz >2) ™ TT A% P(Z] > o) (1.10)

When the coefficients C; are deterministic, Basrak and Krizmanic¢ (2014) obtained
functional convergence of the partial sum process of X;’s with respect to the Skoro-
hod My topology on D[0, 1]. More precisely, they showed that under the condition
on the coefficients C;:

OgZCi/ZCigl, for every s =0,1,2. .., (1.11)
=0 =0

the following
[n-]

aln;x LN (gcj>V(-), (1.12)

holds in DJ[0, 1], where V(-) is an a—stable Lévy process and DJ0, 1] is the space of
real-valued right continuous functions on [0, 1] with left limits.

Recall here that if at least two coefficients are nonzero, then the convergence in
(1.12) cannot hold with respect to the more usual Skorohod .J; topology on D[0, 1],
but if all the coefficients are nonnegative, then the convergence in (1.12) holds in
the M; topology, see Avram and Taqqu (1992). The aim of this article is to obtain
the functional convergence with respect to the My topology as in (1.12) when
the coefficients C; are random variables. Limit theory for moving averages with
random coefficients, but without the time component, have already been studied,
see Kulik (2006). These processes can represent various stochastic models, such as



Functional convergence for moving averages 731

solutions to stochastic recurrence equations and stochastic integrals (usually with
some predictability assumption instead of the independence between the coefficients
C; and the noise variables Z;, see Hult and Samorodnitsky, 2008).

The Skorohod Ms topology on D|0, 1] is defined using completed graphs and their
parametric representations (see Section 12.11 in Whitt, 2002 for details). Here we
give only a characterization of the M, topology using the Hausdorff metric on the
spaces of graphs, since it will be convenient for our purposes. For z € D|0, 1] the
completed graph of x is the set

Ty ={(t,z) €[0,1] xR: z = Az(t—) + (1 — N)=x(¢) for some X € [0,1]},

where z(t—) is the left limit of = at ¢. Besides the points of the graph {(¢,z(t)) :
t € [0,1]}, the graph I';, also contains the vertical line segments joining (¢, z(t)) and
(t,z(t—)) for all discontinuity points ¢ of . Now, for z1,x5 € D0, 1] define

dpp, (21, T2) = < sup inf d(a,b)) \/< sup inf d(a,b)),

a€ly, bels, a€lz, bels,

where d is the metric on R? defined by d((z1,y1), (x2,y2)) = |21 — 22| V |y1 — 2|
for (z;,y;) € R% i = 1,2, where a V b = max{a,b}. The metric dys, induces the
M, topology. This topology is weaker than the more frequently used M; and J;
topologies. Therefore the M; convergence implies the Ms convergence, but the
converse does not hold in general. For instance, take the moving average process
with heavy-tailed innovations Z; and deterministic coefficients Cy = 1, C; = —1,
Cy=1,and C; =0 for i > 3, i.e.

Xi=2Z;—Z;_ 1+ Z;_o, i € 7.

Since the condition (1.11) is satisfied, the My convergence in relation (1.12) holds.
Clusters of large values in the sequence (X,,) contain positive and negative values,
which means that the corresponding partial sum processes have jumps of opposite
signs within temporal clusters of large values, and this precludes the M; conver-
gence. The detailed proof of this fact for the moving average process (X;) defined
above is given in Appendix.

The paper is organized as follows. In Section 2 we obtain functional convergence
for finite order moving average processes, and then in Section 3 we extend this
result to infinite order moving averages. A technical result needed for establishing
functional convergence for infinite order moving averages when « € [1,2) is given
in Appendix.

2. Finite order M A processes

Let Cy, Ch,...,Cy (for some fixed ¢ € N) be random variables satisfying

s q
0< ZCZ' ZCi <1 as. for every s =0,1,...,q. (2.1)

i=0 i=0
Put C = Y7 ,C;. Observe that condition (2.1) implies that C, >7 [ C; and
1 . C; are a.s. of the same sign for every s = 0,1,...,¢. Also note that condition

(2.1) is satisfied if the C;’ are all nonnegative or all nonpositive.
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Let (X;) be a moving average process defined by
q
X = ZCZ‘Z““ tez,
i=0

and let the corresponding partial sum process be

[nt]
1
Valt) = — dSoxi,  telo1] (2.2)
=1

where the normalizing sequence (a,,) satisfies (1.7).

Theorem 2.1. Let (Z;)icz be an i.i.d. sequence of regularly varying random vari-
ables with index o € (0,2), such that (1.5) and (1.6) hold. Assume Cy,Ch,...,C,
are random variables, independent of (Z;), that satisfy (2.1). Then

V() L CV(),  n— oo,

in D[0,1] endowed with the Ms topology, where V is an a—stable Lévy process with
characteristic triple (0, p,b), with p as in (1.9) and

" 0, a=1,
a (p_r)ﬁv OéE(O,l)U(l,Q),
and C is a random variable, independent of V', such that cLc.

As in Basrak and Krizmani¢ (2014) one can prove the following lemma (with the
notation C; = 0 for ¢ < 0).

Lemma 2.2. (i) For k < q it holds

k k—1 q q—1 q
CZ; X; Zi—u Z_u
P IEraind DD Dhra i) DI D Di i) Bt
=1 =1 u=0 s=u+1 u=k—q s=u+1
qg—k—1 u+tk
Z_y,
-2 > G
Qp
u=0 s=u+1
(ii) For k > q it holds
k k q—1 q q—1 q
CZ X; Lj—u Z_u
Loyt - Yy oYy
i=1 " i=1 " u=0 " s=u+l u=0 " s=u+l
= H,(k)—G,.

(iii) For g <k <mn—q it holds

k k+q q—1 q q q—u
D B I D DR D Pia’
- In i=1 n u=o 9n s=u+1 =1 I

= -G, —T,(k).
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Proof: (Theorem 2.1) Since the random variables Z; are i.i.d. and regularly varying,
it is known that

Z?* LntJE(?l{lZﬂSan})v te [0,1],
i=1 " "

converges in distribution, as n — oo, in D|0, 1] with the M; topology to an a—stable
Lévy process with characteristic triple (0, u,0) (see Theorem 3.4 in Basrak et al.,
2012). By Karamata’s theorem, as n — oo,

Z1 @ .
nE(al{lleﬁanﬂ —>(p—r)1_a, it a<1,

Z .
”E(alﬂzum}) ~ - ie>l
with p and 7 as in (1.10). Therefore conditions (1.5) and (1.6), Corollary 12.7.1

in Whitt (2002) (which gives a sufficient condition for addition to be continuous in

the M; topology) and the continuous mapping theorem yield that V,Z( ) 4 V),
as n — 00, in DI0, 1] with the M; topology, where

VE) =) Zi, t€0,1],

and V is an a—stable Lévy process with characteristic triple (0, u, ).

It is well known that the space D[0, 1] equipped with the Skorohod J; topology is
a Polish space (i.e. metrizable as a complete separable metric space), see Billingsley
(1968), Section 14. The same holds for the M; topology, since it is topologically
complete (see Whitt, 2002, Section 12.8) and separability remains preserved in the
weaker topology. Therefore by Corollary 5.18 in Kallenberg (1997), we can find a
random variable 5, independent of V', such that C £ C. This and the fact that
C is independent of V,Z, by an application of Theorem 3.29 in Kallenberg (1997),
imply

(B(-), VZ(-) L (B(-),V(-),  asn— oo, (2.3)

in D([0,1],R?) with the product M; topology, where B(t) = C' and B(t) = C for
t eL[gt’ lg] D([0,1],R?) — DJ0, 1] be a function defined by
g(x) = x129, r = (x1,73) € D([0,1],R?),
where (z122)(t) = x1(t)x2(t) for t € [0, 1]. Let
Dy = {u € D([0,1] : Disc(u) = 0},
and
Dy = {(u,v) € D([0,1],R?) : Disc(u) = 0},

where Disc(u) is the set of discontinuity points of u. Then by Theorem 13.3.2
in Whitt (2002) the function g is continuous on the set Dy (with the Skorohod M,
topology on DI0, 1] and product M; topology on D([0, 1], R?)). Hence Disc(g) C DS,
and

P[(B,V) € Disc(g)] < P[(B,V) € D5] < P(B € DY) = 0.
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This allows us to apply the continuous mapping theorem (see for instance Theo-
rem 3.1 in Resnick, 2007) to relation (2.3) which yields g(B, V,?) 4 g(B,V), ie.
C'VnZ(~)i>5'V(-)7 as n — 0o,

in D[0, 1] with the M; topology. Using the fact that M; convergence implies Mo
convergence, we obtain

CVZ(-) 4 cv (), as n — 0o, (2.4)
in (D[0,1],dp,) as well. If we can show that for every € >0
lim Pldy, (CV,Z,V,) > €] =0,
an application of Slutsky’s theorem (see for instance Theorem 3.4 in Resnick, 2007)
will imply V,,(+) % CV(+), as n — oo, in (D0, 1], das,).

Fix € > 0 and let n € N be large enough, i.e. n > max{2q,2q/e}. By the
definition of the metric dps, we have

d CVnZ,Vn = < su inf dcub)\/( su inf da,b)
M, ( ) L (a,b) e el (a,b)
= Y, VT,,
and therefore
Pldas, (VZ, V) > €] < P(Y, > €) + P(T,, > ¢). (2.5)

In order to estimate the first term on the right hand side of (2.5) note that
{Y,>¢e} C {Ja€Tlcyz such that d(a,b) > € for every b € I'y, }

C {3ke{l,...,q— 1} such that |CVZ(k/n) — V,(k/n)| > €}
U {3k € {q,...,n— q} such that |CV,Z(k/n) — V;,(k/n)| > ¢
and |CV.Z(k/n) — Vi ((k + q)/n)| > €}
U{3ke{n—q+1,...,n} such that [CV,Z(k/n) — V,(k/n)| > €}

= AYuBYucY, (2.6)

where the second inclusion above follows from the fact that the paths of V,, and

CV,Z are constant on the intervals of the form
g +1
[j,H) . i=01,....n—1.

n.n

More precisely, if there is a point a = (t4,7,) € I'cyz such that d(a,I'v, ) > €, then
necessarily ¢, € [i/n, (i+1)/n) for some i = 1,...,n. If a lies on a horizontal part
of the completed graph, then x, = CV,Z(i/n) and

|CVZ(i/n) — Vi (i/n)| > d(a,Ty,) > €.

Alternatively, if a lies on a vertical part of the completed graph, then z,, € [CV,Z ((i—
1)/n),CV.%(i/n)), and one can similarly conclude that

}CVnZ(k/n) - Vn(k‘/n)‘ > €
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for some k =1,...,n (in fact k =i or k = i — 1; see Basrak and Krizmani¢, 2014
for details). Moreover, if ¢ < k <n — g, from ¢/n < /2 it follows similarly that

|CV.Z(k/n) = Va((k+q)/n)| > €.
By Lemma 2.2 (i) we obtain

q—1 k k
CZz; X;
PUD <P (LT -3 >
AN <>'p Zan Zan > €
k=1 i=1 i=1
qg—1 k-1 |Zk; | q € qg—1 |Z | q c
<Y Py s ) ( X By jersg)
k=1 u=0 n s=u+1 u=k—q o os=u+1
q—k—1 |Z | u+k ¢
+P( > > Cs>3)]
u=0 n s=u+1
|Zo| €
<3(g—1 2—1P(—C’*>7), 9.7
<3(¢—1)(2¢—-1) o 32¢ = 1) (2.7)
where C, = Y?_|C|. For an arbitrary M > 0 it holds that
| Zo| €
p(le, . e )
427 3(2q - 1)
| Zo| € | Zo| €
=P (> o> M)+ P (SN s s G < M)
an, 3(2¢g—1) + an, 3(2¢g—1) -
| Zo €
) Y .
= +P ( an 32 - )M
By the regular variation property we observe
. | Zo| €
lim P22 > )=
Jim P ( an ~ 3(2q - 1)M) ’
and hence from (2.7) we get
limsupP(AY) < P (C* > M)
n—oo
Letting M — oo we conclude
lim P(AY) =o0. (2.8)

n—oo

Next, using Lemma 2.2 (ii) and (iii), for an arbitrary M > 0 we obtain

P(BY n{C,<M}) = P(Eke {q,...,n — q} such that |H,(k) — G| > €

and | — Gy — To(k)| > ¢, C, < M)

n—q

< P (|Gn| > % C, < M) +Y P (|Hn(k)| > % and | T, (k)| > % C, < M).

k=q



736 D. Krizmanié

Note that

P(|G|>50<M) < P(C S'Z_“|>€C<M)
nl >3, Ca < < \ 50 O <

u=0 an
q—1
|Z—ul €
< p(S I <y
- UZ:;) a, 2M
| Zo| €
< P(—> )
= 1 an 2qM

Similai y
2 2a =

—1
<P (‘IZ: ‘Zk—u| > L and i |Zk+u| > L)
N 2% 2M — (07 2M

u=0 u=1
q—1 q
‘Zk7u| € |Zk+u| €
=P > 531) P > 537
= an 2M ; ay, 2M

IN

o (2> 5]

where the equality above holds since the random variables Z; are independent.
Therefore

P(B, N{C. <M}) < qP(|aZ()|>2q€]\4)+T§{qP(|aZO|>2(;w)r
n . .

| Zo| € q° | Zo| € \12
< 0P (> gar) o P (G > )
= 1 an, > 2qM * n " an - 2qM

and an application of the regular variation property yields

lim P(BY n{C. < M})=0.

n—oo
Thus
limsup P(BY) < limsupP(BY N {C, > M}) < P(C. > M),
n—o0 n—oo
and letting again M — oo we conclude
lim P(BY)=0. (2.9)

In a similar manner as in (2.7), but using (ii) from Lemma 2.2 instead of (i) we get

lim P(CY) =0. (2.10)
n—0o0
From relations (2.6), (2.8), (2.9) and (2.10) we obtain
lim P(Y, > ¢) = 0. (2.11)
n— oo

It remains to estimate the second term on the right hand side of (2.5). For
cach k > ¢, set V2™ = min{CV,Z((k — q)/n), CV,Z(k/n)} and V7™ = max{
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CV.Z((k—q)/n),CV,%(k/n)}. From the definition of T,,, the Hausdorff metric and
the number n it follows

{T, > ¢} < {Jae€Ty, such that d(a,b) > € for every b € Ty 2}
C {3ke{l,...,2¢— 1} such that |V, (k/n) — CV,7(k/n)| > ¢}
u {Hk € {2q,...,n} such that d(V,(k/n), V2™ VZ™) > e}

= ATuBl, (2.12)

where d is the Euclidean metric on R. The argument behind the second inclusion
in (2.12) is similar to the one given after (2.6). Indeed, assume there is a point
a = (tq,zq) € T'y, such that

d(a, FCVnZ) > €. (213)
Then necessarily t, € [i/n, (i + 1)/n) for some i = 1,...,n. The case i < 2¢ — 1 is
covered by the same argument used to obtain (2.6) and the set AY. Therefore, we
may assume ¢ > 2q. From (2.13) we immediately obtain

d(a, (i/n,CV,7(i/n))) > ¢ and d(a,((i —q)/n, CV,7((i = q)/n))) > €. (2.14)
Suppose first that z, = V,,(i/n) for some i = 2¢,...,n. Recall that ¢/n < €/2.
Since max{|t, —i/n|, [ta — (1 —q)/n|} < (¢+1)/n <€, from (2.14) we conclude that

d(Vy,(i/n), V2™ V) > .

If z, € [V, ((i —1)/n), Va(i/n)) (in this case t, = i/n), relation (2.14) again implies
d(2q, V2™ VA > e and similarly d(z,, [V;2, V2]) > e, Thus we
obtain

max{d(V,,(i/n), V™", V"), d(Va (6 = 1)/n), VI VET™)) > e

K2

Finally we conclude that there exists k € {2¢,...,n} such that
d(V (k/n), [VE™™ VZ™]) > .
Using Lemma 2.2 (i) and (ii), one could similarly as before for the set AY obtain
lim P(AT) =o0. (2.15)

Note that P(BL) is bounded above by

k
P (Elk € {2(]7 . ')n} SuCh that Z & > szvmax + 6)
a

i=1 "

n

k
Xi min
+ P(Elke{Qq,...,n}suchthat E —<VkZ’ _5>,
a
i=1

In the sequel we consider only the first of these two probabilities, since the other
one can be handled in a similar manner. The first probability using Lemma 2.2 can
be bounded by

P(3k € {2q,...,n} such that G,, — H,(k) > € and G, +T,(k—q) >¢€)

< P(Gn>§)

+P (sz € {2q....,n} such that H, (k) < —g and T, (k —q) > g) .
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From the calculations yielding (2.9) we conclude that P(G,, > €/2) — 0 as n — oc.
The second term is bounded by

P(C, > M)+ ZP(H <—§ and T, (k — ¢) > C<M) (2.16)
k=2q

for an arbitrary M > 0. Note that
g—1 q q— u
Tk Z—u
H,(k) = PN ¢y and T Z uNT
s=u+1 u=0 s=0
Therefore for a fixed k € {2q,...,n}, on the event {H, (k) < —¢/2 and T,,(k — q) >
€/2, C, < M} there exist i,5 € {0,...,q — 1} such that

D zq: Cy<—5 and Z’“‘jicg
s=0

a a
Tos=itl 4 "

From (2.1) it follows that the sums Z 0Csand Y°7_, | C; are as. of the same
sign and their absolute values are bounded by C.. Hence if these sums are positive
we obtain Zj_;M/a,, < —€/(2q) and Z,_;M/ay, > €/(2q), while if they are negative
we obtain Z,_;M/a, > €/(2q) and Z,_;M/a, < —€/(2q). Note that the case i = j
is not possible since then we would have Z;_; < 0 and Z;_; > 0. From this, using
the stationarity of the sequence (Z;), we conclude that the expression in (2.16) is
bounded by

. Z_; € Z_;
P(C, >M)+nP(Hz,]€{O7.. — 1}, - 2q)

q (79}
q 120l e \]°
P(C*>M)+n<2)[P<an > 2qM)] ,

which tends to 0 if we first let n — oo and then M — oo. Together with relations
(2.12) and (2.15) this implies

lim P(T}, > ¢) = 0. (2.17)
n—oo
Now from (2.5), (2.11) and (2.17) we obtain
lim P[da, (CV,Z,V,,) > € =0, (2.18)
n—o0
and finally we conclude that V,,(-) 4 CV(-), as n — oo, in (D[0,1],dyps,). This
concludes the proof. O

3. Infinite order M A processes

Let (X;) be a moving average process defined by
Xi:ZCjZi—ja i €7,

where (Z;) is an i.i.d. sequence of regularly varying random variables with index
€ (0,2), such that EZ; = 0 if & € (1,2) and Z; is symmetric if « = 1. Let {C;,i =
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0,1,2,...} be a sequence of random variables, independent of (Z;), satisfying
ZE|Ci|5 < o0 for some 6 < v, 0 < J <1, (3.1)

and

S oo
0<Y Ci /Y Ci<1 as.  foreverys=0,1,2.... (3.2)
i=0 i=0
Let C = .2, C;. Condition (3.1) implies C' is a.s. finite, and ensures that the
series in the definition of X; above converges almost surely. Define further the
corresponding partial sum stochastic process V,, as in (2.2). Beside the above
stated conditions, we require also the following conditions: for « € (0, 1)

ZE|C¢|7 < oo for some v € (a, 1), (3.3)
and for a € [1,2)

n—o6 oo
lim (Inn 1+”E[<Z |C; ) Z |Cj|5} =0 for some 1 > a. (3.4)
j=n

n—)oo

The latter condition is borrowed from Avram and Taqqu (1992), where they studied
M; functional convergence of sums of moving averages with deterministic coeffi-
cients. Since in the case o € (1,2) we will also need that the series > .- E|Cj]
converges, we assume d = 1 in (3.1) if o > 1.

For a deterministic sequence (C;) condition (3.3) is not needed since it is implied
by (3.1). The latter in general does not hold when the coefficients C; are random.
It can easily be seen by the following example Take € > 0 such that § + € < 7.
Let § =22 j~ (%) < 0o and S = S~ z Lj7 0+ ke N (with Sp = 0).
Taking P to be the Lebesgue measure on the Borel subsets of (0,1) and

C’,(w) =1 1(5171751]((.0), w e (0, 1), xS N,

we obtain

ZOOIE|CZ»|5:S‘1§1' (Si — Si_1) 1ZZHE o0,
and

;E|CZ-|7— IZW S —Si—1) IZZ1+5+E 5y =

since 1 +d+e—vy <1

Theorem 3.1. Let (Z;)icz be an i.i.d. sequence of regularly varying random vari-

ables with index « € (0,2). Suppose that conditions (1.5) and (1.6) hold. Let

{Ci,i = 0,1,2,...} be a sequence of random variables, independent of (Z;), such

that (3.1) and (3.2) hold. Assume also (3.3) holds if « € (0,1), and (3.4) if
€[1,2). Then
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in D[0,1] endowed with the My topology, where V is an a—stable Lévy process with
characteristic triple (0, u,b), with p as in (1.9) and

. 0, a=1
B (p_T)l a’ aG(O,l)U(LQ),
and C is a random variable, independent of V', such that cLc.

In the proof of the theorem we are going to use the following three lemmas, in
which (Z;);ez is an i.i.d. sequence of regularly varying random variables with index
a, (Cy)i>0 is a sequence of random variables, independent of (Z;), and (a,) is a
sequence of positive real numbers satisfying (1.7).

Lemma 3.2. Let a € (0,1), and assume conditions (3.1) and (3.3) hold. Then for
every € > 0

lim limsup P [( Z |CJ|)Z [Zi—q| + Z |Zl ql Z|Cq i+il >e] =

q—)OO
n— oo J=qt1 PR

Proof: Let

2 i c;l,  i=1,...,n,

J=q+1

Dn’q =
Z |Cq*i+j‘v i < 0.
i=1
‘We have to show
"\ D" Z;_|
lim limsupP — Tl 5 ¢) =0. 3.5
q—o0 n—><>op (1;(” Ay, ) ( )
Let
Z; Z
< 7
s T e s

and note that the probability in (3.5) is bounded above by

n " € n N €
P ( > DMzE, > 2) +P ( > DM zz, > 2). (3.6)

i=—00 i=—00

Using Markov’s inequality, the triangle inequality | Y o) a;|* < D52, |a;|* with
€ (0,1], the fact that (C;) is independent of (Z;) and the stationarity of the
sequence (Z;), for the first term in (3.6) we obtain

p Z: N < (e[S przs )
' ifq,n| > 5 = (5) Z i | ifq,n|
1=—00 1=—00
€\ 7 = n, <
< (5)7B( X wrizE,r)
€ n
S (5) E|Zl ,n Z E(D?,q)’y'

1=—00
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Again by triangle inequality we have

n

00 0 n
> EMDP)T <2 Y EIG+ > Y EIC iyl

i=—00 Jj=q+1 i=—o00 j=1
Note that every E|C;|Y, for j = ¢ + 1,¢ + 2,..., appears in the sum
Z?:—oo Z;‘L=1 E|Cy—it;|7 at most n times, and hence
= n,q| < € €\ < - -

P ( S DpZE, > 2) < (5) E|ZT, ’v(zvn Y EIC +n Y E|ij>

oo j=q+1 Jj=q+1

v AN < |y c- v
— (2 +1)(§) nEIZE, " S ElC). (3.7)
J=q+1
Similarly
" " € €\ >
P( > Drzz, > 2) < (25+1)(§) nE|Z7, 10 Y EICP.  (3.8)
1=—00 j=q+1

By Karamata’s theorem and (1.7), as n — oo,

E(1Z11"12,1<a,}) o
7= el p(1Z4] > an) = —
an P(|Z1] > ay) nP(|Zi] > an) 'y—a<oo

nE|Z:

1,n

and
E(|1Z1°1{12,>a0})

ap, P(1Z1] > an)
From this and relations (3.7) and (3.8) we conclude that

limsupP( Z Z|q|>6> SM( Z E|C;|" + Z E|Cj6)’
Qp

n—oo

P Z1] > an) & —— < o0.

E|Z7,|° =
n | 1,n| a—20

i=—o00 J=q+1 Jj=q+1
where M = (27 +1)(e/2) Ya/(y— )+ (2° +1)(e/2) °a/(a—§) < co. Now letting
q — 00, conditions (3.1) and (3.3) imply (3.5). O

Lemma 3.3. Let a € (1,2). Assume conditions (3.1) and (3.4) hold, and EZ; = 0.
If (gn) is a sequence of positive integers tending to infinity, then

[nt] " 7.
. i—gn
11mP<sup aniq >€>—O for every e > 0,
n—oo 0<t<1| i (29
o0
where Cf =32~ 1 Cj.

Proof: Let

Z5, =75, -BZ5, and 77, =77, +EBZ

7,n’

and note that Z;/a,, = an + an, Ezgn = 0 and also Ean =EZ;, +EZ5, =
E(Z;/an) = 0. Thus

[nt] " 7
P( sup ConZizan| E)
0<t<1

D

i=1

Qn



k

ZC// 'Vz_q "

i=1

k

> CoZlgn

i=1

IA
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€
P ( sup > )
1<k<n 2
=: Il + IQ.

Since Cy/ is independent of (Z;) and EZ‘_, = 0, it follows that (Zl 1 Cy Z, Zs anm)k
is a martingale (with respect to the filtration (F}), where the o—field Fj, is generated
by Ci,i > 0and Z;_g,,j < k — ¢n). Hence by Markov’s inequality and Doob’s
maximal inequality

6)—l—P( sup
2 1<k<n

E( sup |Sk> < (L) E|S,|",
1<k<n k—1

which holds for £ > 1 and (Sk)x a martingale (see Durrett, 1996, p. 251) we obtain
e\~ " n n - " 5<
e (5) G e
i=1

with 7 as in (3.4). Note that (C Z= ) is a martingale difference sequence, and

i—Qn,N

hence by the Bahr-Esseen inequahty
J S 2 Z E‘YJ ‘Na
j=1

which holds for x € [1,2] and (Y) a martingale-difference sequence (see Chatterji,

1969, Lemma 1) we have
€ n 1 <
= E E|C,, Z;-
5) (n 1 o Ziz g nl”

2( )
- 5) () S E
2( )

)

I, <

€ n
5) (727) B2,

nE\Z ol
2"(Ja|"+]b|™) and a special case of Jensen’s inequality

Using the inequality |a—b|"
EIY))" <E[Y]"
(which holds for k > 1) we have

E|Z5, " < 2"[E|Z5, | + (EIZ5, )] < 27HE|Z5, |7, (3.9)
and hence
(7N
I < 2247 "<m) nE|ZE, |"E|CY |7,
Note that
[e%e) n—=a o
Eic;;w—Eac;;w6~|c;;|5>sEK > lCi') > ICJ"‘S}’ (3.10)

i=gn+1 j=gn+1
and thus condition (3.4) yields lim, o E|C] |7 = 0. This and the fact that

lim;, s 0 nE|Z1§n " = «/(n — «) (which holds by Karamata’s theorem) allows us
to conclude that lim,, o Iy = 0.
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For Iy by Markov’s inequality we obtain
- "> € AN & 1"
B (Y1012 > 5) < (5) BIZZI S BICL

i=1 =1

Since an =77, —EZ7,, it holds that
E|Z7,| < E|Z7,| + [BZ7,| < 2BIZ7,,|- (3.11)
Therefore
I, <4 'nE|Z7,| Y EIC),
J=aqn+1

yielding lim,, o I = 0, since by Karamata’s theorem lim,, o nE|Z7, | = a/(a—1)
and we assumed (3.1) holds with § = 1 in this case. This completes the proof of

the lemma.

O

Lemma 3.4. Let o € (1,2). Assume conditions (3.1) and (3.4) hold, and EZ; =
0. If (gn) is a sequence of positive integers tending to infinity, such that Inn =

O(Ing,), then

|nt] 00

CiZi;
>y e

i=1 j=qn+1

lim P( sup

n—oo 0<t<1

> 6) =0 for every e > 0.

Proof: Note that

P ( sup
0<t<1

|nt] 00

CiZi;
>y o

®

i=1 j=qn+1
[nt] 0o c [nt] 0o
< < >
cp(ow | % oz, [>5) e (| X Y 0z,
=Pl i=1 j=qn+1 S i=1 j=qn+1

=: Ig + 14.

Let

[nt] 00

Wat) =Y > CiZZ,,  telol].

i=1 j=qn+1
Take 0 < t; < t2 < 1, and cousider (for p > 0)

LntQJ

> Y oz,

P~ Wtt)| > ) = P
i=|nt1]+1J=gn+1

dt

-
>p),

LntQJ —1

S btz

i—gn “i—qn,n

i=—00

>e
2

(3.12)
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an—i+|nts]

) Cis i < nti] -1,
Dmtite J=gqn—i+|nt1]+1

n qn—1+ \_ntZJ
Z 0_77 i:LntlJv"'7Lnt2J_1a
J=qn+1
and the last equality in (3.12) follows by standard changes of variables and order

of summation. The sequence (5?;2;2 ZE qn,n)i is a martingale difference sequence,
and hence the Bahr-Esseen inequality (which holds also for infinite sums, by the

Fatou lemma) and Markov’s inequality imply

[nt2) -1 _ plrt2l=1 _
P(| 2 Breze 0] < o (hy) X EDRGZE, L
M \"m < R Xt
o () I S BB
with n as in (3.4). With the same argument as in (3.10) we obtain
[nta)-1
> BIDIGE
i=|nt1
Inta] —1 0o n—6 oo
< Y Bl X)X er
i=|nty | s=qn+1 J=qn+1
0 n—8 oo
AR O SCAN R DI CTH R
s=qn+1 J=an+1
and
[nt1]—1 B
> DL
o n—6 [nt1]—1  gn—it|nts]
spl( X)) X X iop
s=qn+1 1=—00 j=gqn—i+|nt1|+1
o0 n—5 oo
< () - e[ (3 iel) X jol]. e

s=qn+1 Jj=qn+1

where the last inequality follows from the fact that every |C;|°, for j > g, + 1,

appears in the sum ZZLthigl g’;;jt&j_tfim“ |C;]° at most |nta| — |nt;] times.
Therefore
L’ntzjfl

Nnatiste <
Z Di*qn Zifqn,n

i=—00

P ( > 1)
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QLEELES |cs|)"_6 > i)

s=qn+1 Jj=qn+1

n ~

Since by (3.9) and Karamata’s theorem supn{nE|an| } < oo, and (|nt2] —
[nt1])/n < 2(te — t1) for large n, it follows that

P 53l > ) < 8157 - > |cs|)n5 > o5t

1t <

> D ZE

i=—o0 s=qn+1 J=aqn+1
for some constant M independent of n. Now by Theorem 2 in Avram and Taqqu
(1989) and the arguments in the proof of Proposition 4 in Avram and Taqqu (1992)
we conclude that

0,
> DIGZE > 0)

i=—00

P( sup
0<t<1
00 n—=a [e%S)
< el (3 el) S o]

s=qn+1 Jj=qn+1

|nt]—1

for some constant M’ independent of n. From this and condition (3.4), since Inn =
O(Ingy,), it follows that

[nt]—1

nOt
Z Dz qn 'L qrwn

lim Is = lim P( sup

> ;) = 0. (3.15)

Further, note that

I_TLtJ o0

>
P | Y oz,

i=1 j=qn+1

\
N
N———
IA

P(Z 3 |cj2i>j,n|>§>

i=1 j=qn+1

< (5 S S BIGZz,

1=1 j=gn+1
€ -1 . n oo
= (5) ®Z.IY Y Eo
i=1 j=gn+1
€ oo
= (5) nE|Z7, Y EIC).
Jj=qn+1

By (3.11) and Karamata’s theorem supn{nE|Zl>n|} < 00, and hence condition (3.1)
(with 6 = 1) implies

lim I, = 0. (3.16)
n—oo
Now from (3.15) and (3.16) we get the conclusion of the lemma. O

We are now ready to prove Theorem 3.1.

Proof: (Theorem 3.1) For ¢ € N define
q—1
= ZCjZi_j + C;Zi_q, 1€ Z,
§=0



746 D. Krizmanié

where Cy = 3777 €, and

[nt)
Vag(t)=> =+, telo1].

i=1

Now we treat separately the cases « € (0,1), o € (1,2) and o = 1.

Case a € (0,1). Fix ¢ € N. Since the coefficients Cy,...,Cy1,C; satisfy
condition (2.1), an application of Theorem 2.1 to a finite order moving average
process (X[); yields that, as n — oo,

Vigl-) S CV () (3.17)
in (D[0,1],dpr,). If we show that for every € > 0
lim limsup Pldas, (Va,q, Va) > €] =0,

q—X0 psoo
then by a generalization of Slutsky’s theorem (see for instance Theorem 3.5 in
Resnick, 2007) it will follow V,(-) L Cev(- ), as n — oo, in (D[0,1],dns,). Since
the Skorohod Mj; metric on DJ[0,1] is bounded above by the uniform metric on
D0, 1], it suffices to show that

lim limsup P ( sup |Viq(t) — Vo ()| > e) =0.
40 nyo0 0<t<1
Recalling the definitions, we have

lim limsupP < sup Vi, q(t) — Vi (B)] > e)
4§30 p—oco 0<t<1

" XI - X;
< lim limsupP (ZZl > 6).

4= p—oo ; An,
=1
"o __ _ s .
Put O =C, - Cy = j—q+1 Cj and observe

n

MIXI-Xi| = Y,
=1

=1

qg—1 o0
ZCJ'ZZ‘_]‘ + O;Zi_q — Z CjZi_j
=0 =0

n

- >

ClZiiqg— Y CiZi,

i=1 j=q+1
< Z[|c;’||ziq|+ >y cﬂm@
i=1 Jj=q+1
') n 0 n
< (22 161 Llzd+ 3 12l 3 Crinih
j=q+1 i=1 i=—o0 j=1

Lemma 3.2 now implies
n
X! - X;
lim limsupP( E M > e) =0,
4= poo =1 Qn,

which means that V,,(-) 4 CV(-),asn — oo, in (D[0,1],dps)-
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Case a € (1,2). Let (g,) be a sequence of positive integers such that ¢, =
[n'/10]. We first show that lim,, oo P[dar, (Vig,, Vi) > €] = 0 for every e > 0. For
this, similar to the case a € (0,1), it suffices to show that

lim P ( sup |Va,q, (£) = Vo (t)| > 6) = 0.
n—oo 0<t<1

Recalling the definitions, we have
Lnt)

1 1 =
Vigu (8) = Valt) = — > (X" = Xi) = — > (C;;Ziqn + > C;—Zu),
™ oi=1 ™oi=1 j=qn+1
and hence
P ( sup Vi g, (£) — Vi (t)| > 6)
0<t<1
[nt] ~py [nt] oo

C" Z;,_ € CiZ;_; €

<P|( su M>)+P(su m>>.

Applying Lemma 3.3 and Lemma 3.4 we conclude

lim P ( sup |Viq, () — Vo (8)] > e) = 0.
n—00 0<t<1

Thus, in order to have V,,(-) 4 CV(-) in D[0,1] with the M, topology, ac-
cording to Slutsky’s theorem (see Resnick, 2007, Theorem 3.4), it remains to show
Vg (4) 4 CV(-) in (D[0,1],das,) as n — oo. Note that we cannot simply use
Theorem 2.1 as we did in the case « € (0, 1), since now ¢,, depends on n. By careful
analysis of the proof of Theorem 2.1 we see that relations that have to be checked,
in order that the statement of Theorem 2.1 remains valid if we replace ¢ by gy,
are (2.8), (2.9) and (2.17) (with C. = Y 52, |Cs]). Hence we have to establish the
following relations

. ‘Zo| €
im0, = g - 0P (2 ) o

. Zo| e oo (12l ¢ V)
1 P p (2o —0
rtoo {q (an = gt ) T @ 2q.M

2
. dn |ZO| €
1 Pl— =0
() [P (50 )| -0

for arbitrary € > 0 and M > 0. For all of this, taking into consideration relation
(1.1), i.e. the regular variation property of Zy, it suffices to show

2
lim nqi{P <Zo| > an)] =0,
n—oo q

n

which holds by Lemma 4.1 in Appendix. Therefore we conclude V,,(-) 4, CV(-)
in (D[0,1],dp,)-

Case a = 1. Since Z; is symmetric, note that Zﬁ,n = an and an = an We

proceed as in the case a € (1,2) to obtain lim,_, I1 = 0 and lim,_,+ I3 = 0 (with
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the notation form the proofs of Lemma 3.3 and Lemma 3.4). For I, by Markov’s
inequality and the triangle inequality | Y"1, a;|” < 37", |a;|® we obtain

<P (YICH 2 g al > 5) < (5) nEIZE X B
=1

1=qn+1

By Karamata’s theorem limy, o nE|Z7,|° = (1 — 6)~" and hence from (3.1) we
have lim,,_,, Is = 0. Similarly we obtain lim, ., Iy = 0. This all allows us to
conclude

lim P ( sup |Viq, () — Vo (8)] > 6) =0.

n—oo 0<t<1
As before, Lemma 4.1 from Appendix and the modified proof of Theorem 2.1 (with
g replaced by ¢y,) imply V,, 4, (+) 4 CV(-) in (D[0,1],das,). Now the statement of
the theorem follows by an application of Slutsky’s theorem. (|

Remark 3.5. When the sequence of coefficients (C;) is deterministic, condition (3.4)
is not needed. This was shown by Basrak and Krizmanic¢ (2014), but their proof
contains an error (i.e. they used Lemma 2 from Avram and Taqqu (1992), but the
conditions needed to use this lemma were not fulfilled). Therefore in the proposition
below we improve the proof of Theorem 3.1 in Basrak and Krizmani¢ (2014) in the
case « € [1,2), thus showing that condition (3.4) can be dropped if all coefficients
of the moving average process are deterministic.

Proposition 3.6. Let (Z;)icz be an i.i.d. sequence of reqularly varying random
variables with index a € [1,2). Suppose that conditions (1.5) and (1.6) hold. Let
{C;,i=0,1,2,...} be a sequence of real numbers satisfying

(oo}
Z 1Cj1° < o0 for some § <o, 0 <9 <1, (3.18)
j=0
and
0<Y Ci /> Ci<1  foreverys=0,1,2.... (3.19)
i=0 i=0
Then

V()L ov(),  n-— oo,
in DI[0,1] endowed with the My topology, where C = Z;io Cj, V is an a—stable
Lévy process with characteristic triple (0, u,b), with p as in (1.9) and

, 0, =1,
B (r—71)1%5, a € (1,2).
Proof: Fix g € N, and define

qg—1
X=> CiZij+CiZiq, €L,
7=0
where Cy = 3°7° Cj, and
Lnt)
X1
Ving(t) = a—z, te|0,1]
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Since the coefficients Cy, ..., Cy_1, C’(’J satisfy condition (2.1), an application of The-

orem 2.1, adjusted to deterministic coefficients C;, yields V,, 4(-) 4 CV(-) in
(D[0,1],dar,) as n — oo (see also Theorem 2.1 in Basrak and Krizmanic, 2014).

Therefore, in order to have V,,(-) 4 CV(-) in D[0,1] with the M> topology, by a
generalization of Slutsky’s theorem we have to show that for every € > 0

lim limsup Plda, (Va.q, V) > €] = 0.

g—0 nsoo

As before it suffices to show that

lim limsup P ( sup |V q(t) — Vi (t)] > e) =0. (3.20)

4= p—oo 0<t<1
As in the proof of Theorem 3.1 we have
P ( sup |V q(t) — V()] > 6)
0<t<1

k 9]

CiZi—;
> ¥ G

i=1 j=q+1 "

k "
crz;,

Qp

€

> 2), (3.21)

< P( sup
1<k<n

>6)—|—P< sup
2 1<k<n

C;. Take 7 > 0 such that

=1

" __
where Cf = 3777

a—T >0, ifa =1,
a—T1>1, if a € (1,2).

Condition (3.18) implies > 7 |Cj|*™7 < oo. Similarly 3372 |Cj| < oo. This
implies that for large ¢ we have |C;/| < 1, which allows us to apply Lemma 2
in Avram and Taqqu (1992) to the first term on the right-hand side of (3.21), to
obtain (for large q)

k "
Ccl'zi_ € (a+7)
(L [ Gl ) () LS g
(1§k2n ; Gnp 2 o Z| ‘
€\ ~(at7) a—T1
= M<§) | (3.22)

where M is a constant independent of n and ¢. Using the following inequalities

{ |y ail® < 3000 ail®, if s <1, (3.23)
| 2000 aal® < 300 ladl, if s> 1and |37, ai] <1,
we have

cpp < { coen

Ej:q+1|0j|, if w € (1,2),
yielding lim, o |C7/|*77 = 0. Now from (3.22) we obtain
ko
qlLr&ligso%pP (12@1571 ; anZniq > ;) =0. (3.24)
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Note that the second term on the right-hand side of (3.21) is bounded above by

k 0o + o)
C: Zl;' € C Z €
P( sup -2 >> ( sup >,
<1§k§n ;jzzq;_l ap 4 1<k<n ;qu;rl 4

where C’;r C; V0 and C; = (=Cj) V0. In the sequel we consider only the first
of these two probablhtles smce the other one can be handled in the same manner.
Assume first « € (1,2). Recall an and an from the proof of Lemma 3.3, and

note
> C+Zz j €
ap 33 )
(1<k<n i=1 j=q+1 4
k oo ¢
+7 + 77>
o |35 oz, >0 er (s S5 o7, > )
1<k<n i=1 j=q+1 1<k=n i=1 j=q+1

(3.25)

Since the coefficients C’;L are nonnegative, the moving average processes

o0
< +7< -
Ym’q.f g C Zl o 1=1,2,...,
Jj=q+1

are associated, as nondecreasing functions of independent random variables (see
Esary et al., 1967). Thus the sequence (Z Y q)k is a demimartingale (see Sec-
tion 2.1 in Prakasa Rao, 2012), and hence by Markov’s inequality and the maximal
inequality for demimartingales

E( sup |Sk> < (+55) EISl,
1<k<n k—1

which holds for £ > 1 and (Sk)r a demimartingale (see for example Corollary 2.4
in Wang et al., 2010) we obtain

—(a+T1) oa+T atT n - a+T
CJFZ* E < (E) <7) E YS
(122271212 i=gn 8) 8 a+71—1 Z in,q
1=1j=q+1 =1
(3.26)
and similarly
—(a—7) a
| S 1) < (TGS S
<1<k1<)n ;qu;l imin T8 ) = \8 a—1—1 Y
(3.27)
where an q = Z;’; g+ crzz jn- By standard changes of variables and order of

summation we have

n n—1 +n—1
ZY;,qu: Z ( qz C+>Zl_qn

i=1 i=—00 N j=q+1+(—i)V0
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Note that (( ‘JHZHZ H(—i)vO C*) ; is a martingale difference sequence, and

thus by the Bahr-Esseen inequality we obtain

n—1 qg+tn—1t a+T
+ 7< a+T
< 2) < > cj> B|Z5 7.

i=—00 j=g+1+(—3)VO

i— qn)

a+T1

Noting that for large ¢, ?J:FZJ:er(ﬂ)vo

yields that (for large q)

Cf < 1, the second inequality in (3.23)

n a+T1 gt+n—i
B Y5, <2075, Z > oo
i=1 i=—00 j=q+1+(—i)VO0
n—1 qtn—i
Now note that every Cf, for 7 > g+ 1, appears in the sum Z Z C’f

i=—00 j=q+1+(—3)VO0
at most n times, and therefore

oa+T e’}
7< ot +
znq <2n|Zl,n|a T Z Cj .

J=q+1
Similarly we obtain

oo
7> |a— +
znq §2n|Zl,n|a i Z Cj .

Jj=q+1
Jensen’s inequality, as in (3.9) yields
E|Z |a+'r < 2a+r+1E|Z |a+-r
and similarly
E|Z7, |07 <207 THE|Z7, |47
Collecting all these facts, from (3.26) and (3.27) we obtain, for large g,

k oo
= €
P| sup E E C’*Z?,-n > )
<1§kgn j Js ]

i=1j=q+1

_(O‘J"T) oa+T a+T1 o0
a+T1+2 E aTT < adr +
<2 (8) (a+7_1) n|Z1,n| Z O] (3.28)

J=q+1
and
k [eS) _ c
P |3 02,05 5)
Isksn i1 j=q+1
—(a—T1) o—T a—T o
< 20772 (0 (-2=) mizze Y o (329
< )T e Y e e

From (3.25), (3.28) and (3.29) we see that for some positive constant M’ the fol-
lowing inequality holds for large ¢

P sup
1<k<n

22—

o]
€
> 4) < M'(n)Z5, 1% + 0|27, 1077) Y Cf
i=1 j=q+1

Jj=q+1
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By Karamata’s theorem nE|Z§n|a+T — a/7 and nE|Z7,|*77 = a/T, as n — oco.
Therefore, since - <3241 1Cj = 0 as ¢ — oo, we have

k oo C+Zl_
£ 5 armal o,

i=1 j=q+1

Jj= q+1

lim limsupP [ sup
4= p—oo 1<k<n

Hence we conclude

Z 3y CaZl ] >§) —0. (3.30)

lim limsupP ( sup
i=1j=q+1 "

q—X p—oco 1<k<n

Now, from (3.21), (3.24) and (3.30) follows (3.20), which means that V,,(-) 4

CV(-) in D[0,1] with the M> topology.

Assume now o = 1. Relation (3.26) holds also in this case, but for (3.27) we
need a different argument since « — 7 < 1, and thus we can not use the maximal
inequality for demimartingales. By Markov’s inequality and the first inequality in
(3.23) we have

k ') n 00
+ 7> € +) 7> €
P< sup Z Z CrZZ,n > >§P<Z Z C; Zij,n|>8>
PEREn st j=gt1 i=1 j=q+1

RS S )

1=1 j=q¢+1
e\ —(a—1) n )
< (g) E|Z1>,n|a_TZ Z (C«-i-)a—r
i=1 j=q+1

o0

€ _((X—T) ~ a—T a—T
<(5)  REIZTTTT Y (o

Jj=q+1
From the symmetry of Z;, Karamata’s theorem and (1.7) we obtain, as n — oo,

E(1Z:1* "1z, 50.))

MBI = BT = SR > an)

P(1Z1] > an) — =
T

3 1 S |a—T _—
Therefore, since limg o0 > 52, 11 |C)] =0, we have

k o
lim limsupP [ su C’+Z> > =0
q— 00 n~>oop <1<k1<)n ;j;l i=jn 8 ’

and as in the case a € (1, 2) it follows that V,,(-) — 4 CV(-) in DI0, 1] with the M,
topology. This completes the proof. O

4. Appendix

We provide a technical result used in the proof of Theorem 3.1 and an example of
moving average process with heavy-tailed innovations and deterministic coefficients
for which the M; convergence of the corresponding partial sum process does not
hold (but for which the My convergence holds).
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Lemma 4.1. Let Z; be a regularly varying random variable with index o € [1,2)
and (an) a sequence of positive real numbers such that (1.7) holds. Let ¢, =

|n/1%], n € N. Then
e\ 12
lim nqg{P <Z1| > n)] =0.
n—roo q

Proof: By (1.1) and (1.7) we have
lim na,“L(a,) =1. (4.1)

n—0o0

Since L is a slowly varying function, it holds that for all s > 0 and ¢t € R, as
z — o0, z°[L(z)]" — oo and z*[L(z)]" — 0 (Bingham et al., 1989, Proposition
1.3.6). Hence a2~*L(a,) — 0o as n — oo, and since by (4.1)

lim a> *L(a,) =1,

n— o0 a,% n
it follows that n/a? — 0 as n — oo. This yields
an _ fan Vo
dn n 4n

since by the definition of the sequence (g ), v/n/¢n — 00. Thus for u > 0, M,,(u) :=
(an/qn) " "[L(an/q,)]*> — 0 as n — oco.
From (1.1) we obtain

2 Gn ? o [ On 2 an 2 o [\ —20Fu
e (1> )] =it Ge) ] =i () e

By (4.1) we have

as n — 0o,

ay > KnL(ay,)
for some positive constant K independent of n, and hence taking some v > 0 such
that u + v < 2a we obtain

2
an
e (1> )

= g2 () T M (u)

< K72+(u+v)aq721+2a7unf1+(u+v)/aa;v [L(an)]72+(u+v)/aMn (’U,)

— qi+2a—un—1+(u+v)/aMn(u’ ’U)

< n(2+20¢711)/1()71+(u+v)/ozj\4n(u7 1}). (42)
where
M, (u,v) := K~ 2F@tvag—vip g )20t/ (u) — 0, as n — 0o.
Now let w = 1/5 and v = 1/5, and note that for this choice of u and v it holds that
24+ 2a—u u—+v 1
-1 <-——=<0.
10 * a — 50

Therefore from (4.2) we obtain

2
lim an[P <Zl| > an)] = 0.
n—00 qn
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O
Ezample 4.2. Let (Z;); be a sequence of i.i.d. regularly varying random variables
with index of regular variation « € (0,2). Define the moving average process
X,’ :ZifZi_l +Zi—27 i€ Z.

We will show that V,,, as defined in (2.2), does not converge in distribution un-
der the M; topology on DJ0,1]. For this, according to Skorohod (1956) (see also
Proposition 2 in Avram and Taqqu, 1992), it suffices to show that

lim lim sup P(ws(V;,) > €) >0 (4.3)
=0 nooo
for some € > 0, where
ws(z) = sup M (x(t1), (1), 2(t2))
t1 <t <t

0<tyg—t1 <o
(x € D[0,1],0 > 0) and

0 if x9 € [x1, 23],

_ )
M(z1, 72, 23) = { min{|zs — x1],|z3 — 22|},  otherwise,

Note that M (z1,x2,23) is the distance from zo to [z1,x3], and ws(x) is the M,
oscillation of z. To show (4.3) we use, with appropriate modifications, the procedure
of Avram and Taqqu (1992) in the proof of their Theorem 1.

Let ¢’ = 4'(n) be the index at which max;<;<n—1|Z;| is obtained. Fix € > 0 and
introduce the events

Ane ={12] > ca} = { | max 2] > e, }

and
By ={|Zi| > ean and 31 # 0,—i' — 1 <1 < 1, such that |Z; 4| > ea, /4}.

Using the facts that (Z;) is an i.i.d. sequence and nP(Z; > Aa,) = A™% asn — o
for A > 0 (which follows from the regular variation property of Z; and (1.7)) we
get

lim P(A,)=1—e°¢" (4.4)
n— oo
and
limsup P(B,,) <
n— 00 ’ 4-«
(see Example 5.1 in Krizmanic, 2014).
On the event A, \ By one has |Z;/| > ea,, and |Z;/4;| < ea, /4 for every | # 0,
—i’ —1 <1< 1, and hence

(4.5)

/

) -1 Xi’ Zi’ — Zi’— Zil_
al(§)-w()| sl g
n n an an 2
and ) ,
)+ 1 ) X Lig1 — Ly + Ly
() i () - Bl e Brs il e
n A, A, 2

Further, we claim that on the event A, ¢ \ B, . it also holds that

(2 e () () =

n
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If this is not the case, then

() < () <),

n n
i.e.
0< Xir < Xy +Xi’+1.
an an
Therefore
Xi  Ziv—Zi 1+ Zia >0 and Xipr _ Ziya —Zi + Ziv >0,
(o7 [e7% an Qnp
and this implies
7 7
LIS < and L < ,f’
an 2 an 2

which is not possible. Thus relation (4.8) holds, and it implies

(D) (2)
- () (55 ’

i'+1 1
() (Gl
Taking into account (4.6) and (4.7) we obtain
w2/n(Vn) = sSup M(Vn(t1)7Vn(t)aVn(t2))

t1 <t <t
0<ty—t1 <2/n

)

o -/ -/
> MV () () () > 5
n n n 2

on the event A, . \ By . Therefore, since ws is nondecreasing in §, it holds that

liminf P(Ayc\ Bo) < UminfP(ws (Vi) > €/2)

< lim limsup P(ws(Vy,) > €/2). (4.9)

00 nooo
Since 22*(1 — e~ ") tends to infinity as # — oo, we can find ¢ > 0 such that
(1 —e¢ ") > 4% ie.
—2«

e €
1—e > e

For this €, by relations (4.4) and (4.5), it holds that
lim P(A,.) > limsupP(B,.),

n—00 n—oo

i.e.
liminf P(A, ¢\ By,e) > lim P(4,,) —limsupP(B, ) > 0.

n—00 n—00 n—oo

Therefore by (4.9) we obtain
lim lim sup P(ws(V},) > €/2) > 0

620 nooo
and relation (4.3) holds, which means that V;, does not converge in distribution in
DJ0, 1] endowed with the M; topology.
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