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Abstract. We consider the Kawasaki dynamics of two types of particles under
a killing effect on a d-dimensional square lattice. Particles move with possibly
different jump rates depending on their types. The killing effect acts when particles
of different types meet at the same site. We show the existence of a limit under
the diffusive space-time scaling and suitably growing killing rate: segregation of
distinct types of particles does occur, and the evolution of the interface between
the two distinct species is governed by the two-phase Stefan problem. We apply
the relative entropy method and combine it with some PDE techniques.

1. Introduction

The study of the fast-reaction limit in reaction diffusion systems goes back more
than 20 years. The motivation of this study comes from population dynamics
Dancer et al. (1999), Crooks et al. (2004), Iida et al. (2017), mass-action kinetics
chemistry Daus et al. (2017) and others. Consider the system consisted of two types
of species, say A and B, and assume each of them moves by diffusion with rates
dy and ds, respectively. When distinct species meet, they kill each other with high
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rate K. This problem is formulated in PDE terminology as the system of equations
for densities uy(t,7) and us(t, r) of species A and B, respectively, written as

Several papers, including those cited above, studied the limit as K — oo of the so-
lutions w;(¢,r) of the system (1.1) or its extensions, that is, the limit as the killing
rate of distinct species gets large. This is called the fast-reaction limit. It is known
that the segregation of two species occurs in the limit and the interface separat-
ing two distinct species evolves according to the two-phase Stefan free boundary
problem.

In the present paper, we formulate the problem at the original level of species, i.e.,
at the underlying microscopic level, and model it as a system with two distinct types
of particles. Under a diffusive space-time scaling combined with the limit as K — oo
taken properly, we prove that the segregation of species occurs at macroscopic level
and derive the Stefan problem directly from our microscopic system.

The proof is divided into two parts and given as a combination of the techniques
of the hydrodynamic limit and the fast-reaction limit. In the first part, which is
probabilistic, we consider the relative entropy of the real system with respect to
the local equilibria defined as a product measure with mean changing in space and
time chosen according to the discretized hydrodynamic equation, which is a discrete
version of (1.1). Then, we show that the relative entropy behaves as a small order
of the total volume of the system. This proves that the macroscopic density profile
of the system is close to the solution of the discretized hydrodynamic equation.
We take product measures as local equilibria, since those with constant means are
global equilibria of the Kawasaki dynamics. In the second part of the paper, we
apply PDE results to analyze the discrete equation and derive the Stefan problem
from it.

1.1. Model. Let T = (Z/NZ)* = {1,2,...,N}¢ be the d-dimensional periodic
square lattice of size N and consider a system that consists of particles of two
distinct types. The configuration space is X3 = Xn x X, where Xy = {0, 1}T51V. Its
elements are denoted by ¢ = (01, 02) = ({O’LI}IGT?\N {Uva}IGT‘fv)‘ The generator
of the Kawasaki dynamics of particles of a single type is defined by

1 xr
(Lof) (o) = 3 > {f(e™) = f(o)}, o={ou}rers € XN,
w,ye']l“fvzp;—y\:l
for functions f: Xy — R, and where ¢%¥ € X is defined from o € Xy as
o, ifz=ux,

(c™Y), = or ifz=y,
o, otherwise.

The generator of the two-component system is given by Ly = N2Ly + K Lg with
K = K(N), where

(Lof)(o1,02) = di(Lo f(-,02))(01) + da(Li f (o1, ) (02),
(Laf)(o1,00) = Y 014022 {f(0],05) = f(o1,02)},

z€T,
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for functions f: XI%, — R, and dy,d> > 0. Here 0” € X is defined from o € Xy as
. { 1l—0, ifz=nrc,
oo =

z o if z £ x.
Let 6N (t) = (o' (1), 03’ (1)) = (010,(t), 930, (t))serq, be the Markov process on Xy
generated by Ly. The macroscopic empirical measures on T¢ := (R/Z)? = [0,1)?
associated with a configuration & = (01,02) € X% are defined by

1
N (dr; &) = Na Z oiz0z(dr), 1€ T, i=1,2.
z€TY,

The goal is to study the limit of the macroscopic empirical measures of the process
N (t) as N — oo, with properly scaled K (V).

1.2. Main result. We first summarize our assumptions on the initial distribution of
N (0).
(A1) Let uN(0,-) = {u]¥(0,7)},erq ,i = 1,2 be given and satisfy two bounds

e B <uN(0,2) <o and  |VVuN(0,2)] < oK,

foreveryi = 1,2,z € T% withc; > 0,0 < c2 < 1,Cy > 0, where K = K(N)
satisfies (A4); below (6 > 0), V¥ is defined as

VNu(z) = {N(u(z + ;) —u(z)}, (1.2)

and e; € Z¢ are the unit vectors in the ith positive direction.

(A2) Let u)’ be the distribution of &V (0) on X% and let )Y = Vul (0, (0,-) D€
the Bernoulli measure on X'Z with means ul¥ (0, ), ud' (0, -) given as above.
We assume the relative entropy defined in (2.1) satisfies H(ul'|v)) =
O(N?=%) as N — oo with some §y > 0.

(A3) We assume ul (0,7),7 € T? defined from u2 (0, ) through (4.1) converge
to some u;(0,7) weakly in L?(T9) as N — oo, for i = 1,2, respectively.

(Ad); K = K(N) satisfies 1 < K(N) < §(log N)'/? and K(N) — oo as N — oc.

Our main theorem is formulated as follows.
Theorem 1.1. We assume the four conditions (A1)-(A3),(A4)s with & > 0 chosen
sufficiently small depending on T > 0. Then, we have the following.
(1) The macroscopic empirical measures oY (t,dr) := aN (dr; 5™ (t)) of the process
N (t) converge to u;(t,r)dr, respectively, for i = 1,2, that is

lim P(|<azl'v(t)790> —(u;i(t),p)| >e)=0, i=12,
N—00
for every e > 0, t € [0,T] and ¢ € C=(T?), and uy(t,r)ua(t,r) = 0 a.e. v holds,

where (o, p) and (u, ) stand for the integrals over T<.
(2) w(t,r) :=uy(t,r) — ua(t,r) is the unique weak solution of
dw = AD(w), in T,
(1.3)
’LU(O, 7“) =u (Oa T) - u2(07 T)a
where A is the Laplacian on T¢, and D(s) = d1s,s > 0 and = dys,s < 0.

The weak solution of (1.3) is defined as follows.
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Definition 1.2. We call w = w(¢,7) a weak solution of (1.3) if it satisfies
(i) w e L>([0,T] x T¢) for every T > 0;
(ii) For all T > 0 and ¢ € CY2([0,T] x T?) such that ¥(T,r) = 0 for all r, we
have

T
/ / (Wb + D(w)AY)drdt = —/ wo (0, r)dr.
0 JTd Td

The uniqueness of the weak solution of (1.3) is shown in Crooks et al. (2004),
Corollary 3.8. As pointed out in Dancer et al. (1999), (1.3) is the weak formulation
of the following two-phase Stefan problem for u; and us:

Oy = diAuy, on Di(t) = {r € TS ui(t,r) > 0, us(t,r) = 0},
Orug = doAug, on Do(t) = {r € Ty (t,r) = 0, ua(t,r) > 0},
up = ug =0, on I'(t) := 0D;(t) = dDx(t),

d10pu; = —da0pug, on I'(t),

(1.4)

where n is the unit normal vector on I'(¢) directed to D;(t). Indeed, if the sys-
tem (1.4) has a smooth solution, that is, if I'(¢) is smooth, u;(¢,7),i = 1,2, are
smooth in D;(t) and continuous on T, then it determines a weak solution.

The proof of Theorem 1.1 is divided into two parts as we mentioned above. The
main task is to show that the relative entropy of our system compared with the local
equilibria defined through the discretized hydrodynamic equation (2.3) behaves as
o(N9), namely, the relative entropy per volume tends to 0 as N — oco. This is
formulated in Theorem 2.2 and shown in Sections 2 and 3. Once this is shown, one
can prove that the macroscopic empirical measures ¥ (¢) is close to the solution
of (2.3), see Section 4. In the last Section 5, we show that the solution of (2.3)
converges to the weak solution of (1.3).

A related model with instantaneous annihilation was studied by Funaki (1999)
and the same equation (1.3) was derived in the limit. Briefly saying, 1 < K < N in
our model, while 1 < N < K = oo in Funaki (1999). Sasada (2010) considered the
model with non-instantaneous annihilation together with creation of two distinct
types of particles.

2. Relative entropy method

The relative entropy of two probability measures p and v on X% is defined as

du du
H = — log — - dv. 2.1
)= [ oo g - (21)

For a probability measure v on X%, the Dirichlet form D(f;v), f:X% — R, associ-
ated to the generator Ly is defined as

D(f;v)

—1 X[ ST o) ~ fon.02)) + da{f(o1,05") - Flor,00))]din
z,y€Ty ~ 7N
lz—y|=1

Let p; = Y be the law of (oY (¢), 0¥ (t)) generated by Ly = N?Lo+ K Lg on X%.
We have the following estimate on the time derivative of the relative entropy.
See Funaki (2018), Funaki and Tsunoda (2018) for the proof.
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Proposition 2.1. For any probability measures {1} and m on X% both with full
supports in X%, we have

d d
C H(ulwe) < —2N?D [ /L0, +/ (L1 = dylogy) dpr. (2.2)
dt th X

2

N
*,Up - .. 2 th
where LY is the adjoint of Ly on L*(v4) and iy = e
m

This estimate was first used by Guo, Papanicolaou and Varadhan taking 14 to
be a global equilibrium which is independent of ¢ and then by Yau dropping the
negative Dirichlet form term, see Funaki (2018). Then Jara and Menezes introduced
(2.2) as a combination of these two estimates, cf. Jara and Menezes (2018).

We use (2.2) with the following Bernoulli measures v;. Let ulN (t) = {u;(t,z) =
ul¥ (t,)}zere , © = 1,2 be the solution of the system of the discretized hydrody-
namic equation:

ol (t,x) = d; ANulN (t,x) — Kul (t, x)ud (t, ), i=1,2 (2.3)
where AY = N2A and
Au)(@) = Y (uly) —u(@).
yeTL|y—a|=1

Note that (2.3) is a discrete version of (1.1). We define vy = vy, (4..),us(¢,.), Where
we denote by vy, (), us() for ui(+) = {ui(z)}yera i = 1,2 the Bernoulli measure on
X% such that

Vu1(')vu2(')(0ivl’ =1) = u;(),

for every z € T4 and i = 1,2.
The main result in the probabilistic part is the following Theorem.

Theorem 2.2. Assume the initial distribution verifies the Hypothesis of Theo-
rem 1.1. Then, we have

H(Mivh/tN) = O(Nd)v te [07T]7
as N — oo.

The proof of this theorem needs some preliminary results proved in the following
subsections.

2.1. Calculation of the second term in (2.2). We define the normalized variables
Wi, x,t by

6i,x(t)
x(ui(t,x))’

where x(u) = u(1 —u) for u € (0,1).
In this subsection we prove the following proposition.

Wizt = 5i,x(t) = Ui,:r(t) - ui(xvt)a 1= 17 27 (24)

Proposition 2.3.
LN"1 = 0 logahy = Vi(t) + Va(t) + V(1) (2.5)
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with
d;N? 5 .
Vi(t) = — 5 Z (uit,y) — wilt, o)) Wiz 1wiy t i=1,2 (2.6)
z,y€TS |z —y|=1
Vit)=K Z (ul(t, x) + us(t,x) — 1)u1(t, z)uz(t, T)w1, 5 1W2 4t - (2.7)
xeT%

Proof: We first compute Ly""g for a generic function g on X%, calling v =

Vu1(~)7u2(-)-
For Lg we have

[stativ =3 g(01.0) 3 010020 (0,08 ~ (o1, 02)} vlor.00)
01,02 z€TY,

By making the change of variables 71 = of and 72 = o3, the sum containing
f(of,0%) can be rewritten as

Z g(nt, m3) Z (1 =) (L = n22) f (1, m2)v(ni, n3).

reTd
1,72 z€T4,

Next observe that for 71,72 satisfying m ; =12, =0,

V(nfﬂ?%j) = (1 — qul(gl)jg?f(xLQ(I))y(nth)?
Thus
V(o o) — ul(I)UQ(x) 0 o o% oF
LG g( 1, 2)_Igfv{(l_ul(x))<1_u2<m))(l 1,33)(1 2,36)9( 1> 2)

- 01,9002,909(01,02) .

Using the above equality with g = 1 and writing 7; , = w; 5 x(ui(+)) (recall (2.4))
we get

KLgl/ul('),,ug(’)l =— K Z U1($)U2($) <w1’$ + w?,w)
z€TY,

+ K Z (ur(z) + ua(z) — 1) (@) uz(2)wi zwa 4.

d
zeTy

For the Kawasaki part, from the computation in Funaki (2018) or Funaki and
Tsunoda (2018), we obtain

v d
Lyl =— 51 Z (u1(y) = ur(2))?wi zw1y + da Z (Aup)(z)wr 2
LyET% zeTY,
lz—y|=1
d
- ?2 Z (u2(y) — u2($))2wz,zw2,y +do Z (Aug)(z)w2 4

LyET% zeT%
le—yl=1
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We next observe that
Ocloge(n) = Y Qrua(t,@)wree + Y Qua(t, @)wsz,g .
z€eTY, zeTY,
This equality is proved similarly to Funaki (2018) or Funaki and Tsunoda (2018).
By using (2.3) the linear terms in w cancel and we finally obtain (2.5). O

2.2. Estimates on the solution of (2.3). Let (u1(t),uz(t)) = (ul¥ (¢, z),ud (¢, 2)) be
the solution of the discretized hydrodynamic equation (2.3). We derive estimates
on (u1(t),uz(t)) and their gradients. First two lemmas, especially taking ¢ = ¢3 < 1
with ¢g in (A1), are useful to estimate 1/x(ul (t,x)) appearing in the definition of
w; ¢+ from above.

Lemma 2.4. If the initial values satisfy 0 < ul¥(0,z) < ¢ for every x € T% and
i = 1,2 with some ¢ > 0, we have
0< uf-v(t,x) <e,
for everyt >0, z € TY and i = 1,2.
Proof: One can apply the maximum principle in our discrete setting, cf. Crooks

et al. (2004), Lemma 2.1. Also, a similar argument to the proof of the next lemma
works. 0

Lemma 2.5. If the initial values satisfy 0 < ug < ul¥(0,2) < 1 for every x € T%
and i = 1,2, we have
ul (t,2) > u(t) = uge X,
for everyt >0, z € T4 andi=1,2.
Proof: From (2.3) and us(t,x) < 1, since u(t) satisfies ,u(t) = —Ku(t), we have
O (ur(t,z) —u(t)) = di AN (uq(t,z) — u(t)) — K (u1(t, z)usz(t, z) — u(t))
> di AN (uy (t,2) —u(t)) — K (ui(t,z) — u(t)).
Assume that u(s,y) > u(s) holds for 0 < s < t and every y € T4, and at some
z and t, uy(t,z) = u(t) holds. Then, AN (uy(t,x) —u(t)) > 0 and —K (uy (¢, z) —
u(t)) = 0. Therefore, 9 (ui(t, ) —u(t)) > 0. This means that ui(¢,z) — u(t) is
increasing and w; (¢, 2) can not be below u(t). Same argument works for us(t, z). O

Let pN(t,2,y) be the discrete heat kernel corresponding to AN on ']I“fv. Then,
we have the following estimate, which is global in ¢.

Lemma 2.6. There exist C,c > 0 such that

C
VNN (t, 2, y)| < —p™ (ct,z,y), t>0,

IVEpT (8 z,y)| < N (ct, z,y)
where VY is defined by (1.2).
Proof: Let p(t,z,y) be the heat kernel corresponding to the discrete Laplacian A
on Z%. Then, we have the estimate

|Vp(t, z,y)| < t>0, z,y € Z°

C
\/mp(Ct7 x’ y)’
with some constants C,c > 0, independent of ¢ and z,y, where V = V!. This
should be well-known, but we refer to Delmotte and Deuschel (2005) Theorem 1.1
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(1.4) which discusses general case with random coefficients, see also Stroock and
Zheng (1997). Then, since

PNtzy) = Y p(N*tz,y+k),
ke(NZ)d

the result follows. O
We have the following estimate, though it might not be the best possible one.
Proposition 2.7. The gradients of the solution of (2.3) are estimated as
\VNuN (t,z)| < K(Co+CVt), t>0,i=12,
if IVNu (0,2)] < CoK holds.
Proof: From Duhamel’s formula, we have

ul (tx) = > uw (0,9)p" (dit, z,y)

y€eTY
¢
- K/ ds Z u{v(s,y)ué\[(&y)p]v(di(t - S),.’E/y).
0 d
yeTy
By noting the symmetry of p™¥ in (z,y) and 0 < v (s, ), ud’ (s,x) < 1, this shows

VNN (8 2)] < Y (VG (0,9) 07 (dit, 2, y)

yeTY,
t
+ K/ ds Z VNN (di(t — ), z,9)).
0 yeTY,
Thus, from Lemma 2.6, we obtain the desired estimate. ([
2.3. Proof of Theorem 2.2. Notation: We simply denote u; = pl¥,v; = v}V and

dN
set f; = fN = d’;tf\,.

Recalling Proposition 2.3, and using the estimates of subsection 2.2, in Section 3
we prove the following Theorem.

Theorem 2.8. For o and k > 0 small, if d > 2, there is Cy, . > 0 so that

/ V(t)du, < aN*D(\/fi; 1) + Con K H(py|vy) + N5, (2.8)
X2

N

and also
/Xz [Vi(t) + Va(t)ldpe < aN?*D(\/fi; 1) + Con K2H (1) + N5 (2.9)
N
The term N9=1+% is replaced by N2 % when d = 1.
By using Proposition 2.1, (2.5) and the above Theorem, we obtain

d
—rH(uelvr) < CK?H (pugfvn) + O(N=),
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with 0 < 6; < 1. We have chosen o € (0,1) so that the terms of Dirichlet forms
with a positive sign are absorbed by the one with negative sign in (2.2). Thus,
Gronwall’s inequality shows

H(puelve) < (H(polwo) + tO(N4=01)) OK,

Noting e“K*t < NC%* from 1 < K = K(N) < 6(log N)¥/2 and H(po|vy) =
O(N?=%) by the assumption, this concludes the proof of Theorem 2.2, if § = §7 > 0
is small enough such that CT§% < 6y A 8. O

3. Proof of Theorem 2.8

We split the proof in two subsections.

3.1. Proof of (2.8). We omit the dependence on ¢ and define
V=K Z (:)LQ;WQ@,
z€TY,

where @, = (w1 () + uz(x) — 1)ur (@) uz(z)wy 4.
The first step is to replace V by its local sample average V¢ defined by

Ve =K Z @wyg@w,g, (31)

d
€Ty

1 - 1
730,[ = m Z G4y 9zl = m Z Gr—y,

yEN, yEA,
for a function g = {g.(01,02)} and A, = [0,¢ — 1]¢ N Z.

where

Proposition 3.1. We assume the conditions of Theorem 2.2, in particular, we take
d > 0 sufficiently small. Let v = vy, () (), dit = fdv (recall we omit t) and we
choose £ = N1 with r/(= k/d) > 0 when d > 2 and £ = N2~% when d = 1, with
small k > 0. Then the cost of the replacement is estimated as

J O =VOfdy < aN*DO/Fiv) + Co (Hlpl) + N9 (32)

for every a, s > 0 with some C,,; > 0 when d > 2 and the last N9~ js replaced
by N2t% when d = 1.

The first tool to show this proposition is the flow lemma for the telescopic sum.
We call & = {®(2,y)}p—{as,y}cc+ a flow on a finite set G connecting two proba-
bility measures p and ¢ on G if ®(z,y) = —P(y,«) hold for all {z,y} € G* and
> .eq ®(x,2) = p(x) — q(v) hold for all z € G, where G* is the set of all bonds in
G. The following lemma is found in Appendix G of Jara and Menezes (2018), see
also Funaki (2018), Funaki and Tsunoda (2018).

Lemma 3.2. (Flow lemma) There exists a flow ®° on Ay := {0,1,...,2¢ — 1}
connecting 69 and qp := pe * pe, pe(x) = |T1,,|1Ae (x), such that

d

Z Z@E(Jc,x + €)% < Cagall),

€A1 j=1
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where e; is a unit vector to jth positive direction, and gq(¢) = £ when d =1, log/
when d =2 and 1 when d > 3.

Remark 3.3. (1) When d = 1, the flow ® on A,y = {0,1,..., ¢} connecting dy
and py(z) = 3141, ¢ (2) is given by ®(z, 24+ 1) = 52,0 <z < £ — 1. Indeed, the
condition on ®* is

.....

Oz, x4+ 1) + Oz, — 1) = 6o(x) — pe(x), = € Ay,

with ®¢(£, ¢+ 1) = ®¢(0, —1) = 0. Or equivalently, recalling that O (z,x — 1) =
—®%(z — 1,7) and setting ®(x) := ®*(z,z + 1), the condition is
. . . 1
V(z) (: B(z) - B(a — 1)) =5 1<y,

d(0) =1,8(¢) =0,

i.e., the gradient of ® is a constant so that ® is an affine function. This equation is

easily solved and we obtain ®(x) = 4779”.

(2) In Lemma 3.2, we are concerned with ¢, instead of p;. When d = 1,

1
q(x) = > pele —y)pe(y) = 7 > 1
yeTY, 1<z—y<l,1<y<¢
1
:ﬁﬂ{yilﬁyéé,xffﬁyéxfl}

1
% (fr—0<1,ie z<l+1),

20+1—x
/2

(ifzx—0>1,ie. x>0+4+1),

i.e., g is piecewise affine. Therefore, its integration ®¢ is piecewise quadratic.

Note that

(g*p)(x) = > gaype(y)

yeTe,

1 -
= m Z Gr—y = G x4
yENA,

and similarly (g * p)(z) = ¢ ».¢, where po(y) := pe(—y). Therefore,

VZ =K Z mmj@x,f

d
€T

- K Z W1,y (w2 * 4e) (),

yeTe,
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where ¢, is defined as in Lemma 3.2 and §;(y) := q¢(—y). Accordingly, from

Lemma 3.2 and ®(y,y — e;) = —®*(y — e;,y), one can rewrite
V-V'=K > & a{wse — (w2xge)(x)}
zeTY,

=K Z Wi Wa g — Z w2 z+yqe(Y)

z€T4 y€eTY
=K Y Gie ) waery {00(y) — ()}
zeTY, yeTe,
d
=K Y Ge D waary ) > Py yte)
mET% yeT% + j=1
d
= KZ Z Wi,z Z (W2, 24y *w2,m+y+e1)@e(y7y+ej)
i=loeTd  yerd,
d
Z Z Z w1 T— y yay+ 6]) {w2,r+€j 70.)2@}.
J=1zeT¢, \yeT¢

Thus, we have shown

d
V=Vi=—KY Y b (e, —w2a), (8:3)
i=1zeTd,
where
bl =hil (o) = 3L Dey @y y+eg). (34)
YyEN2p_1

We will use the property h%7 (o3 %) = h%J(o5), which is obvious since hf7 is a
function of o1, see Lemma 3.5 below

Another lemma we use is the integration by parts formula under the Bernoulli
measure Vy, (.),u(-) ON X% with a spatially dependent mean. We will apply this
formula for the function » = h%7. The formula is stated for general h with an error
caused by the non-constant property of ug(-).

Lemma 3.4. (Integration by parts) Let v = vy, () u,() and assume e~k <
uz(z), ua(y) < cg holds for x,y € T% : |z — y| = 1 with some ¢; > 0,0 < ¢y < 1.
Then, for h = h(o1,02) and a probability density f = f(o1,02) with respect to v,
we have

/h(ag,y —0g,)fdv = /h(01,02x7y)027r (f(al,ag’y) — f(o1, Jg))du + Ry,

and the error term Ry = Ry, ts bounded as
|By| < Ce* 5|V, yus / P01, 02)| fdv + [|h = h(on, 05™) oo,

with some C = C, > 0, where V, ,u = u(x) — u(y).
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Proof: First we write

/h 09y — 024)fdv = Z h(o1,02)(09,y — 02.4) f(01,02)v(01,02).

01,02
Then, by a change of variables ¢ := 03’ and writing ¢ by o2 again, we have
> h(o1,02)02, f(01,02)v2(02) = Y h(o1,05")02.4f (01,05 )ra(05Y),
o2 g2
where vy = 1,,(,) is a probability measure on Xy, recall v = vy, () @ vy,(). To
replace the last v2(03) by v2(03), we observe
Z/Q(JI’y)

1/2(0')

(1 — us(@))us (Z;) uz(z)(1 — ua(y)) N TR

-1 Hou=00,=

== @)1= waly) T = wa @)y
:1+Tw7y( )7

with

us(y) = ua(2) us(z) — a(y)
Tey(0) = 1{o, =1, ay_o}ﬁ +1{6,=0,0,=1} (1 2, uz(:r))jm(y)

By the condition on ue, this error is bounded as
|sz(‘7)| S COeCIK‘vglc,yUle CO = Cc2 > 0.

These computations are summarized as

/h(og,y —027m)de:/h(O'1,0';;’ Yoo f(o1,05" )(1+T$y(0'2))dV—/h02’wfdl/
:/h(UhU;’y)az,x(f(lflﬂfg’y) — f(o1,02))dv

—|—/(h(01,02’y) h(Ul,Ug))ag,xfdu—F/h(Ul,Ug’y)027xf(01,ag’y)rw(ag)du.

The second term is bounded by ||h(o1,05"Y) — h(o1,02)|c0, since |oa,| < 1 and
J fdv = 1. For the third term denoted by Ry, applying the change of variables
again, we have

|Ro| =

Z h(gl’02)027yf(01;UZ)T;gy(Ug’y)y(gl7o-§’y)|

01,02

Z ho1,02)02,y f(01,02)rey(05Y) (1 + ray(02))v(01, 02)

01,02

< Coet VL yual(1+ Coet VL ) [ [h(o)

< C K|V ] [ (o)l e

since |og,y| <1 and |Vw7yu2| < 2c¢. This completes the proof. O

We apply Lemma 3.4 to V — V* given in (3.3). Note that h%7 (o) is invariant

under the transform o5 — o3’Y. Since we have ws , = %}‘;’;)@ in (3.3) instead of
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09,z in Lemma 3.4, we need to estimate the error caused by the z-dependence of
wa,, through ug(z).

Lemma 3.5. We assume that v = v
Lemma 3.J. Then, we have

ui(-),uz(-) Satisfies the same condition as in

RET (o pie, — wo g aluz/hfg’jcmi’gc o1,05" ) — f(oy,09))dv + R,

/ (Wo,04e; —w2,2)f @) (flo1,05"7) = f(o1,02)) (325)
and the error term Ry = Ry, ; is bounded as

Rl < CE VLl [ (19 (01,00l (36)

with some C' = Cg, > 0.

Proof: By the definition of w,, denoting y = = + e;, we have

[y g = [ (s e ) v
- e (ﬁ%» - XEZS?Q») Jdv

=: Il — Ig.
For Iy, we have
ug(y)  ua() ‘
X(u2(y))  x(uz(x))
1

< Ce™ |V usl.

On the other hand, I; can be rewritten as

I N [N (R S S PR
n=f (@) T2~ 72l v [ <x(u2(y)) x<u2<w>>) 2yfd
=11+ 1.

For I 1, recalling the invariance of h%7 . one can apply Lemma 3.4 and obtain

71 Z’jo o1 oY) — 01,02 v 71
e | Moot = flona)ar + S

Finally for I; »,

1171 = Rl.

1 1 X (u2(z)) — x(u2(y))| 201 K ol
- = < Ce* ™|V, usl.
T | = ) Vaal
Therefore, we obtain the conclusion. ([l

We can estimate the first term in the right hand side of (3.5) with y = z +¢; by
the Dirichlet form and obtain

Lemma 3.6. Lel v = vy ()u,y() be the Bernoulli measure satisfying the same
condition as in Lemma 3./. Then, for every > 0, we have

. C ,
| /hid (W27w+€j - w2,w)fdyl < B,Dw,x-i-ey'(\/]?; v) + Eeyle /(hfc"j)zfdl’ + Ro 2 5,
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where Dy ore, (v [;1) is a piece of D(\/f;v) defined on the bond {x,x + e;} and
R 4. has a bound (3.6).

Proof: For simplicity, we write y for z+e¢;. By decomposing f(o1,05"Y)—f(01,02) =

(Vfor,05")+/flo1,02)) (V/ flo1,05Y) — \/f(o1,02)), the modulus of the first
term in the right hand side of (3.5) can be bounded from above by

8D,y (Vi) + =l [ (on,057) + fon o).

Bx(uz(w))

The integral in the second term divided by x(uz2(z))? is equal to and bounded by

2 /(hfc’j)Qf(UhUz)(l + ray(02))dv

X(uz2(z))
1+ CoeclK\V}cvyuﬂ 2
e el KR

< (14 Coe |V us)) /(hf;j)Qfdu.

This shows the conclusion by recalling |V}, ,ua| < 2¢,. O

Proof of Proposition 3.1: Recalling (3.3) and by Lemma 3.6 taking 8 = O‘TNQ with
a > 0 sufficiently small, we have

d
/(V ~VOfdr=K» > /hi’j(wzwej —wag) fdv

J=1zeT¢
2 CK® 50k : £,5)2 ’
< aN D(\/?;l/)—f—me “ Z Z /(hmj) fdu—i—KZ Z Ry y j-
J=1zeT¢ J=1lzeT¢
For Ry, j, since |V}67m+equ\ < 2K from Proposition 2.7, by (3.6) estimating

|RGI| < 14 (h%7)2, we have

CK? .
K|R2’w,j| S TBBCIK/ (1 + (hﬁ7j)2> de

Thus, we obtain

/(V —VYfdv < aN*D(\/f;v)
9 d
O(i;\[],( eBclK Z Z /(hi,])Qde + CK2€361KN(171.

J=1zeTq,

_|_
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For the second term, we first decompose the sum erm as 3 e, Zze(4£)'ﬂ‘§i\,

and apply the entropy inequality noting that the variables {h%7} are (2¢ — 1)-
dependent:

Z /(hivj)QfdyS% Z H(,u|y)+10g/exp ol Z (hﬁiy)2 dv

zeTY, yEN2, z€(40)T%,

@ [ Hn) + Y tog [fexp {314, } v

1
v z€(40)TY,

However, since h’7 is a weighted sum of independent random variables, by applying
Lemma 3.7 (concentration inequality) stated below, we have

log/eV(hi’j)QdV <2

for every 0 < v < %, where Cj is a universal constant and o2 is the supremum of

the variances of h%7. By Lemma 3.2,
0% < Cqga(l).
Therefore, we have
. 1
S [ v < ey (HGul) +25)1).
zGT%

Thus, choosing % = g—g ga(£), we have shown

~ g 2 3c1 K d
N C.t gd(?]K e (H N )

[ =visav < an*D(/Fiv) (ulv) +

+ CK?e3a K Nd-1,
Now recall 1 < K < §(log N)'/? < §log N so that €31 < N3¢19 and choose § > 0
such that 3¢16 < k for a given small k > 0. Choose ¢ = N#—* when d > 2 and
Nz% when d = 1. Then, when d > 2, we have

gdgd(Z)I(Q

N
K2€361KNd71 < Nd71+2n

which shows (3.2). When d = 1,
P K?

K < ONTHID(1og N)? <1, — = N4 1Hdn,

63C1K < 62N—n lOgN < 1, % _ N%-‘rf'i’ K26301KNd—1 < NQH.
This shows the conclusion for d = 1. O

Lemma 3.7. (concentration inequality) Let {X;}}, be independent random vari-
ables with values in the intervals [a;,b;]). Set X; = X; — E[X;] and k =Y | (b; —
a;)%. Then, for every v € [0,x71], we have

n 2
log E |exp { ~ (ZX}) < 29k.
i=1

The second step is to estimate the integral [ V¢ fdv, where V* is given by (3.1).
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Proposition 3.8. We assume the same conditions as Proposition 3.1. Then, for
Kk > 0, we have

/ Vifdv < CKH (ps|vy) + C . N1H7, (3.7)

with some C,; > 0 when d > 2. When d = 1, the last term is replaced by C.Nztr,

Proof: We again decompose the sum Z%T% in (3.1) as 32, cn,, Zze(uwdjv, and

then, noting the (2¢)-dependence of idl)x’g(UJQ .0, use the entropy inequality and
the concentration inequality to show

K =
[ Vi 3 Qa3 dog Bl

yEA2, 2€(40)T%,

K(40)4 d

< {H(utlw) + (Z)deﬁ‘d} )

for v = ¢¢? with ¢ > 0 small enough. Note that, by the central limit theorem,
mz’g, @M are close to 026—‘1/2/\/'(0, 1) in law for large ¢, respectively, where
N(0,1) denotes the standard Gaussian. Since £ = Na~* when d > 2, we have
K;jd < N4=14dr . 51og N and obtain (3.7). When d = 1, since £ = N2 %, we have
ENT < N3+56log N. O

3.2. Proof of (2.9). We now discuss the contribution of

N2
s D D0 B o)
z,y€Td :|z—y|=1
in (2.5), which arises from the Kawasaki part; similar computations are made for
V1 in Funaki and Tsunoda (2018). The second term Va can be treated similarly.
We may think N2(u;(y) — ui(z))? as if K in the argument we have developed.

However, from Proposition 2.7, we have
N2(up(y) —ui(z))? < CKZ. (3.8)

This means that we may replace K by K2 properly in the estimates obtained
in Propositions 3.1 and 3.8 for the first and second terms. Since K? < §%2log N
appearing in the error terms can be absorbed by N* for every x > 0, this leads to

/(Vl + Vo)dus < aN*D (1 [ g ut) + Co K2 H (ju|vi) + Co e N¥71HT5 0 (3.9)

for every a,x > 0, when d > 2 and the last term is replaced by C, ..V 3% when
d=1.

4. Consequence of Theorem 2.2

Recall that ;" is the distribution of 6V (t) on X% and uY (t) = {u} (t,2)},er
i = 1,2 is the solution of the discretized hydrodynamic equation (2.3). The
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Bernoulli measure on X% with mean {ul (¢, Z)}gera is denoted by vN. Then The-
orem 2.2 shows H(ul¥ |v)¥) = o(N?) under a proper choice of K = K(N) / co. We
define macroscopic functions ulY (t,7),r € T as step functions

ul (t,r) = Z ulN(t,x)lB(%,%)(r), re T, (4.1)
wET%
from the microscopic functions ul (t,z),z € T%, where B(%, &) = H?Zl[% —
ﬁ, X+ ﬁ) is the box with center % and side length %
Under our choice of K, the entropy inequality

= log{1+1/v(A4)}

combined with Proposition 4.1 stated below shows that
Jim N (A5,) =0, (42)

—00

for every € > 0, where
§V,t = A?V,t,cp = {& € XI%/') |<Oéivvcp> - <U£V(t7)7<p>| > &, i= 172} y P € Coo(r]rd)
Proposition 4.1. There exists C' = C. , > 0 such that
v (Afe) < em N
Proof: Since
1
Xi = (o 0) = (' (6,000 = 17 2 {oie = ul (6,30} o(50) + (1),
wET%
for p € C°(T?), we have
v (Afey) < e N B [N
< e—'ysNd {EV,N [e'yNdX;,} + EV{V [e_’)’NdXi]}’
for every v > 0. However, by the independence of o; , under v{¥, we have

EV{V [eztdeXi] _ H EVtN [ezl:w{ai,zful',z}s@fro(l)}

d
z€T$,

— H {eiv(l—um)wzuiw + T Uiebe (] — Um)} +o(1),

d
€Ty

where u; , = ulN (t,x) and ¢, = ¢(%). However, by the Taylor’s formula applied
at v =0, we see

2
ei'Y(l*“i‘z)%ui,x + e?'vui,msoz(l _ Uz’,x) -1 < %07 C = Cl\cpl\ow

for 0 < v < 1. Thus we obtain

N e —veNi4Cy2N
v ( N,t) <e )

for v > 0 sufficiently small. This shows the conclusion. (I
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5. Convergence of the solution of the discretized hydrodynamic equation
to that of the free boundary problem

We show ul¥ (¢, 7),t € [0,T],r € T, i = 1,2 appearing in (4.2), which is defined
by (4.1) from the solution of the discretized hydrodynamic equation (2.3), converges
to the unique weak solution of the free boundary problem (1.3). This can be done
along with Crooks et al. (2004), in a discrete setting. Once this is shown, combined
with (4.2), the proof of Theorem 1.1 is complete.

Lemma 5.1.

T
1
/ / ul (t,r)ud (¢, r)dtdr < —.
Proof: (cf. Lemma 2.3 of Crooks et al., 2004 with ¢ = 1) From (2.3), we have

K Z/o ul (t, z)ud) (t,2)dt

z€T4
T
—0 Y [ A Y 0.0 - 3 () < N
zeT, 0 zeT4, zeTd
which implies the conclusion. O

Lemma 5.2.

,=1,2
2d17 1 » =

T
/ |VNuN (t,r)|2dtdr <
o Jra

where VNu(r) = {N(u(r + %ej) —u(r)) ?:1'

Proof: (cf. Lemma 2.4 of Crooks et al., 2004 with ¢ = 1) From (2.3), we have

1d

—— u{v(t,r)er +dy / \VNuiv(t, r)|2d7“ =K u{v(t, r)zuév(t,r)dr <0,
2 dt Td Td

Td

and this implies

|~

T
1
dl/ dt \VNU{V(t,T)Fdrg 7/ {u{V(O,T)sz{V(T,r)Q}drS
0 T 2 Jpa

The proof for u3 is similar. ]

These two lemmas with the help of Fréchet-Kolmogorov theorem show that
{ulN(t,7)}n are relatively compact in L2([0,T] x T%). In fact, two lemmas prove
the equi-continuity of {ul¥(t,7)}x in the space L?([0,7] x T%) as in Lemmas 2.6
and 2.7 of Crooks et al. (2004).

Corollary 5.3. (c¢f. Corollary 3.1 of Crooks et al., 2004) From any subsequence of
{ulN(t,r)}N, i = 1,2, one can find further subsequences {ufv’“ (t,m)} e, 1 =1,2, and
u; € L2([0,T) x T4), i = 1,2 such that

uMe — u;  strongly in L*([0,T] x T¢) and a.e. in [0, T] x T¢

as k — oo.
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Lemma 5.4. (c¢f. Lemma 3.2 of Crooks et al., 200/) uyug = 0 a.e. in [0,T] x T?.

Set
w = ul —wd and  wi=u; — us.
From Corollary 5.3 and Lemma 5.4, w™* — w strongly in L2([0,T] x T¢) and a.e.
in [0,7] x T as k — oo and furthermore

up =wt and wy=w".

Proposition 5.5. w is the unique weak solution of (1.3).

Proof: 1t is sufficient to check the property (ii) of Definition 1.2 for w. From (2.3),
for ¢» € C¥2([0,T] x T9) such that (T, r) = 0 for all r,

T
/ / (uf (t,r) —ud (t,r))0pb(t, r)drdt — / (uN (0,7) — ud (0,7))y(0,7)dr
0o Jrd

Td
T

- / / (dau (1) — doudY (1, 1) AN (1, v)drdt.
0 Td

We obtain the property (ii) for w by passing to the limit £ — oo along with the
subsequence N = Ng. O

Because of the uniqueness of w, without taking subsequences, ul¥ (¢,7), i = 1,2
themselves converge to u;(t,r) strongly in L2([0,7] x T?) and a.e. in [0, T] x T¢ as
N — oo. This combined with (4.2) completes the proof of Theorem 1.1.
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