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Abstract. We consider the backbone of the infinite cluster generated by super-
critical oriented site percolation in dimension 1 + 1. A directed random walk on
this backbone can be seen as an “ancestral lineage” of an individual sampled in
the stationary discrete-time contact process. Such ancestral lineages were investi-
gated in Birkner et al. (2013) where a central limit theorem for a single walker was
proved. Here, we consider infinitely many coalescing walkers on the same backbone
starting at each space-time point. We show that, after diffusive rescaling, the col-
lection of paths converges in distribution (under the averaged law) to the Brownian
web. Hence, we prove convergence to the Brownian web for a particular system of
coalescing random walks in a dynamical random environment. An important tool
in the proof is a tail bound on the meeting time of two walkers on the backbone,
started at the same time. Our result can be interpreted as an averaging statement
about the percolation cluster: apart from a change of variance, it behaves as the
full lattice, i.e. the effect of the “holes” in the cluster vanishes on a large scale.

1. Introduction

Informally, the Brownian web is a system of one-dimensional coalescing Brownian
motions starting from every point in space and time. It was first introduced in
Arratia (1979), studied rigorously in Toth and Werner (1998), Fontes et al. (2004)
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and has since then been shown to be a scaling limit of many 1-+1-dimensional
coalescing structures. See also Schertzer et al. (2017) for an overview, historical
discussion and references. Possibly the most natural example that comes to mind
in this respect is the system of coalescing random walks on Z which is dual to the
one-dimensional voter model (see, e.g., Liggett, 1999). This was shown to converge
to the Brownian web (in Fontes et al., 2004 for the nearest neighbor case and in
Newman et al. (2005) in the general case). One often interprets the voter model
as a population model in which there is always exactly one individual at each site
x € Z, which can be of one of two possible types, say. The dual system of random
walks is then naturally interpreted as ancestral lines of the individuals. Note that
while the total population is infinite, the local population size at a site in the voter
model is fixed (at one).

There is interest in spatial population models with randomly fluctuating lo-
cal population sizes, see, e.g., Etheridge (2004), Fournier and Meéléard (2004),
Etheridge (2006), Birkner et al. (2016) and the discussion and references there.
In this case, ancestral lines are random walks in a dynamic random environment
which is given by the time reversal of the population model. Birkner et al. (2013)
considered the specific but prototypic example of the stationary supercritical dis-
crete time contact process. Its time-reversal is the backbone of the supercritical
oriented percolation cluster and in Birkner et al. (2013), a central limit theorem
was proved for such a walk, i.e., for a single ancestral lineage. It is then a natural
problem to study the joint behavior of several or in fact of all ancestral lineages,
hence a system of coalescing random walks in a dynamic random environment. We
address this problem here in the case d = 1. Our main result, Theorem 1.1 be-
low, shows then that on large scales, the effect of the local population fluctuations
manifests itself only as a scaling factor compared to the case of fixed local sizes.
This in a sense rigorously confirms the approach that is often taken in modelling
spatially distributed biological populations where one exogenously fixes the local
population size by considering so-called stepping stone models, see, e.g., Kimura
(1953), Wilkinson-Herbots (1998). See also Section 3 below for more details on
the relation to the discrete time contact process and also Birkner et al. (2016) for
discussion and a broader class of examples.

1.1. Set-up. Let w = {w(z,n) : (x,n) € Z x Z} be ii.d. Bernoulli(p) random
variables. A space-time site (z,n) € Z x Z is said to be open if w(z,n) = 1 and
closed if w(x,n) = 0. A directed open path from (x,m) to (y,n) for m < n is a
SeqUeNce Ty, ..., &, such that z,, =z, x, =y, |ty —ap_1| < lfork=m+1,...,n
and w(xy, k) = 1 for all k = m,...,n. We write (x,m) ~>(y, n) if such an open path
exists and (z,m) -> oo if there exists at least one infinite directed open path starting
at (z,m).

There is p. = pe(1) € (0,1) such that P((0,0) > o0) > 0 if and only if p > p.
(see e.g. Theorem 1 in Grimmett and Hiemer, 2002). We assume from now on that
p > pe. Let

C={(z,n)€ZxZ: (x,n)> w0}
={(z,n) €Z xZ : Yk >n3ye Zsuch that (z,n) >(y,k)} (L.1)

be the backbone of the space-time cluster of oriented percolation (note that C is a
function of w and |C| = o a.s. for p > p,).
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We consider walks X (#o-t0) — (Xt(zo,to))tez >t

(z0,t0) € Z x Z and moving as directed simple random walk on C. More precisely,
let

starting at any space-time point

Ulx) ={yeZ:|v—y| <1} (1.2)
be the £-neighbourhood of site z € Z and let @ = ((D(:r, n):xeZine Z), where
&(z,n) = (@(z,n)[1],&(z, n)[2],&(z,n)[3]) is a uniformly chosen permutation of
U(x), independently distributed for different (z,n)’s and independent of the w’s.
Define
B, n) {Cz(m,n)[min{i (@2, n)[i,n+1)eCY], if Cn (U(x)x{n+1}) # &,

’ @(x,n)[1], otherwise.
(1.3)
Note that when (z,n) € C, the first case occurs and ®(z,n) is a uniform pick among
those sites in {y : (y,n + 1) € C}, the n + 1-time slice of C; when (x,n) ¢ C, ®(z,n)
is simply a uniformly chosen neighbour of . We put

X0t oy X0 (X[ ) e, (1.4)

t+1
For fixed (29, to) € Z x Z, given w, X (*0:%0) is a (time-inhomogeneous) Markov chain
with
xo,t xo,t
Pu(X{") =y | x{") = 2)
(U(z) x {t+1}) nC|™" if (y,t+1)eC,
f(

B y,t +1) ¢ C but
= ly(e)(y) x L 0 Ulx)x{t+1})nC # &,

U ()|~ if (U@)x{t+1})nC=0

(1.5)

and P, (Xt(fo’to) = 1x9) = 1. In fact, (1.4) implements a (coalescing) stochastic flow
with individual paths having transition probabilities given by (1.5).
When ¢y = 0 is fixed, we will abbreviate X (*) := X(=0) for = € Z.

This walk was introduced and studied in Birkner et al. (2013), we refer to that
paper for a more thorough discussion of the background and related works. In par-
ticular, Birkner et al. (2013) describe a regeneration construction for X (*o:to) and
derived a LLN and a quenched CLT from it, see Theorems 1.1 and 1.3 there; the
results also imply that X (*o:t0) and X (*1:%0) are “almost independent” when they
are far apart. We recall in Section 2.1 below some details from Birkner et al. (2013)
that are relevant for the present study, see in particular (2.3) for the non-trivial vari-
ance in the CLT. Thus, we expect that on sufficiently large space-time scales, any
collection X (®o-to) X (z1,t1) " X (@n:tn) should look similar to (coalescing) random
walks.

Remark 1.1. The study of random walks in dynamic random environments is cur-
rently a very active field which we cannot survey completely here, see e.g. Avena
et al. (2011), Hilario et al. (2015), Bethuelsen and Véllering (2016), Salvi and Simen-
haus (2018) and the references there for recent examples. We note however that
the walks we consider here are somewhat unusual with respect to that literature
because of the time directions: There, one often considers scenarios where both
the walk and the random environment have the same “natural” forwards in time
direction as a (Markov) process whereas in our case, forwards in time for the walk
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means backwards in time for the environment, namely the discrete time contact
process. More precisely, the “time-slices” of the cluster C can be seen to be equal in
distribution to the time-reversal of a stationary discrete-time contact process (1),
we refer to Birkner et al. (2013) for details.

1.2. Main result: Brownian web limit in d = 1. Before stating our main result
we briefly recall a suitable definition of the Brownian web, following for example
Fontes et al. (2004) or Sun (2005). See also Schertzer et al. (2017) for a broader
introduction and an overview of related work. We define a metric on R? by

tanh(z;)  tanh(ws)
1+ |t1] 1+ [to]

p((x1,t1), (wa, t2)) := |tanh(t;) — tanh(ts)| v

Let R? be the completion of R? under p. We can think of R? as the image of
[—00, 0] x [—00, 0] under the mapping

(@0~ (

i.e., R? can be identified with the square [—1,1] x [—1, 1] where the line [—1,1] x {1}
and the line [—1,1] x {—1} are squeezed to two single points which we call (*, )
and (#, —00).

We define II to be the set of functions f : [o,0] — [—00, 0] with “starting
points” o € [—o0, @], such that the mapping ¢t — (f(c v t),t) from (R,|-]) to
(R2,p) is continuous. We consider the elements in IT as a tuple of the function f
and its starting point . The set II together with the metric

A((f,0),(9,0")) = | tanh() — tanh(o")] v sup_ tanhl(fﬁtv - tanhigfuv =

tanh(x)

tanh(t R?
L+l " ()>e &

(1.6)

becomes a complete separable metric space. Let H be the set of compact subsets
of (I1, d). Equipped with the Hausdorff metric

dH(KlaKZ) = sup inf d((fa 0)7(970/)) Vv sup inf d((fa 0)7(970/))7
(f,0)eK, (90" )€K (g,0")eK, (f,o)eKL

‘H is a complete separable metric space. Let By be the Borel o-algebra associated
with the metric dy. We can characterize the Brownian web (BW) as follows:

Definition 1.2 (Brownian web). The Brownian web is a (H, By )-valued random
variable W, whose distribution is uniquely determined by the following properties:

(i) For each deterministic z € R?, the set W(z) := {(f,0) e W: (f(0),0) = 2}
contains exactly one element almost surely.
(ii) For all zq,...,zx € R2, W(z1), ..., W(2)) is distributed as coalescing Brow-
nian motions.
(iii) For any countable and dense subset D of R?, almost surely, W is the closure

of {W(z):z€ D} in (I1,d).

Let us give a precise definition of the system of coalescing random walks starting
from each point contained in the space-time-cluster of oriented percolation: Let
C={(z,n) € ZxZ: (x,n)>w} be the set of all points in the space-time lattice
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which are connected to infinity (as defined in (1.1)). If a space-time point z =
(z,n) €Z x Z is in C let

7% be the linearly interpolated path of the random walk X*

starting from z with dynamics (1.4). (1.7)

If a point z € Z x Z is not in C, we choose the next point to the left of z that
is connected to infinity and define 7% as a linearly interpolated copy of the path
starting there. In formulas, if z = (z,n) ¢ C we define

e((@,m)) := (max{y <z : (y,n) € Ch,n) and (7° 1))z i= (7O (B)izn.  (L8)
Let T' be the collection of all paths, i.e.
T:={n*:2€eZxZ}={x":2€C}. (1.9)
Since all paths in I" are equicontinuous the closure of I', which we also denote by
T, is a random variable taking values in (H, By).
In order to formulate the convergence theorem precisely we consider for § > 0
and b > 0 (b normalizes the standard deviation) the diffusive scaling map
Sp,s 1= (51},5755,5) : (Rid) - (R§7d)7
where
(28,6%),  if (z,t) e R?,
Spo(@,t) := (Sp5(x,t), Sp5(t) := 3 (£00,8%t), if (x,t) = (£o0,8),t € R,
(%, To0), if (z,t) = (,£0).
The mapping Sy 5 is naturally extended to (II, d) via
Sps: I — 11
(m,t) — (Sg’é o, Sg’é ot).

For K < II we set Sy sK := {Sps((m,t)) : (m,t) € K}. Note that K € H implies
SmgK eH.

Theorem 1.0 (Birkner et al. (2013)). There is v € (0,0) such that conditioned on
(0,0) e,

S, 677(070)

fo» standard Brownian motion.
The variance v has a description in terms of regeneration times, which we recall
from Birkner et al. (2013) in (2.3) below (cf. Birkner et al. (2013, Remark 1.2)).

Our main result is the following theorem.

Theorem 1.1. The (H, By )-valued random variables (S, sT') converge in distribu-
tion to the Brownian web as 6 | 0.

Remark 1.2. 1. An analogous result holds when U(z) = {y : |y — z| < R} for some
R € N. Furthermore, note that even for R = 1, paths in I" can cross each other
without coalescing.

2. In the parlance of random walks in random environments, Theorems 1.0 and 1.1
are annealed limit theorems, i.e., the randomness refers to jointly averaging the
walk and the realization of the percolation cluster. In fact, Birkner et al. (2013)
proved also a quenched version of Theorem 1.0, where a typical cluster is fixed and
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randomness refers only to the steps of the walk. However, we presently do not have
a quenched analogue of Theorem 1.1 (see also the discussion in Section 3 below).

3. Sarkar and Sun (2013) considered the system of rightmost paths on an oriented
(bond) percolation cluster and showed that it converges to the Brownian web after
suitable centering and rescaling. Thus, in Sarkar and Sun (2013), walkers move
to the right whenever possible (and in particular they cannot cross each other)
whereas in our set-up, the walks pick uniformly among the allowed neighbors.

We prove Theorem 1.1 in Section 2 and discuss some implications and further
questions in Section 3.

2. Proofs

Remark 2.1. In the proofs that follow C' and ¢ denote some positive constants whose
exact value is not important for the argument. The constants C' and ¢ may also
vary within a chain of inequalities. If the value of a certain constant is important
for a later step, we add a subscript to it Cy, Cs, ....

2.1. Preliminaries. Here, we briefly recall concepts and results from Birkner et al.
(2013) that will be required for our arguments.
For z = (x,n) € Z x Z, writing B, := {z € C}, we abbreviate

P.(-) :=P(-|B,) and P, .,(-):=P(-|B., N B.,). (2.1)

Birkner et al. (2013, Sections 2.1-2.2) describes a regeneration construction for
(XF)t=0: There are random times 0 = T§ < Tf < T§ < ... such that with
Y7 = Xi_z — Xiil’ the sequence of space-time increments along the regeneration
times T7

(Y7, T7 —T7 ) is i.i.d. under P(- | B.) (2.2)

i=1,2,...

with B, (|Y7] = n),P, (TF —T¢ = n) < Ce" (see Birkner et al. (2013, Lemma
2.5)). By symmetry, E,[Y{] = 0. In fact, (2.2) already yields an (annealed) central
limit theorem with limit variance
E.[(Y7)?
o= Bl (0, 0), (2.3)
E.[T7]
see Birkner et al. (2013, Remark 1.2). (In Birkner et al., 2013, all this is formulated
for z = (0,0) but by shift-invariance of the joint distribution of w and @, it holds
for any z € Z x Z and in particular v in (2.3) does not depend on z.)

For 21 = (21,0),20 = (22,0) € Z x Z consider the simultaneous regeneration
times 0 = T§™ < I7"™ < I5"™ < ... for X*' and X*?, defined via

{T7™ :ieNo} = {T;* : j e No} n {Tj? 1y e No} (24)

(we have TH™ < oo a.s. for all i, see Birkner et al., 2013, Section 3.1). In our
notation we suppress the dependence of T7™ on the starting points zi, 2.

Write X' = X2, X{? = X2,,, { € Ng. In Birkner et al. (2013, Section 3.1)
£ 13

it is shown (with a slightly different notation, see also Birkner et al. (2013, Re-
mark 3.3)) that the sequence of pairs of path increments between the simultaneous
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regeneration times,
21 21 22 v 22 sim sim
(XHTsim—Xé_l) - ,(XHTsim—X@_l) | qyim_sim
-1 oO<t<Tsim —Tsim -1 O<tSTy™ —T5im teN

forms a Markov chain under IF’ZI’ZZ, see Birkner et al. (2013, Lemma 3.2). Further-

more, the transition probabilities depend only on the current positions ()A( i X H 2)
and the increments between simultaneous regeneration times have uniformly expo-
nentially bounded tails,

P., ., (Tfim R n) < Ce ™ forallmeN, z; = (21,0),290 = (22,0) €Z X Z
(2.6)

(see Birkner et al., 2013, Lemma 3.1). In particular, ()?;1 , )2;2)261\10 is itself a
Markov chain under I?’zl _», and — by shift invariance of the joint distribution of w and
(0 — its transition matrix is invariant under simultaneous shifts in both coordinates,
i.e.

~ S
IP)Z1 322 (XZ+1

)2;1 = yl,f(f = y2)

=P., .z (Xezil =y +y, X3 =y t+y ‘ X! =n+y, X2 =y + y) (2.7)

1 ze )
=y, X0 = Y2

for all y1,v],92,y5,y € Z. Thus lA)jl’Z2 = )A(ezl - )A(g”, the difference of the two
walks along simultaneous regeneration times, forms also a Markov chain; we denote
its transition matrix by W (in the notation of Birkner et al., 2013, Lemma 3.3,
we have WOt (z,y) =Y, wiomt ((z,0), (z + y, 2))).

Because X** and X?*2 have bounded increments, (2.6) implies an exponential

. . . T, joint
tail bound for jump sizes under W) .

ot (1 ) < Ce= = for 2,y € Z. (2:8)

One can implement the same construction when the two walks X?*! and X*2 move
independently on independent copies of the oriented percolation cluster (formally,
let w’ be an independent copy of w and @’ an independent copy of &, then construct
X* by using w’ and & in (1.3) and (1.4); we condition now on z; - oo and
2 —* o0). Then (ﬁfl’zz)g is again a Markov chain on Z, we denote its transition
probability matrix in this case by \Tlidr}?iﬂc. In fact, \Tlid‘}dﬁc is irreducible, symmetric

and spatially homogeneous (i.e., D#% is now a symmetric random walk) with
exponentially bounded tails

ind (2,y) = Ui (y, 2) = Ud(0,y — 2) < Ce™ =7 forz,yeZ,  (2.9)

see Birkner et al. (2013), Section 3.1, especially the discussion after Remark 3.3.

Using a coupling construction and space-time mixing properties of the percola-
tion cluster, one finds the following lemma.

Lemma 2.2 (Birkner et al. (2013, Lemma 3.4)). We have (||-|rv denotes total
variation distance)

||\Tliﬁ?flt(x, ) = wind (g, -)||TV < Cel*l for allxz e Z. (2.10)
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Remark 2.3. One can in complete analogy to the construction for m = 2 walks con-
sider joint regeneration times for any number m > 2 of walks X (@1:m1) | X (@monm)
(obviously, joint regeneration can then only occur after “real” time max{ny,ns, ...,
nm}). In fact, in Section 2.3.3 we will consider the case m = 5.

Following the construction in Birkner et al. (2013, Section 3), one obtains that a
tail bound for increments between joint regeneration times analogous to (2.6) also
holds in this case.

2.2. A bound on the meeting time for two walks on the cluster. Let Trgzelét@) =
inf{n > 0: X = X{*} (with the usual convention inf & = +o0).

Lemma 2.4. There is C = C(p) < o0 such that

~

B, . (T s> n)y < C

meet

|21 — 22
NG

In particular, HN”ZI@ (T(zl’zz) < ) = 1 and hence also Pw(T(zl’ZZ) < ) =1 for

meet meet

P-almost all w € By., o) N B(.,,0)-

for z1,20 € Z, n e N. (2.11)

Instead of conditioning on (z1,0), (22,0) € C in (2.11), we could also pick the
“nearest” connected sites (say, on the left, as in (1.8)) without changing the state-
ment.

We are interested in collision events of two directed random walks X (*1) X (22)
moving on the same space-time cluster C, i.e., we ask that the two walks are at
the same time at the same site. Lemma 2.4 tells us in particular that a collision
event between two random walks occurs almost surely in dimension d = 1. This is
not completely obvious a priori because “holes” in the space-time cluster C might
at least in principle prevent such collisions. However, the right-hand side of (2.11)
is — modulo a constant — also the correct order for the corresponding probability
for two simple random walks on Z, so that in this sense, the holes in the cluster do
not have a strong influence.

Fix 21, zo9, put

T =i (N &7 = Rpp =it {en: D <o) (212)

meet

In view of (2.6), it suffices to establish that there is a constant C' = C'(p) < oo such
that

~

B, .. (f(zl,ZQ) - n) < C\z1 — 29

n

(To pass from :F,Efge’f 2) to Téf;;f 2) note that if k(n) denotes the last simultaneous

regeneration time before time n, for sufficiently small ¢ > 0, the probability of the
event {k(n)/n < ¢} decays exponentially as n — c0.)
The key ingredient for the proof of Lemma 2.4 is the estimate on the total

variation error between \Ilfﬁlf;‘t and \Iliﬁ?f recalled in Lemma 2.2. Lemma 2.4 is

meet

for 21,29 € Z, n € N. (2.13)

thus in a sense a “trivial” instance of a so-called Lamperti problem, (ﬁf“”)g is
under Iﬁ’zl@ a Markov chain that is a local perturbation of a symmetric random
walk and the drift at x vanishes exponentially fast in |z|. A very fine analysis
in the case of +1-steps can be found in Alexander (2011), see also the references
there for background. Denisov et al. (2016) have established a generalization of
Alexander’s results to the non-nearest neighbour case which in particular refines
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(2.11) to asymptotic equivalence as n — oo (see Denisov et al. (2016) Thm. 5.11
and Lemma 5.12; cf also Cor. 5.16 for the hitting time of a point instead of a
half-interval). A recent and equally enjoyable reference on Lamperti problems is
Menshikov et al. (2017). For completeness’ sake we present here a short, rough proof
of the coarser estimate that suffices for our purposes. (More detailed arguments
can also be found in Steiber (2017, Chapter 2).)

(Sketchy) proof of Lemma 2./: Write (lA)n)nGNO for the Markov chain on Z with
transition probabilities ‘I/fioiglt. For z € 7Z we will write here Pi°®®t for a probability

measure under which this Markov chain starts in z, i.c., Piont(Dy = z) = 1.

Let us first verify that there exists xg > 0, ng > 0 and C such that

Pioint (7, > n) < cﬂ forall n >ng, z€Z (2.14)

A

where
Tay = inf{n = 0: |Dy| < z0}. (2.15)
By Lemma 2.2 and analogous properties of \Tlfﬁdﬂg we have
{E[ﬁnﬂ —z|D,, = 2] < Ce™™ and Var[Dy11|D,, = z] > &° (2.16)

whenever |z| is sufficiently large (for suitable 62, ¢, C € (0, 0)).
We can find ¢,z € (0,00) such that the function

|
flx) = J exp (26761‘1’/61) dy, xeR (2.17)
0

is non-negative and superharmonic for \ilffiif?t in Z n [—xg,x0]° This follows from
Lemma 2.2 and a Taylor expansion of f to second order (more details are given in
Appendix A). Note that f solves 3 f”(z) + sgn(z)e=®lf(z) = 0 for = # 0, i.e., f
is a harmonic function for a Brownian motion with spatially inhomogeneous drift
sgn(z)e~11?l. Note that f(x) can in principle be expressed explicitly in terms of the
exponential integral function (see, e.g., Abramowitz and Stegun (1964, Chapter 5)),
for our purposes it suffices to observe that 0 < f(z) < e¥°|z|.

Thus, starting from Dy = z with |x| > xo, Zp, = f(ﬁnwmo) is a non-negative
supermartingale with Zy = f(x) < c¢|z| and it is easy to see (cf (2.16)) that for
some by < 00, 0 < by < 0

E[Zns1|0(Zo, ..., Z0)] — Zn| < b1, Var[Znii|o(Zo,...,Zn)] = bs on {7y, > n}
(2.18)

(2.14) follows then from well known tail bounds for hitting times of supermartingales
(see, e.g., Levin et al. (2009, Proposition 17.20)).

Obtaining (2.13) from (2.14) is a fairly standard argument for irreducible Markov
chains: We can find M < o0, € > 0 such that

inf [pioint (ﬁ hits 0 within at most M steps without exiting [—z, zo] before) > €.

lz|<zo
(2.19)
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Thus, starting from some z € [—zg, 0], the path of D before hitting 0 can be
decomposed into an at most geometrically distributed number of “outside excur-
sions” out of [—zo,x0] and path pieces inside [—xg, zo], plus the final piece inside
[—Z0,x0] when O is hit for the first time. By (2.14) and the (exponential) tail
bounds on jumps sizes for \f/iﬁi;flt, the tail of the length distribution of an outside
excursion is bounded by C'/y/n (uniformly in n > ng and the starting point inside),
the length distribution of the pieces “inside” has (again uniformly in the starting
point inside) exponentially decaying tails. It is well known that a geometric sum of
non-negative random variables with a tail bound of the form C/4/n again satisfies
such a tail bound (with an enlarged C), thus there are C' < o0 and ng € N with

sup PIO™ (inf{¢ > 0: Dy = 0} >n) < < for all n > ny, (2.20)
|z|<zo \/ﬁ

see, e.g. the proof of Corollary 5.16 in Denisov et al. (2016).
Now (2.13), with a suitably enlarged C, is for |z — 22| < zp immediate from
(2.20), for |z1 — 22| > x¢ it follows from (2.14) and (2.20) since

P., . (T(Zl’zz) n) < plomt (Tzy > n/2) + sup PI™ (inf{¢>0: Dy =0} > n/2).

meet Z1—Z2
|z|<zo
d

Remark 2.5. Put o, = inf{n > . |Dyn| = y} (and recall Tz from (2.15) and zg
from the proof of Lemma 2.4). We see from the proof of Lemma 2.4 that there
exist yg € N and ¢ < o0 so that

Piont (7, > g,) < cg for all 2z0 <z <y and y = yo. (2.21)

Proof: With f from (2.17) and 7 = 7, A 0y, the process (f(ﬁnM))neNo is a non-
negative supermartingale (w.r.t. the filtration generated by the Markov chain D),
thus by optional stopping

) > B (5]
= IF’Jxomt(TmO > oy)E} Joint [f(ﬁT) }TIO > O'y]
+ ( — IP’-;Eomt(TmO > Uy))IE-EL,Oi’“t [f(ﬁT) }Tzo < Jy]
> P (10, > 0y) (F(y) = f(20)) + f(z0). (2.22)
This together with |z| < f(z) < e?/°t|z| implies (2.21). O

The following lemma allows to control the undesirable situation that two walks
come close but then separate again and spend a long time apart before eventually
coalescing. We will need this in Section 2.3.2 below (Checking condition (I3),
Step 2).

Lemma 2.6. For z; = (x1,t1), 22 = (x2,12) € Z X Z write

Tz =inf{teZ,t >t vty : |7 (t) — 7 (t)| < 1}, (2.23)
Toi=inf{teZ,t >t; viy: ™ (t) =77 ()} (=T2). (2.24)

The family {Ti22 — TA572 1 21,20 € 7 x 7} is tight, that is
lim  sup P(Touid — Tz > M) =0. (2.25)

M—0 4 20eZxZ
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In particular

lim  sup IP’(sup{|7r — () T <t < T} > M) =0. (2.26)
0 21 ,20€ZXT
Proof sketch: (2.26) follows from (2.25) because |w* (T21:22) — w2 (T7272)| < 1 and
thus

sup {|m*1(t) — 772 (t)| : TE? <t < Tawl} < 1+ 2(Tonl? — T7:2).

near meet meet near

For (2.25), consider first the case t; = t2, and then w.l.o.g. t; =t2 =0, z; = 0.
Write

X, =7 (n), X, =7**(n), nelNy
for the two walks. The idea behind (2.25) is that even if |7*1 (T22;22) — 7?2 (T7L:22)| =

near

1 and thus T72572 < T.072, the difference should be bounded in probability irre-

near
spective of where the two walks are at time 771:** in view of Lemma 2.4. A little
complication lies in the fact that the pair (X,,, X],), is not in itself a Markov chain,
so we cannot simply stop at the random time 7771:%> and then apply the strong
Markov property.
Instead, we consider the two walks along their joint regeneration times 0 =
Tgm < T3m < T5m < ... which yields a Markov chain (Xg,)?é)gej\]o (recall the

discussion and notation from Section 2.1). For a > 0 put
T(a) := inf {¢eNg: |)A(g — )Z'H <a}.

Fix M > 0 and let k£ € N be the smallest integer such that 2k M > |xo — x1].
Then

IF’(|X,L — X! | <1 for some n < T;‘(’;‘M))

<

-

<
Il
fut

IE”(|Xn—X/| 1 for some T3 <n <T2" )

T(29M) T(29-1M)

P(T5™ — T3 > 2772 M for some T(2/M) < £ < T(2'71M))

N
D=

<
Il
—

{P(i12j—1A4)-f72fA4):>(2fA4)3)
+ IP’( 5 Tblm > 2972\ for some ¢
mmTWMLJ\TWM)(?Mﬂ}

<
Il
—

A
=

Zk] { CMY . 0iMy3C exp (- c2j’2M)}

T

+CM326XP jlog(2) — 2/ 7' M) =: b(M).
Jj=1
Note that b(M) — 0 as M — 0.

We can apply the Markov property of ()A( 2 X ;) at the stopping time f(M ) (which
corresponds to time Tblm for the two walks (X,,, X/) themselves), noting that

<Mm2mm

K — X | = K70

oan) — X5
(M) T (M)

’
(M)| M
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and thus, using shift-invariance of the joint distribution and Lemma 2.4,

P(Tivie — Tre > MP)

meet near

M
< IP’<|Xn — X'| <1 for some n < T;i(r;[)) + 3 B (T02) > M)
r=1

M
X
<bM)+C )] 7575 (2.27)
r=1

and the bound in the last line holds uniformly for all 21,20 € Z x Z.

When t; # to, say to > t1, we let the first walk begin at time ¢; and “run freely”
until time to, then argue as above. Again, there is a slight complication because we
would have to first look only along regeneration times, then use joint regeneration
times as soon as the second walk “comes into the picture”. This can be handled
similarly as above, we do not spell out the details. ([l

2.3. Proof of Theorem 1.1. We follow the approach developed in Newman et al.
(2005) and Sun (2005).

2.3.1. Conditions for convergence to the Brownian web. First we introduce a little
more notation which is needed to formulate the sufficient conditions for conver-
gence to the Brownian web from Newman et al. (2005). Define Ay ¢ == [—L, L] x
[-T,T] < R% For zp,tp € R and u,t > 0 let R(wg,to,u,t) be the rectangle
[zo — u, 0 + u] x [to,to +t] = R? and define A, ,(z0,t9) to be the set of K € H
which contain a path that touches both, the rectangle R(zo,to,u,t) and the left or
right boundary of the bigger rectangle R(xo,to,20u,2t) (note A, (ro,t0) € Byu).
For a,b,tg,t € R,a < b,t > 0 and K € H, we define the number of distinct points
in R x {tc +t}, which are touched by some path in K that also touches [a,b] x {to}
by

n(t07 t;a, b) = 77K(t07 t;a, b)

= #{y e R: 3z € [a,b] and a path in K which
touches both (z,ty) and (y,to +t)}.

Similarly, let

A~

ﬁ(t0> t7 a, b) = 77K(t0» t7 a, b)
= #{x € (a,b) there is a path in K which touches both R x {tg} and (x,to + t)}.

be the number of points in (a,b) x {t + to} which are touched by some path in K
which started at time ¢ or before.
If X is a (H, By )-valued random variable, we define

X*  to be the subset of paths in X which start before or at time s. (2.28)

Combining Theorem 1.4 and Lemma 6.1 from Newman et al. (2005), we see that
a family {X,}, of (H,By)-valued random variables with distribution {u,}, con-
verges in distribution to the standard Brownian web W, if it satisfies the following
conditions:
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(I;) There exist single path valued random variables 6% € X,,, for y € R?, satis-
fying:
for D a deterministic countable dense subset of R?, for any determinis-
tic 21,...,2m € D, 021,...,07 converge jointly in distribution as n — o

to coalescing Brownian motions (with unit diffusion constant) starting at
Z1yeeey Bm-
(Th) For every u, L, T € (0,0)
Gt,u; L, T) =t "limsup  sup  pn(Asu(w0,t0)) — 0 ast — 07,
n—90 (zo,t0)€AL,T
which is a sufficient condition for the family {X},},, to be tight.
(B}) Forall >0

limsup sup sup pn(n(te,t;a —e,a+¢)>1) — 0 ase — 0.
n—ow  t>f tg,aeR

(E]) If Z,, is any subsequential limit of {X,tl‘; }n for any ¢y € R, then for all
t,a,be R, witht > 0 and a < b,

b—a
Jrt
Remark 2.7. 1. We consider the diffusively rescaled closure of I' = {7 : z € ZxZ} =
{m* : z € C}, which is the collection of all linearly interpolated random walk paths.
Therefore, instead of A,,, we usually write X5 to denote the (H, By )-valued random
variable S, sI'. If we want to consider the weak limit of (X5)s>¢ along a certain
subsequence (dy,),,, where §,, — 0 as n — 0, we denote the random variables S, 5, T
by Xjs,. The probability measure P o (S, 5, I')~" on (H, By) is denoted by us, .

2. We invoke condition (E}) because because in our model, paths 7% and 72

can cross each other without coalescing. In this respect, our scenario is different
from that in Sarkar and Sun (2013).

E[ﬁzto <t07 t7 a, b)] < E[ﬁW(t()v t7 a, b)] =

2.3.2. Checking condition (I1). Let D be a dense countable subset of R? and choose
distinct y1 = (£1,%1), -, Ym = (Tm, tm) € D. Define y;,; := ([xivé_lj , [tié_gj). Let

mh = 5575 oq¥%i i=1,...,m (2.29)

be the corresponding diffusively rescaled (and coalescing) random walks. In order
to show that (7}, ..., 77") converges to a system of m coalescing Brownian motions
as 0 — 0, we will follow the strategy from Newman et al. (2005) and construct a
suitable coupling with m independent walks on the cluster. One could alternatively
attempt to use the characterization of coalescing Brownian motions via a martingale
problem, we discuss this briefly in Remark 2.8 below.

We will need some auxiliary types of paths: Let X (ews.i) = ()Z't(c(y‘s’i)))tzlti/gﬂ

be independent conditionally on C with transition probabilities given by (1.5), i.e.,
)N((C(yéﬂi)), . ,)N((C(y&m')) are m independent walks on the same realization of the
cluster, with X (e(ws.i)) starting from the nearest possible starting point to ys; on C
(recall ¢(z) from (1.8)). Note that we can for example construct these walks as in
(1.4) and (1.3) by using m independent copies of &. Let #(¢®s.:) be the extension
of X(¢s.1)) to real times by linear interpolation, and denote their rescalings by

7= 5375 oFlewsa)) =1, ... m. (2.30)
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Note that % =% for every i but unlike the 7’s, different paths % and %g with
j # i can meet at times € 62Z and then separate again.

Furthermore, we need two different coalescence rules on II"™: Under the first rule
I, paths are merged when they first coincide. Let ((f1,01),...,(fm,om)) € II".
Define

TL = inf{t > o; v oj,t € R: fi(t) = f;i(t)}.
Note that ¢t € R can be arbitrary, in particular ¢ ¢ §2Z is possible.

Start with the (trivial) equivalence relation i ~ 4, i % j for all ¢ # j on {1, ..., m}.

Define

T = min T2 with ming =
1<i,j<m,irtg

and
fl(t), ift < Ta
fi* (t), if t = To

Foe(fz(t)) = {

where i* = min{j : (j ~ i) or (j # i and T%9 = 7,)}. Update the equivalence
relation at time 7, by assigning ¢ ~ ¢* (and implicitly also ¢ ~ ¢’ for all &' ~ i*).
Iterating this procedure, we get the desired structure of coalescing random walks.
We label the successive times 7, by 7}, ..., 7% where k € {1,...,m} is the smallest

index such that 78 = oo (after k steps, either all paths have been merged or no
further meeting of paths occurs). We will denote the resulting m-tuple of paths by

Lo ((fri00)s - (fms om))-

When we apply Iy to (m},...,7%) it may because of the linear interpolation
happen that paths are merged even though the underlying discrete walks did not
meet. This is not literally the correct dynamics and is not the case for the second
coalescence rule I'g 5.

I'gs : II™ — II" is defined analogously to I', except that we replace in the
construction T7 by

Té% = inf{t € 0°Z : t > o; v o; and fi(t) = f;(t)}.
Note that by construction
~ ~m ~ ~m d m m
(Fa(ﬂé,...,wé ),Fﬁvg(wé,...,w(; )) = (Fa(wé,...ﬂré ), (7‘(%,...,7‘(5 )),

thus in particular

Tps (R, 70) L (7h, .o mf) = T (k.7 (2.31)
and
To (7L 7)) L0 (a7, (2.32)
With our preparations, to verify condition (I;), it suffices to show:
(1) Show that (7},..., %) converges as § — 0 in distribution on II"™ to m
independent Brownian motions (B, ..., B™).

(2) Show that 'y (7},...,73") and g s(n, ..., ") are close with high prob-
ability as 6 — 0.

(3) Using Step 1 and (2.32), T, (ﬂ%, .. .,ﬂ'g”) converges in distribution to m
coalescing Brownian motions (B, ,,,...,B7,) = o (B, ..., B™) with the

correct starting points. Combining Step 2 and (2.31) then yields the claim.
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Step 1: Let us verify that

(7. 77 (B B™), (2.33)
where B1,...,B™ are independent Brownian motions and B’ starts from y;. Obvi-

ously, any limit will have the correct starting points by construction. To identify
the limit, we essentially apply the quenched CLT from Birkner et al. (2013) m
times, but we have to be a little careful because the rescaled starting points ys ;
might be inside a “hole” of the cluster C.

Using Birkner et al. (2013, Theorem 1.1, Remark 1.5) we know that for every
(z,n) € Z x Z the diffusively rescaled random walk wgz’n) converges weakly under
P(-|B(z,n)) to a Brownian motion, where B, , is the event that (x,n) is connected
to infinity. Define G, ,,) to be the event that the quenched functional central limit
theorem holds for a path starting in (z,n). Birkner et al. (2013, Theorem 1.1,
Theorem 1.4) yields P(G ;)| B(z,n)) = 1, hence

G= () (Gom v Baw))

(z,n)€Z?

satisfies P(G) = 1 since the complement is a countable union of null sets. Thus up
to a P-null set either (z,n) € Z x Z is not connected to infinity or the quenched
functional central limit theorem holds in (x,n). Keeping this in mind, in order to
prove the claim of Step 1, is remains to show that

i)0
M — x; in probability, (2.34)
v oo

where ¢((x,n)) = max{y < z: (y,n) € C} as defined in (1.8).

According to Durrett (1984, Section 10, in particular Eq. (5) on p. 1029) we
know that there exist K,C > 0 such that

P (|z — c((z,m))| = Klog(1/8)) < C6* for all (x,m)e Z x Z and § € (0, 1).
(2.35)

The bound (2.35) on the probability of holes of order ~ log(1/J) to occur implies
P ( C(yé,z‘)5 - v

xi—v'>a> :P(|mivéfl—c(y5,i)| 5)—>O asd 0
for every e > 0 and ¢ = 1,...,m, from which (2.34) and thus (2.33) follow.

Step 2: Let us write (77(%,&7 s Tiy) = Ta (75,...,7§") and recall from (2.31) that
(7§, ..., = Tgs(my,...,m§"). We metrize II"™ with the product metric d*™
based on d(-,-) from (1.6).

We claim that for every € > 0,

P (" (mh o 78)s (b)) =€) —0 (2.36)

(comparing with the definition of d in (1.6), we leave the dependence on the starting
times implicit here).
Define a new metric

d((f,0),(g,0") = |0 —d'| v §2£|f<t vao)—g(tva)l
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on IT and analogously d*™ on II". We have d((f1,t1), (f2,t2)) < d((f1,t1), (f2,t2))
for all (fi,t1),(f2,t2) € II, since tanh(-) is Lipschitz continuous with Lipschitz
constant one. Therefore in order to prove (2.36) its enough to show that

]P;(d*m[ ((TF(%,OH [5—2t1J)7 ey (71':;70” l(S_thJ)) )

(75, 16720, -, (75 162 tm])) | = 5) 0. (237)

We prove (2.37) by induction over m.

Let m = 2. Since 75 , = 75 by construction we get that

B2 (7} 197201)), (730 167 24a1) , (5, 1672 011), (73, 107 282])) ]
— d[ (7} o, 1672)), (73, 152821

< Bsup {052 (1) — 952 ()] 5 TU® < 1 < TS (2.39)
(recall Taoa¥>? from (2.23) and T2%2Y>* from (2.24)). The bound in (2.38) holds

because 7%’s are linear interpolations of discrete walks with steps from {—1,0, 1}
and by definition of the merging rule T'o, 73 , () = m3(t) for ¢t < Taca”*. (2.38)
and (2.26) from Lemma 2.6 imply (2.37) for m = 2.

Now let m > 2. Here, we can argue essentially analogously to Newman et al.
(2005, p. 45). There are two possibilities for the event in (2.37) to occur.
The first possibility is that a “wrong” (a-)coalescing event occurs, which means that
for some k and i < j a path 7}, | < i coalesces or changes its relative order with 7!
after time 7% = T%7 and before time Té’j (where there is then no need for 7} and

7 to coalesce “soon” since their paths did not cross before). Let us consider this
case.

Using Step 1 (see also Birkner et al. (2013, Theorem 1.3, Remark 1.5, Remark
3.11)) and (2.32) together with the fact that £(B%,..., B™) has full measure on the

set of continuity points of the mapping 'y, I, (7?51, cee 7~T§”) converges in distribution
on II" to m coalescing Brownian motions
1 1
(Bcoab SRR g(l)al) = Fa(B yeee 7Bm)
with the correct starting points. Write {T ;’%}ngm for the coalescence times of
(R ar o 70) = Da(Tg, ..., 78) and {Tg%}i<ij<m for the coalescence times of
(R 3o > T5) = Tp(75, ..., 75"). We thus obtain for all i # j <m
irj A (i
(To‘v‘;) 1<i#j<m 60 (T )K#Km (2.39)

where 77 is the coalescence time (and indeed also the first crossing time) of B,
and B’ ,,. Note that almost surely, (Bl .,...,B%,) = [a(B',...,B™) arises via
m — 1 distinct coalescence events at a.s. distinct times.
Furthermore, Lemma 2.6 shows that for every € > 0, the events
As(e) = () T - mie < o

1<i<j<m

satisfy lims;oP(As(¢)) = 1. On the event

As(e) {inf ({12 = T2 11 < g < ma(ig) # 6301\ {0}) > 26}
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we have
¥ 2,J
max |1 7% — < e.
1<i<j<m| a,d B, ==

Since € > 0 is arbitrary, we have in fact

ij _ i - Y
| Jnax ITos — Tl " 0 in probability.
But then the probability of a “wrong” coalescing event tends to zero, since all the
crossing times of the Brownian motions are a.s. distinct.

The second possibility for the event in (2.37) to occur is that there is “too much”
time between the crossing and the coalescence. “Too much” time means there is
a positive probability that at least one pair of the random walks needs more than
/62 steps to coalesce after their paths crossed, for some € > 0, which would allow
A1 < j2m SUPy "R’é)a(t) — m4(t)| to remain “macroscopic”. This is ruled out by an
argument similar to the one above, note that again by Lemma 2.6, the events

A= ) {Sup{|7r‘s’i(t) e (1) TV <t < TV < %}

meet
1<i<j<m

satisfy lims o P(Aj(e)) = 1 for every ¢ > 0. Thus, the proof of (2.37) for m > 2 is
completed.

Step 3 (Verification of (I1)): Combine (2.33), (2.32) and (2.36) to see that

coal»

m d m
(ﬂ'é,...’ﬂ'& )m(Bl "'?Bcoal>‘ (240)

Remark 2.8. An alternative route to (2.40) would be to use the characterization
of the law of coalescing Brownian motions (viewed as the special case of 6-sticky
Brownian motions with # = 0) as the unique solution of a martingale problem from
Howitt (2007, Theorem 76). See also Howitt and Warren (2009, Theorem 2.1) and
the discussion in Schertzer et al. (2017, Section 5), Schertzer et al. (2014, Appen-
dix A) as well as Schertzer and Sun (2018, Appendix A). In fact, this would require
to check that for any weak limit point (l’;’l, A Bm) of (7rgn7 <o, mg) with 0, — 0,
the following holds: Let F = (F})ser with F; = o((B(s A t))sst,, for i s.th. t; < t)
be the joint filtration generated by BY,...,B™. Then 1. each B‘ is an F-Brownian
motion starting from space-time point y; = (2;,t;), and 2. each pair (B%, %), i # j
is distributed as a pair of coalescing Brownian motions (w.r.t. the filtration F).

The fact that each B individually is a Brownian motion follows immediately
from the central limit theorem proved in Birkner et al. (2013) together with Step 1
above and the fact that (B?,87) are coalescing Brownian motions was checked in
Step 2, case m = 2 above. However, in our set-up it appears quite cumbersome
to verify directly that these properties also hold with respect to the larger joint
filtration F. The natural way to such a result is to consider (7¥1,... 7¥%m) along
joint regeneration times (cf Remark 2.3). This yields a Markov chain on Z™, then
one would need a suitable m-coordinate analogue of Lemma 2.2 and therewith
implement a martingale plus remainder term decomposition of the coordinates of
this chain analogous to the construction in Birkner et al. (2013, Section 3.4) to
conclude. In our view, spelling out the details would be more laborious than the
approach discussed above. On the other hand, using (2.40) we can conclude that
properties 1. and 2. discussed above do hold.
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S
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FIGURE 2.1. An illustration of (part of) the event I' € AJr (0,0) ni_, B;

2.3.3. Checking condition (T1). Let Af, (20,t0) be the set of K € H which contain
a path touching both R(z, to, u,t) and the right boundary of the bigger rectangle
R(x0,t0,20u,2t). Similarly we define A, ,(zo,%9) as the event that the path hits
the left boundary of the bigger rectangle. If a variable is diffusively scaled we will
add a “~” to it, where { = t§=2 if ¢ is a time variable and ¥ = z/(vd) if z is a
space-variable. In order to verify condition (77) it is enough to show that for every
€ (0, 0)
~1lim sup pl(A 2(0,0)) — 0 ast — 0+, (2.41)
6—0

where we omitted the sup over (xg,to) from condition (77) because of the spa-
tial invariance of p; = Po (S,1)7t. (2.41) implies (T1) since A;(zo,t0) =
Al (zo,t0) U Ap,(zo, o) and p1(A; (0,0)) can be estimated completely analo-

gously (in fact, we even have (A7 ~(0 0)) = ul(Ai(O, 0)) by symmetry).

We will show that for every fixed u > 0, limsup,_,q 1 (A 2(0,0)) is in o(t). Let
u > 0 and define z1 5 := [3u),z2,6 := |8], 23,5 := |134] and x4 1= |180] with
@ = vud~!. We are interested in the paths 7% := 7(#i5:0) ;=1 2 3 4.

We denote by B; the event that 7%#¢ stays within distance @ of x; s up to time
2t. For a fixed (v, m) € R(%,t) := R(0,0,1,t) denote the times when the random
walker 7(®™) first exceeds 54, 10@, 154 and 204 by T(x ™) 72(x7m), TéxmL) and

iz ™) Furthermore define Tém ™ — 0 and Téx ™ — of, Denote by Ci(z,m) the

event that 7(*™) does not coalesce with 7%#-¢ before time 2f. We assume that f € Z,
if not we replace ¢ by [t_| We estimate the probability in (2.41) in the following
way (see Figure 2.1):

i (45,0.0)) < (CJ Bf) (+)

ﬁBm U <(j zmr\{Twm)<2t}>
()

<.

i=1 (z,m)eR(i,t)

We estimate the terms (#) and (#*) separately. We have

hm Sup 11 (U B; ) < 4111;1 sup w1 (BY)
—0

=1
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u2
=4P| sup |Bs| >u | <16e” 2t €o(t) ast |0
s€[0,t]
where B is a standard Brownian motion.
The second term (x#) can be estimated as follows

()< Y m (ﬂ Bi [ Cilw,m) A {rf™™ < 25})

z€[—U,U]NZ i=1 i=1
mE[O,E] nZ
Now we change our point of view on the problem. From now on we come back
to the discrete structure and are only interested in the values of the random walk
path at simultaneous regeneration times TjSim (of the five random walks), recall the
discussion in Section 2.1 and especially Remark 2.3.
Denote by 6; the first simultaneous regeneration time when 7 () (n) —7%:5 (n) >
0. Furthermore let f?z the event that 7%%¢ stays within distance @ of z; ;5 at simul-
taneous regeneration times up to time 2¢ and denote by C; (z,m) the event that
7(™) does not coincide with 7%¢ at simultaneous regeneration times before time
2t. In analogy to the previous notation let ﬁ-(z’m) be the first time that a simul-
taneous regeneration event occurs after the the random walk path 7(*™) exceeds
(5-4)@. Only considering the random walks at simultaneous regeneration times, we
can for every € > 0 estimate a single summand of the sum above by

<ﬂ ﬂ Ci(x,m) N {T4z’m < 2t}>

=1 i=1

1
<p (ﬂ Zmﬂ@xm A {FEm < (2+€)t~}>

i=1 i=1
+P (no simultaneous regeneration between time 2f and time (2 + 5)0

IS

4
< (ﬂ B () Ciwym) n {77 < 2+ )i} 0 T3 Ts;m1<clog<;>}>
=1

i=1
1 6% 4 28Ce et

by using exponential tail bounds for increments of T3'™ — T3™ | see Remark 2.3.
Here we use that 6,4 is a stopping time for the joint regeneration construction of the
five walks and that we can choose C' so large that

P(T3™ — T3™, > Clog(})) < &%

Furthermore, the probability that no simultaneous regeneration occurs between
time 2¢ and time (2 + €)t is bounded from above by

2]
Z ]P) 31m blIIl > Eg) < 2Cle—cet = 2t5—26—08t/62 _ O(t64)

Now by the regeneration structure, the only information we gained about the
“future” after time T‘”m of the cluster is that each of the five random walks is at
a space-time-point that is connected to infinity. Therefore, without changing the
joint distribution, the future of the cluster can be replaced by some identical copy in
which all the points the random walks sit in are connected to infinity. By a coupling
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argument as in the proof of Lemma 3.4 in Birkner et al. (2013), the cluster to the
right of the middle line of the third red bar (at horizontal coordinate z = 15.54,
see Figure 2.1) can be replaced by an independent copy and the resulting law on
configurations strictly to the right of this third red bar (i.e., x > 16a) has total
variation distance at most 2Ce™°" to the original law. Thus

<p <ﬁ ﬁé’xmm{rgmm)<(2+6)f}>

X sup IP’J;/Oint (lA) hits @ before 0) + 2{Ce ",
ly|<Clog(1/6)

1<ﬂ§ ﬂé’ (x m)m{Tmm) < (2+e)t} n{T5™ Tesim1<010g(};)}>

We use here that the difference between 7(*™) and 7%45 | running on an independent
copy of the percolatlon cluster (and observed along its regeneration times), behaves
like the Markov chain D from Section 2.1 and the proof of Lemma 2.4. Remark 2.5
gives in particular

01%(1@ = "5 log(1/5)

sup JP’J;/Oint (ZA) hits @ before 0) <c
lyl<Clog(1/6)
with ¢" = C’(u) < o0.
Combining the above and iterating we get

p1 <ﬁ B;n ﬁ (z,m) N {’/"(x ™ < 2t}> < (20'510g(1/5))4.

Using this, the term (##) is bounded above by

4
1 (ﬂ B;,3(x,m) € R(a, 1) s.t. ﬂ C;(x,m) and Tiz’m) <2t
i=1 i=1

< )] S (2078 10g(1/8))" < (2C"810g(1/5))" - 2af < C(u)té (log(1/5))*

z€[—u,a]NZ me[0,f]nZ

This implies that condition (2.41) is satisfied.

2.3.4. Checking condition (B}). We fix t > 8 > 0 and tg,a € R. We want to show
that for each &’ > 0 there exists ¢ > 0 independent of ¢,ty and a, such that

!

ps(m(to,t;a —e,a+¢) > 1) = u(nto, t;a—,a+é)>1)<e
for all § > 0 sufficiently small. First we assume that tq = ng € Z. In this case only
paths that start from the interval [a — &,a 4+ €] N Z at time ng are counted by 7.
Therefore
p(n(no,t;a—&,a+ &) > 1)

< 3 (N’"o)(k) % 7(@+1m0) (1) for all k € [no, no + [Ej]) .

{z,z+1}c[a—¢E,a+E]NZ

By Lemma 2.4 we get that

P (Wu,no)(k) # m@FL0) (k) for all k € [ng, no + lﬂ]) <

Sl
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for some large constant C and

pr(n(ng,t;a—&a+é)>1) < == < < ’
which is smaller than ¢’ if € < 52/;/03

If £y € (ng,no + 1) for some ng € N, it is enough to show that u1(n(to,t;a — 28, a +
2¢) > 1) < €, which is true by similar estimates as above.

2.3.5. Checking condition (E7). In order to verify condition (E}) we need to prove
a statement similar to Lemma 6.2 in Newman et al. (2005) which is formulated in
Lemma 2.10 below. This can be done by adapting Lemma 2.7 in Newman et al.
(2005) to our case (see Lemma 2.9 below). The rest of the proof follows by more
general results, proved in Newman et al. (2005, Section 6)) and does not need
adaptation.

Lemma 2.9. Recall the collection of paths T' from (1.9). For A < Z and m,n €
N, m > n, we define

ran.— (7@ (m):ze A, (z,n) € C}.

If n = 0 we simply write T4 .= TAY. Then

pm =P (0eTh) <

3

for some constant C independent of time.

Proof: Pick M € N. Let By :={0,1,..., M — 1} and in order to simplify notation

define
I‘;‘;L(x):z 1, ifxe?;‘,‘b
0, otherwise

for A ¢ Z. Using the translation invariance of P we obtain

em(Bur) := E[|T%, ~ Byl] = E[ > rg(x)l = > E[T% ()] = pm - M.

TEB )\ xz€B
Furthermore,
em(Bur) < ) E[ToM ™M By = Y TE[ITRM (B — kM)|] = B[],
keZ keZ

Now the difference M —|T'BM| is larger than the number of nearest neighbour pairs
that coalesced before time m. Using the translation invariance of P again we get
that

M—2
]E[M - |I‘§LM|] = Z E[]l{ﬂ(“”>0)(t):ﬂ'(“"""lﬂO)(t) for some te{l,l...,m}}]
=0

= (M = D)P[x%9(t) = 210 (¢) for some t € {1,2,...,m}]
Lemma 2.4 gives

E[|0EM (] < M — (M — DP[x%9(t) = 209 (¢) for some t € {1,2,...,m}]
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and therefore

- 1 N C
P =20 "
This yields the claim since M can be chosen arbitrarily large. ([l

Now we are ready to prove our analogon of Newman et al. (2005, Lemma 6.2).
Recall the notation X% from (2.28).

Lemma 2.10. Let Z;, be a subsequential limit of Xga, where X5 := S, sI' and let
e > 0. The intersection of the paths in Z;, with the line R x {tox + €} is almost
surely locally finite.

Proof: Let Z;, be the weak limit of a sequence (X;g)n and let Z;, (to + €) be the
intersection of all paths in Z;, with the line ¢y + €; define X ;5 (to + €) analogously.

Then Z;, and X(St: (to + €), n € N are random variables with values in (P, pp),
where P is the space of all compact subsets of (R2, p), metrized with the induced
Hausdorff metric pp.

Since for all a,b € R, a < b the set {K € (P,pp) : |K n (a,b) x R| = k} is an
open set in (P, pp), we get that

18

E[|Z,(to +€) n (a,b) x R[] = > P[|Z24,(to + €) N (a,b) x R| = k]

=
Il
—

8

< Y liminf P[|X° (tg +€) m (a,b) x R| = k]
n—00 n

=
Il

1
Cb—a)
N
where we used the Portmanteau theorem in the second line. The last inequality
holds true by Lemma 2.9, since (recall the scaling notation Z, etc. introduced before

(2.41))
E[|X;° (to + ) N (a,b) x R]]

< liminf E[JX)° (to + €) N (a,b) x R|] <
n—->00 "

Ch—a) _C(b—a)
VE T e

Strictly speaking, since & = €972 need not be an integer time, we should estimate

‘X;S (to+e)n(a,b) xR| < er(&,l;)ml (F[Zsj (x) + I‘[Zg] (x)) but this changes only the

constant. O

<E| ) Tf.@|< ) Eli)<

z€(@,b)NZ z€e(@,b)nZ

Using Lemma 2.10, Condition (E}) can then be proved using the strategy from
Newman et al. (2005), see Lemma 6.3 there.

3. Outlook

Our result can be seen as a convergence result for the space-time embeddings of
“all ancestral lines” in a discrete time contact process. More precisely, define the
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contact process as follows: (92),>,, starting at time m € Z from the set A as

ni(y) = 1a(y), ye Z%,

and for n > m

A _J1 ifw(z,n+1) =1and nj(y) = 1 for some y € Z* with ||z — y[| <1,
77n+1( )

0 otherwise,

i.e., 7 (y) = 1 if and only if there is an open path from (x,m) to (y,n) for some
x e A

By monotonicity, ﬁ(n%d) — v as n — o, where the convergence is weak conver-
gence and v € M ({0, 1}Zd) is the upper invariant measure, cf Liggett (1999). Note
that the percolation cluster is given as the time-reversal of the stationary process
7. More precisely process £ = (&,)nez defined by &,(z) = n_,(z), i.e. &, (x) =1
iff —o0 - (x,—n) (defined as (-, {Z% x {-m} —* (x,—n)}) describes the
percolation cluster in the sense that &,(x) = 1 if and ounly if € C. See Birkner
et al. (2013) for more details. Hence, the coalescing walkers on the backbone of

the cluster correspond to space-time embeddings of all ancestral lines. One may
then apply our convergence result to investigate the behaviour of interfaces in the
discrete time contact process analogously to Newman et al. (2005, Theorem 7.6 and
Remark 7.7). For the continuous-time contact process, interfaces and their scal-
ing limits were analyzed in Mountford and Valesin (2016); Valesin (2010) (without
explicitly using a Brownian web limit).

As noted in Remark 1.2, Theorem 1.1 is an “annealed” limit theorem and it
would be interesting to prove an analogous “quenched” result. Since Lemma 2.4 is

a key ingredient in the proof, we this would require a quenched analogue of (2.11).
In this direction, we conjecture (based on simulations) that in d = 1,

lim /n Py (TCL) > n)

n—s00 meet

exists for P-a.a. w (and is a non-trivial function of w).
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suggestions helped to improve the presentation. M.B. and S.S. were supported by
DFG priority programme SPP 1590 through grants BI 1058/3-1 and BI 1058/3-2,
N.G. through grant GA 582/7-2.

joint

Appendix A. Proof that f from (2.17) is superharmonic for \ildiff

Consider x > 0, say.

SR @,y (Fy) — f@) < Y U, y) (clyl + clzl)

ve yily—z|=2/3
Y Wy (fy) - f(@) (A
y:ly—z|<z/3

The first term on the right-hand side is bounded by Cse™ 2% for suitable co, Cs €
(0,00) by (2.8), for the second term we use Taylor expansion to write it with some
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gm,ye<x/\y7$\/y) as

S EE (- 0f @)+ g0 E) (A2
y:0<|y—z|<z/3

Since &, — x| < x/3 we have f”(&,.,,) < f"(4z/3) = —2e41%/3 exp (2e741%/3 /¢y)
and thus

T, join 1
Y ;-0 ()
y:0<|y—z|<z/3
o 1
< -2t Bexp (et ) N U y) 5y — @)

y:0<|y—z|<z/3
< —%6_4011/3 exp (26_40”/3/01) (A.3)

(recall (2.16)).
Furthermore, by Lemma 2.2 and (2.8),

>, R y)(y—2)
y:0<|y—z|<z/3
<G 4 Y Wyl <Gt (A
y:0<|y—z|=z/3

for suitable ¢z, Cs, cq, Cy € (0, 0),
Combining, we see that the right-hand side of (A.1l) is negative if we choose
zo > 0 so large and ¢; > 0 so small that (note f/(z) = exp (2677 /cy))

Coe™ " + exp (Qe_c”c/cl)CQle_c“z — %6_46“/3 exp (26_46“/3/61) <0 (Ab5)

holds for all > z.
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