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Abstract. Forman et al. (2020+) constructed («, §)-interval partition evolutions for « € (0,1) and
6 > 0, in which the total sums of interval lengths (“total mass”) evolve as squared Bessel processes
of dimension 20, where # > 0 acts as an immigration parameter. These evolutions have pseudo-
stationary distributions related to regenerative Poisson—Dirichlet interval partitions. In this paper
we study symmetry properties of («, #)-interval partition evolutions. Furthermore, we introduce a
three-parameter family SSIP(®) (01,02) of self-similar interval partition evolutions that have separate
left and right immigration parameters #; > 0 and 03 > 0. They also have squared Bessel total
mass processes of dimension 26, where 0 = 01 + 03 — a > —a« includes the usual parameter range
of the two-parameter Poisson—Dirichlet distribution — negative 6 can be interpreted as an overall
emigration. Under the constraint max{0y,6:} > «, we prove that an SSIP(® (0}, 6;)-evolution is
pseudo-stationary for a new distribution on interval partitions, whose ranked sequence of lengths has
Poisson—Dirichlet distribution with parameters a and 6, but we are unable to cover all parameters
without developing a limit theory for composition-valued Markov chains, which we do in a sequel

paper.

1. Introduction.

In this paper, we construct a three-parameter family of interval partition evolutions that gener-
alises a two-parameter family recently introduced by Forman et al. (2020c). When projected onto
ranked interval lengths (Forman et al.; 2023), their evolutions yield Poisson—Dirichlet(«, ) diffu-
sions in the cases when 6 > 0 (Petrov, 2009). Members of the two-parameter family were used in
Forman et al. (2018) to construct the Aldous diffusion that has the Brownian continuum random
tree as its stationary distribution, solving a problem posed by Aldous (1999). The three-parameter
family is relevant since it captures for each a € (0,1) the full Poisson—Dirichlet parameter range
f > —a. This extended range is crucial for potential generalisations of the Aldous diffusion to
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FIGURE 1.1. The rates at which new customers arrive in the ordered Chinese restau-
rant. In the setting of Rogers and Winkel (2022), 63 = a.

continuum random trees that include multifurcating ones such as stable trees (Chen et al., 2009;
Curien and Kortchemski, 2014; Duplantier et al., 2021; Duquesne and Le Gall, 2002; Haas and
Miermont, 2004; Haas et al.; 2009; Le Gall and Miermont, 2011). In the present paper, we focus on
the interval partition diffusions and their symmetry and stationarity properties. Before introducing
these processes, we provide some motivation in the related setting of composition-valued Markov
chains.

Rogers and Winkel (2022) introduced a family of continuous-time Markov chains with two param-
eters a € (0, 1) and #; > 0, taking values on the space C of vectors of natural numbers N = {1,2,...}:

C={(n1,n2,...,ng): k>0, ny,ng,...,n € N}

Each element in C is also known as an integer composition. Their model is in the framework of
Pitman’s two-parameter Chinese restaurant processes (Pitman (2006)) and their ordered variants
(James, 2006; Pitman and Winkel, 2009). In their language, we interpret the process (C(t),t > 0)
as describing the fluctuating numbers of customers sitting at tables arranged in a line. At any time
t > 0 with C(t) = (n1,n2,...,nk), we say there are k € N occupied tables and for 1 < i < k the
i-th table enumerated from left to right has n; € N customers. The transition rates of (C(t),t > 0)
are, as follows — see also the illustration in Figure 1.1:

1. for each occupied table with n; customers, a new customer joins this table at rate n; — «;

2. at rate A1, a new customer starts a new table to the left of the leftmost occupied table;

3. between each pair of two neighbouring occupied tables, a new customer starts a new table
there at rate «;

4. at rate o, a new customer starts a new table to the right of the rightmost occupied table;

5. each customer leaves at rate 1.

Without the departure rates in 5. and ignoring the order of tables, this model corresponds to Pit-
man’s two-parameter extension of the Dubins—Pitman Chinese restaurant process, with parameters
a € (0,1) and 6, > 0. It is worth noting that the original parameter constraint of Pitman’s model
is 61 > —a, while ordered variants have been restricted to ¢; > 0 in James (2006); Pitman and
Winkel (2009); Rogers and Winkel (2022).

It is natural to extend the model to a three-parameter version with o € (0, 1), 61,02 > 0. Specif-
ically, we replace the transition rate in 4. by the following 4’.:

4. at rate 05, a new customer starts a new table to the right of the rightmost table.

The total departure rate of n for n = ny +ng + - - - + ny customers is set against a total arrival rate
of n+6, commonly interpreted as down and up-rates of a birth-and-death process with immigration
for 6 > 0, but also including cases § = 0; + 03 — o € (—«, 0), which we interpret as emigration.

Rogers and Winkel (2022) conjectured that, for the ordered Chinese restaurant Markov chain
with parameter («,6;), if n=1C(0) converges to a limit, then the process (n='C(2nt),t > 0) has
a scaling limit, which is a so-called self-similar interval partition evolution with parameter (o, 67)
introduced in Forman et al. (2021, 2020¢). Naturally, we expect such convergence to also hold in the
generalised three-parameter («, 61, 62) setting. Indeed, we establish this in a sequel paper (Shi and
Winkel, 2020), building in part on the constructions and study of the expected limiting diffusion in
the current work.
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1.1. Main results. For M > 0, an interval partition = {U;,i € I} of [0,M] is a (countable)
collection of disjoint open intervals U; = (a;,b;) C (0, M), such that the (compact) set of partition
points G(B) := [0, M] \ U,c; Ui has zero Lebesgue measure. We refer to the intervals U € 3 as
blocks and to their lengths |U| as their masses. We similarly refer to ||3]| := M = 3 ;.5 |U| as the
total mass of 5. We denote by Zp the set of all interval partitions of [0, M] for all M > 0. This
space is equipped with the metric d that is obtained by applying the Hausdorff metric to the sets
of partition points: for every v,v" € Zy,

dg(v,7) :=inf {r > 0: G(v) C U [ —r,z+7], G(Y)C U [x—rz+71]p. (1.1)
zeG(Y') zeG(v)

The metric space (Zg, dgr) is not complete, but it generates a Polish topology (Forman et al.,; 2020b).
For ¢ > 0, define a scaling map by

cB = {(ca,cb): (a,b) € B}, B €Ty.

For g € Iy, we write rev(5) = {(||BIl—b, ||8]| —a): (a,b) € B} € Iy for the left-right reversal of
B. In Gnedin and Pitman (2005); Pitman and Winkel (2009), a two-parameter family of interval
partitions was introduced that places blocks of Poisson Dirichlet masses PD(*)(6) into a (right-
)regenerative random order, where a random interval partition 3 of [0, 1] is called “right-regenerative”
if for all s € (0, 1), the remaining interval partition to the right of the first partition point Rg :=
inf(G(B) N [s,1]) to the right of s, is a scaled copy of 3, in the sense that given Ry < 1, we have

(1 — Rs) H{(a — Rs,b — Ry): (a,b) € BN [Rs, 1]} 4 B. We denote the left-right reversals of these
right-regenerative Poisson Dirichlet interval partitions by PDIP()(6), a € (0,1), § > 0. They
inherit an analogous left-regenerative property at Ly = sup(G(8)N|0,s]), s € (0,1). For § = «, this
is the distribution of the excursion intervals of a (squared) Bessel bridge (Pitman and Yor, 1997)
with dimension parameter 2q.

Let (B4)aca be a family of interval partitions indexed by a totally ordered countable set (A, <).
Let Sg(a—) := >y, ||Bp]|. We define the natural concatenation of their blocks by

az&ﬁa = {($+ Sgla—),y + Sg(a—)): (z,y) € Ba, a € A}.

When A = {1, 2}, we denote this by 1 x 2.

Let us recall from Forman et al. (2020c) the transition kernels of the two-parameter family of
interval partition evolutions. The kernels have the branching property (with immigration) under
which each initial block of mass b > 0 contributes independently to time y with probability 1—et/2¥.

Specifically, for 7 = 1/2y > 0 and b > 0, we consider independent G ~ Gamma(c,7), 8 ~ PDIP(¥) (),

and a (0, 00)-valued random variable Ll(,o;) with Laplace transform

AL A\ @ et/ (N

E | | = (LE2) ¢ . (1.2)
r ebr —1

As can be read from Forman et al. (2021, Lemma 3.5) or verified directly, this is also equal to

E[exp(—)\ 3 Z,-) ’N>o}

1<i<N

for independent N ~ Poisson(br), Z; ~ Gamma(l — a,7) and Z,, ~ Exponential(r), n > 2. Then

we define the distribution ul()o;) of a random interval partition as

) = 78+ (1= ({(0, L)} + GB e - ). (1.3)
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Definition 1.1 (SSIP(®)(f)-evolution). Fix a € (0,1), § > 0. An SSIP(*)(f)-evolution is an Zy-
valued diffusion, whose transition semigroup (nz"e, y > 0) has the following form. Let 8 € Zy and
y > 0. Then ﬁ;’e(ﬁ, -) is defined to be the distribution of

GYBy* K B, (1.4)
vep
for independent G¥ ~ Gamma(f,1/2y), By ~ PDIP™(f), and B, ~ '“|(laf|) 1/2y> U € B, where |U|

denotes the length of the interval U.

Informally speaking, the description of the semigroup can be interpreted by analogy with the
Chinese restaurant Markov chains introduced above. Each ﬂ(y] is the contribution of the initial table
U together with new tables added between U and any contributions of initial tables to the right of
U. And GYj, represents “immigrating” tables to the far left.

While the semigroup property is not obvious from this definition, it was shown in Forman et al.
(2020¢) that SSIP(®)(f)-evolutions exist as self-similar path-continuous Hunt process in (Zg, dgr).
In Section A.1, we formally recall a construction from spectrally positive stable Lévy processes with
jumps marked by continuous paths derived from squared Bessel processes. We recall here that for
any m > 0, § € R, there is a unique strong solution of the equation

t
Zy = m+6t+2/ V| Zs|dBs,
0

where (B, t > 0) is a standard Brownian motion. The first hitting time of zero 79(Z) := inf{t > 0:
Z; = 0} is almost surely finite if and only if 6 < 2. When 6 < 2, the law of 79(Z) is described in
(Going-Jaeschke and Yor, 2003, Equation (13)) as the distribution of m/2G with G ~ Gamma(l —
d/2,1). Furthermore, we define the lifetime of Z by

((Z) =00, if 6 >0, and ((Z):=m(Z), if 6 <0. (1.5)

We write BESQ,, () for the law of Z := (Zip¢(z),t > 0), which we will refer to as a squared Bessel
process starting from m with dimension parameter 6. When § < 0, this process is absorbed at 0
at the end of its a.s. finite lifetime. We denote by BESQIn(é) the law of (Z;rr(2),t = 0), which
differs from BESQ,,(d) only for § € (0,2). While BESQ(0), respectively BESQ(¢), is a continuous-
state branching process, with immigration at rate § > 0, the case § < 0 is naturally interpreted as
emigration at rate |§|. We refer to Going-Jaeschke and Yor (2003) for general properties of such
squared Bessel processes.

Specifically, in the construction of SSIP(®) (0) from marked Lévy processes, jumps of height z are
marked by the squared Bessel bridges of dimension 4 + 2« from 0 to 0 and of length z, which are
also BESQ(—2«) excursions Pitman and Yor (1982). This construction reveals how block masses
evolve as independent BESQ(—2a)-processes, with further blocks created between existing blocks at
a dense set of times, each evolving as a BESQ(—2«)-excursion.

The contribution GY3, in (1.4) can be interpreted as “immigration” at rate # > 0, on the left-
hand side. We note that the semigroup is left-right-reversible for § = «. Specifically, we have the
following consequence of the symmetry properties of the semigroup of SSIP(®) (a)-evolutions.

Proposition 1.2. Let (8Y,y > 0) be an SSIPY)(a)-evolution starting from B € Iy. Then the
left-right reversal (vev(BY), y > 0) is an SSIP(*)(a)-evolution starting from rev().

Recall that the object of the paper is to generalise the SSIP(Q)(Gl)—evolutions to the three-
parameter setting with o € (0,1),601,02 > 0, obtaining the continuum analogues of the three-
parameter Chinese restaurant Markov chains. This symmetry property above suggests that the
rightmost copy of GB in (1.3) may similarly be interpreted as immigration at rate o. But with
positive probability, no initial block contributes to time y > 0, and modifying the two-parameter
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FIGURE 1.2. We illustrate an SSIP%O‘) (01, 02)-evolution. At time zero, the initial
interval partition is decomposed into three parts: the “middle" block coloured in red
and the interval partitions formed by the blocks to the left and the right of the red
block respectively. As time increases (the vertical direction), the size of the middle
block evolves according to BESQ(—2c), the left part is an SSIP(® (0;)-evolution, and
the right part is the left-right reversal of an SSIP(®)(6y)-evolution, until the time
T1 when the middle block is absorbed at zero. Then we decompose the value at T;
around its longest block, which is coloured in red and regarded as the new middle
block. We next continue in a similar way.

model at the level of semigroups to include left-hand immigration at rate #; > 0 and right-hand
immigration at rate #2 > 0 is a challenge. We propose two approaches.

Our first approach to the desired three-parameter process is motivated from properties of the
discrete model. Observe from Figure 1.1 that we can split at any occupied table in the middle, then
before the time when the last customer leaves this table, the part to its left evolves according to a
Chinese restaurant chain with parameter («, 1) and the part to its right is a left-right-reversed Chi-
nese restaurant chain with parameter (o, 63). By analogy, for the continuum model, we construct

a three-parameter family of SSIP?) (61, 05)-evolutions from SSIP(® (9, )-evolutions, BESQ(—2a) pro-
cesses and left-right reversals of SSIP(®) (02)-evolutions by repeatedly decomposing around a “middle”
block, as made precise in the following definition and illustrated in Figure 1.2.
Definition 1.3. Fix a € (0,1) and 61,62 > 0. Let 8 € Ty and set Ty := 0, % := 8. Inductively,
for any n > 0, conditionally given (8Y, 0 <y < T,), proceed as follows.
o If pTn =0, set T, :=Ty,, i >n+1,and g¥ := 0, y > T),.
o If 8T £ (), denote by U™ the longest interval in 87, taking the leftmost of these if it is
not unique. Let B%n) := BT N[0, inf U(”)] €Ty be the partition to the left of U™ and record
the remainder to the right of U in Bgn) €7y such that

BT = 8" {(0,[U )} » 7.
Build three independent processes: SSIP(® )(0 )-evolutions ‘y( " = (7](-”) (r),r > 0) started
from BYL) and rev(ﬁén)) respectively, (") ~ BESQ(—2a) started from |U(™)| and absorbed at
C(f™) :=inf{z > 0: f™(2) = 0}. Set Ty := T}, 4+ ¢(f™) and
B =)+ {0 E () rrev(ny” (5)), 0 <5 < (M),

If T, T Too < 00, set BY :=10, y > T. We refer to 3 = (Y, y > 0) as an SSIP&Q) (61, 02)-evolution,
a self-similar interval partition evolution, to 01 and 09 as left and right immigration parameters, and
to (||8Y||, y > 0) as the total mass process.
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The choice of the longest interval is not essential, but is one way to achieve, as we will show,
that this process either continues forever without hitting () or reaches () continuously in finite time.
Another natural choice would be a size-biased block.

The subscript 1 in SSIPJ(ra)(Hl, 02) acknowledges that these processes are absorbed (“killed”) when
they reach . When 6 > 0, this is not the case for SSIP(®)(f)-evolutions. While almost surely
neither process visits ) when 6 > 1, the state () is an instantaneously reflecting boundary state
of SSIP(® (f)-evolutions when 6 € (0,1). This relates to the well-known boundary behaviour of
squared Bessel processes, which are the total mass evolutions of SSIP(® (g)-evolutions (Forman
et al., 2020¢, Proposition 1.3(iii)).

We will check carefully that SSIPJ(ra) (61, 02)-evolutions are well-defined as path-continuous pro-
cesses in (Zg,dy) and establish the following properties.

Theorem 1.4. For each a € (0,1), 61 >0 and 62 > 0, an SSIP,(fa)(Hl, 02)-evolution (5Y,y > 0) has
the following properties:

(1) it is a path-continuous Hunt process in (Zp,dm);
(ii) the total mass process (||5Y]|,y > 0) is BESQ‘TWO”(QH), where 0 =01 + 03 —a > —a;

(iii) 4t is self-similar with index 1 in the sense that, for each ¢ > 0, (c¢fY/¢,y > 0) is an
SSIPJ(ra)(Hl, 62)-evolution starting from cf3°;

(iv) when O = o, an SSIPEra)(Ol, ) -evolution is an SSIP'Y) (6,)-evolution killed at its first hitting
time of (.

The items (i)—(iii) of Theorem 1.4 are analogues of Forman et al. (2020c, Proposition 1.3(i)—
(iii)) and (iv) is suggested by the discrete Chinese restaurant model illustrated in Figure 1.1, as
we have explained above Definition 1.3. A key part of the proof is to show that SSIPJ(FQ)(Hl, 02)-
evolutions reach () continuously. We will obtain the Markov property by applying Dynkin’s criterion
to the triple-valued process whose components are the mass of the “middle” block and the interval
partitions on either side. This process inherits the Markov property from SSIP(®) (6)-evolutions,
j = 1,2, and BESQ(—2«) via standard results (Meyer, 1975; Bect, 2007) about suitably restarting
Markov processes at stopping times.

Our second approach aims to address a number of questions that arise in the first approach.
One is to construct SSIP(* (6, #;)-evolutions that have () as a reflecting boundary when 6 € (0,1).
A second question is whether, like SSIP(@) (61)-evolutions, these processes have pseudo-stationarity
properties in the sense that for an initial distribution to be determined, the marginal distribution
at all times is not the same, but the same as for an independent random multiple of the initial
interval partition. Specifically, we restrict our attention to parameters #; > « and 62 > 0 consider
the left-right reversal of an SSIP(®) (f2)-evolution. Morally (e.g. in the ordered Chinese restaurant
setting of Figure 1.1), this process has left-hand immigration parameter « instead of #;. Therefore,
we have to find a way to add further immigration at rate 81 — « in between the existing immigration
at rate o. To make this precise, we use SSIP(®) (0)-excursions away from ) that we recall from
Forman et al. (2020c) in Section 4.1 and study Poissonian constructions. See Definition 4.3 for a
formal definition of SSTP(® (0}, f,)-evolutions.

Theorem 1.5. Let 67 > o« and 03 > 0. Set § = 61 + 05 — . Then any SSIPga) (01, 02)-evolution
with 0 € (0,1) starting from any initial distribution has a recurrent extension that we call an
SSIP(™) (0, 03)-evolution, which has total mass evolution BESQ(20). In the case when 6 € (0,1),
as well as for SSIP(a)(Ql,Hg) = SSIP§Q)(91,92) when 8 > 1 or 8 = 0, the following holds. For
independent B ~ Beta(f; — a,0,), B’ ~ Beta(l — a,61) and Ej ~ PDIP(™(0;), j = 1,2, the



Interval partition evolutions with two-sided immigration 671

distribution of the random interval partition of [0, 1]
7= B(1— B')B, % {(0, BB)} x (1 — B)rev(B,) (1.6)
is a pseudo-stationary distribution of an SSIP(O‘)(Hl, 02)-evolution (BY,y > 0) in the following sense:

if B° = ||8°|7 and ||3°|| is independent of 7, then, for every fized y > 0, BY 4 |8Y||7. Here we use
the convention B =1 when 0 =0, and B = 0 when 02 > 0 and 61 = a.

The way immigration on the left produces a multiple of 3; ~ PDIP(®(6;) relates to the represen-
tation (Pitman, 2006, (5.26)) of PD(*)(6;) as an («, 0)-fragmentation of PD(?) (6, ), in which every part
of a PD(®) (61)-sequence is fragmented independently into PD(a)(O)-proportions. See also Pitman and
Yor (1997, Proposition 21). We noted in Forman et al. (2020¢, Proposition 3.6 and its proof) that
this has a refinement to interval partitions where each block of PDIP(®) (61) is fragmented according
to PDIP(®)(0).

The two approaches and associated three-parameter models allow us to study further related
processes and properties that generalise straightforwardly from corresponding results for the two-
parameter family of Forman et al. (2020c), but they also leave several questions open, which merit
further exploration.

e The self-similarity of the construction allows us to de-Poissonize in the sense that we can
time-change an SSIP§O‘)(91, 02)- or equivalently an SSIP(®) (61, 02)-evolution (Y, y > 0) by
the time-change 7(u) := inf {y > 0: [/||8*| 'dz > u}, u > 0, and normalise to unit total
mass 7 /||f7||, u > 0. This yields a Hunt process, which, in the context of Theorem
1.5, will have the distribution of (1.6) as a stationary distribution.

e Q= (Qp, k>1)~PD(F) is well-known to have an a-diversity
P20 :=T(1—-a) 1}1\{8 h#{k > 1: Qr > h} € (0,00) a.s..

For PDIP(®) (), this total diversity property was strengthened in Pitman and Winkel (2009,
Proposition 6(iv)) to the existence of diversities of 5N [0,¢], ¢ > 0. With a bit of work to
control diversities when times T;,, n > 1, accumulate in Definition 1.3, it can be deduced
from corresponding properties of SSIP(®) (0;), i = 1,2, see Forman et al. (2020c, Theorem
1.4(1)), that SSIPJ([Q) (61, 6)-, as well as SSIP(®) (0}, 65 )-evolutions have continuously evolving
diversity processes y — Zgy, where Z3(t) := I'(1 — a) limp o h*#{(a,b) € 5 : |b—a| >
h,b<t}, t>0.

e The second approach is subject to the restriction 61 > «, or max{6;,62} > a by left-right
reversal arguments. Recall 6 := 01 4+ 02 — . If we distinguish according to the absorbing,
reflecting and transient boundary behaviours of the BESQ(26) total mass process, when 6 < 0,
6 € (0,1) and 0 > 1, respectively, this restriction excludes all absorbing cases and some cases
in the reflecting regime, but the entire transient regime is already covered. We address the
remaining cases in a sequel paper (Shi and Winkel, 2020), where we take a third approach
to the three-parameter family. This involves establishing SSIP(O‘)(Hl, 62) as scaling limits of
the Chinese restaurant Markov chain introduced at the beginning of this introduction. In
the two-parameter special case this scaling limit result was stated as a conjecture in Rogers
and Winkel (2022). See also Petrov (2009); Rivera-Lopez and Rizzolo (2023) for a different
approach to convergence results in the corresponding de-Poissonized setting.

e We show in Forman et al. (2023) that de-Poissonized SSIP(®(6;)-, SSIP(*) (6}, 6;)- and
SSIPJ(ra) (61, 02)-evolutions, are such that the associated process of projections onto ranked
block sizes are Petrov’s PD(®) (6)-diffusions, where we note that SSIP(* (6 )-evolutions cover
only 8 > 0, while SSIPJ(ra) (01, 02)-evolutions here cover Petrov’s full parameter range 6 > —a,
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as 0 :=0; + 6y —a > —a when a € (0,1), as well as the boundary case § = —« of processes
that degenerate by absorption in {(0,1)} € Zy or (1,0,0,...), respectively.

1.2. Organisation of the paper. The structure of this paper is as follows. We first recall in Section 2
the topology (Forman et al.; 2020b) and main examples (Gnedin and Pitman, 2005; Pitman and
Winkel, 2009) of interval partitions, and we slightly develop results from Forman et al. (2020a, 2021),
here discussing symmetry properties of SSIP(Q)(a)—evolutions including a proof of Proposition 1.2.

In Section 3, we introduce triple-valued SSIP]EO‘)(Hl, 02)-evolutions, study their properties, and prove

Theorem 1.4. In Section 4, we make precise the construction of SSIP(® (6, 6,)-evolutions when
01 > « and prove Theorem 1.5. In the Appendix A we recall from Forman et al. (2020a, 2021,
2020c) the construction of SSIP(®)(f)-evolutions from marked Lévy processes and Poisson random
measures, and we use it to prove two key technical lemmas needed in Section 3.

2. Preliminaries on the transition description of the two—parameter family SSIP(®) (9),
ae(0,1), 0> 0.

Throughout this paper, we fix a parameter a € (0,1). In this section, we recall and develop some
properties of SSIP(®) (0)-evolutions for € > 0. Specifically, Section 2.1 briefly revisits the topology
on Ty of Forman et al. (2020b). In Section 2.2, we discuss the two-parameter family PDIP(®)(8) of
interval partitions (Gnedin and Pitman, 2005; Pitman and Winkel, 2009) that arise as stationary
distributions and in transition kernels. In Section 2.3, we discuss symmetry properties and include
a short proof of Proposition 1.2.

2.1. The topology generated by the metric space (Zp,dp). Recall from the introduction that Zg
is the space of interval partitions endowed with the metric dg of (1.1). We next endow Zy with
another metric d; introduced in Forman et al. (2020b). Let [n] :== {1,2,...,n}. For 8,y € Iy, a
correspondence from B to v is a finite sequence of ordered pairs of intervals (Uy, V1), ..., (Un, Vy,) €
B % 7, n > 0, where the sequences (Uj);e[n) and (V) ;e[ are each strictly increasing in the left-to-
right ordering of the interval partitions. The Hausdorff distortion of a correspondence (Uj, Vj) jen)
from 8 to v, denoted by disy (3,7, (Uj, V;)jen)) is defined to be the maximum of the following two
quantities:

L S e 103 = Vil| + 181 = e U1

2 e 1031 = V3l + 17 = e Vi,
For 8,~ € Iy we define

dv(B,7) = inf disg (8,7, (Ui, Vi)icin ), 2.1
w(B,7) n20, UV sen] H( v, (Uj J)Je[ ]) (2.1)

where the infimum is over all correspondences from S to 7.

Lemma 2.1 (Theorems 2.3-2.4 of Forman ct al. (2020b)). The metric spaces (Zg,dp) and (Zg, dy)
generate the same separable topology. The space (Zg,dy) is complete, while (Zg,dp) ts not com-
plete. In particular, the topology is Polish.

2.2. Poisson-Dirichlet interval partitions PDIP(®)(6).
Definition 2.2 (PDIP(™(9)). Fix a € (0,1) and 6 > 0. Let (Z,4(t), t > 0) denote a subordinator

with Laplace exponent
ad'(¢g+0)I'(1l — «
Do o(q) = @+ 6T - o)
IFg+60+1—-a)

g+ DIl —a)
I'g+1—a)

if 0 >0, or ®u0(q) :=

q=0.
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Let (Zap(t—), t > 0) denote the left-continuous version of this subordinator. We write PDIP(*)(6)
to denote the law of the random interval partition

{(e—Zaﬂ(”, e—Zw(t—)> 120, Zag(t—) # Zaﬁ(t)} .

This is referred to as a Poisson-Dirichlet (o, 0) interval partition.

We refer to Gnedin and Pitman (2005, Section 8) and Kyprianou and Pardo (2022, Chapter 4) for
applications of these “S-subordinators” to study respectively a two-parameter family of regenerative
composition structures and hypergeometric Lévy processes. They also contain further references.
A Poisson-Dirichlet («, 6) interval partition is the reversal of a regenerative («, 6) interval partition
studied in Gnedin and Pitman (2005) and Pitman and Winkel (2009). It also describes the limiting
proportions of customers at tables in the ordered Chinese restaurant process of Pitman and Winkel
(2009). The special case PDIP(®)(0) can be obtained from an a-stable subordinator (o(t),t > 0)
as the interval partition of [0,1] obtained from the complement of the range of 1 — o(t), t > 0,
restricted to [0, 1], or equivalently as the left-right reversal of the interval partition formed by
the excursion intervals in [0,1] of a (squared) Bessel process of dimension 2 — 2a, including the
incomplete excursion stopped at time 1. In Forman et al. (2020c) we noted the following alternative
representation, which builds the general PDIP(®) () from PDIP(®(0), refining the PD(® () analogue
of Pitman (2006, (5.26)) and Pitman and Yor (1997, Proposition 21).

Lemma 2.3 (Proposition 3.6 and its proof in Forman et al. (2020c)). Let B; ~ Beta(0,1), 3; ~
PDIP(™)(0), i > 1, be independent. Then

k—1
* (1B (H Bz-> B, ~ PDIP()(6),

k=00 i=1

where the indexation of the concatenation operator means that the (k + 1)st term is placed to the
left of the kth, k > 1.

We also record here from Forman et al. (2021, Proposition 2.2(iv)) a decomposition for easier
reference: with independent B ~ Beta(a, 1 — ) and 5 ~ PDIP(® (), we have

{(0,1 = B)} BB ~ PDIP(™)(0). (2.2)

2.3. SSIP(®)(0)-evolutions and their left-right reversals. Recall from the introduction the definition
of SSIP(®)(f)-evolutions via their transition kernels and the terminology “total mass process” for
the process (||8Y|l,y > 0) associated with any interval partition evolution (5Y,y > 0). In this
section we define left-right-reversed SSIP(® (§)-evolutions and also provide an (elementary) proof of
Proposition 1.2. Let § € 7y and recall that we denote its left-right reversal by

vev(8) == {(I8l = b, 18Il —a) : (a,) € B}.

Definition 2.4. Let a € (0,1), > 0, and Sy € Zy. Let (8Y,y > 0) be an SSIP(®)(f)-evolution
starting from rev(fp). Then we call the process (rev(SY),y > 0) a (left-right-)reversed self-similar
interval partition evolution with parameters o and 6, abbreviated as RSSIP(®) (0)-evolution, starting

from By.

Proposition 2.5. SSIP(*)(6)-evolutions and RSSIP(™ (9)-evolutions are path-continuous Hunt pro-
cesses. Their total mass processes are BESQ(26)-processes.

Proof: The claims for RSSIP(® (9)-evolutions follow from the corresponding result for SSIP(*)(6)-
evolutions, see Forman et al. (2020c, Theorem 1.4), since left-right reversal rev: (Zy,dy) —
(Zy,dp) is a total-mass-preserving homeomorphism. O
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Lemma 2.6 (Corollary 10.2 of Cnedin and Pitman (2005)). Let 8 ~ PDIP(®)(a). Then rev(B) ~
PDIP(™ (a).

Let (8Y,y > 0) be an SSIP(O‘)(a)—evolution starting from any 3y € Zy. Recall that Proposition
1.2 claims that left-right-reversing 8Y, y > 0, yields another SSIP(®) (a)-evolution.

Proof of Proposition 1.2: Recall that (8Y, y > 0) is an SSIP(® (a)-evolution starting from 3 € Zy.
Let (Bz,z > 0) be an SSIP(®)(a)-evolution starting from rev(fBy). Fix any y > 0. We first show
that ¥ has the same law as rev(pY).

Using Definition 1.1 and notation therein, we can write 8Y = GY3; **Ue,@ B, for independent

G} ~ Gamma(a,1/2y), Eg ~ PDIP(®)(q), and BY ~ ,ul(g‘) 1/2y° U € By. By (1.3), we further have the

decomposition ﬁ% = (0, L%']) * G%']B[y] for all U € By, where the independent random variables LyU
have distribution given by (1.2) (with parameter b = |U| and r = 1/2y), G}, ~ Gamma(a, 1/2y), and
By ~ PDIP(™)(a).

For each U = (a,b) € By, write U = (||Bo]| = b, || Bo|| — a) € rev(fp) for the corresponding interval
in rev(fy). In particular, |[U’| = |U|. Using Definition 1.1 and noticing that the law of 3{; depends
only on the length |U|, we deduce that

BLGE. K B (2.3
U'erev(Bo)
where the right-hand side is the concatenation of the same interval partitions B(y] but the order is
according to the corresponding U’ in rev(fp). It remains to prove that the right-hand side of (2.3)
and rev(fY) have the same law.
We easily deduce from (1.3) that a.s. only a finite number of those (5[3’}, U € By) are non-empty.

Let us now break things down according to indices of the non-empty ones. Take any {Uy,..., Ui} C
Bo. We henceforth constrain our discussion to the event that exactly those interval partitions
Bl ,B[y]k are non-empty. Conditionally on this event, we have

BY = GYBy * (0, LY) % G?JlﬁyUl * ook (0, LY) * G?]kﬁ?{]k
Then we have the identity
rev(8Y) = G%krev(ByUk) * (0, LY) H - % GyUlreV(Bz’(/]l) * (0, LY) % G%rev(gg).
On the other hand, on this event we have
GiBox K BY =GiByx(0,LY) « Gy, By, -+ (0, LY) x GY, By,
U’erev(Bo)
Since ByUZ ~ PDIP(™(a) are i.i.d., by Lemma 2.6 we have i.i.d. rev(Bin) ~ PDIP(™(a). Combining
with the two representations above, we deduce that rev(5Y) and G(%Bg * *U,aev(ﬁo) BY; have the
same conditional distribution. This leads to the conclusion that Ey and rev(f8Y) have the same
(unconditional) law.

As the initial state Sy was arbitrary and because of the Markov property and the identity of the
marginal distributions, we identify the finite-dimensional distributions. Finally, we note that the
left-right-reversed SSIP(% (a)-evolution (rev(3Y), y > 0) is also path-continuous, and this completes
the identification as an SSIP(® («a)-evolution. O

Corollary 2.7. An SSIP® (a)- and an RSSIP(®)(a)-evolution starting from the same initial state
have the same distribution.

Proof: For any By € Zg, let g := (BY,y > 0) be an SSIP(O‘)(Q)—eVOIution starting from rev(Sy).
By definition, (rev(8Y),y > 0) is a RSSIP(™ (a)-evolution starting from fBy. At the same time, it
follows from Proposition 1.2 that (rev(8Y),y > 0) is an SSIP(® (a)-evolution starting from By. O
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We also recall the following relationship between SSIP(®)(0)- and SSIP(®) (a)-evolutions, which we

will apply as it stands and in combination with Definition 2.1 as a relationship between RSSIP(®)(0)-
and RSSIP(®)(a)-evolutions. Let L: Zy — [0, 00) be the map from an interval partition to the mass
of its leftmost interval, or zero if none exists (i.e. if either the interval partition is empty or has an
accumulation of blocks at its left end).
Lemma 2.8 (Proposition 3.15 of Forman et al. (2021)). For m > 0 and v € Ty, consider an
SSIP()(0)-evolution (BY,y > 0) starting from {(0,m)} * v, consider £ ~ BESQ,,(—2a) and an
SSIP(a)(a)—evolution (8Y,y > 0) starting from =y, independent of each other. Write Y = inf{y >
0: L(Ey*) = 0} for the lifetime of the original leftmost interval of (Ey,y >0). Then

(8% y e 0.v)) £ ({0.£@)} * 8%, y € [0.6(£))).

Note that the total masses exhibit the extended additivity of BESQ(—2«) and BESQ(2«) to give
BESQ(0) up to time Y, as studied in Pitman and Winkel (2018). Finally, we recall the following
consequence of the form of the semigroups of SSIP(Q)(Q)—GVOIUtiOHS.

Proposition 2.9. Consider an independent pair consisting of an SSIP(Q)(Q)—evolution (B, y >0)

starting from By € Ty and an SSIP(O‘)(O)—evolution (B, y > 0) starting from B9 € Ty. Then
(B % BY, y >0) is an SSIP(Q)(G)—evolution starting from B9 9.

3. SSIPJ(ra)(Hl, 02)-evolutions for 6,0 > 0, and the proof of Theorem 1.4.

3.1. Triple-valued SSIPT(Q) (61, 02)-evolutions. Fixa € (0,1). Let J := (Zyx(0,00)xZy)U{(0,0,0)}
and equip J with the metric
dg((B1,m, B2), (B1,m", B3)) == du (1, B1) + [m—m'| + du (B2, B3).

The space (J,d ) is a Borel subset of a Polish space, since (Zy, dgy) is a Polish space by Lemma 2.1.

We define a function ¢ : Zy — J, as follows. Let 5 € Zy. For the purpose of defining ¢(83),
let U be the longest interval in §; if the longest interval is not unique, then we take U to be the
leftmost longest interval. Then we set

¢(B) == (B8N (0,infU), [U|, 50 (sup U, [|B]]) — sup U). (3.1)
By convention, ¢(0) := (0,0,0).

Definition 3.1 (Triple-valued SSIP](LQ)(Ol,92)—evolution). Let 61,02 > 0 and (8Y,m°%,89) € J. We

define a J-valued SSIPT(Q)(Gl,Og)-evolution ((BY,mY, BY),y > 0) starting from (8Y,m°, 39) by the
following construction.

Set Ty := 0. For n > 0, suppose by induction that we have constructed the process for the time
interval [0, T}, ].

o If (81", m™, BI")=(0,0,0), then we set T; := T}, for every i > n + 1, and (6Y,m¥,3Y) :=
(0,0,0), y > T5,.

o If (BT, m™, BI) £ (0,0,0), then conditionally given (’y(lk),f(k),’ygk)), 0<k<n-1,
consider, independently, an SSIP(®) (01)-evolution 'y(ln) starting from ﬂlT", an RSSIP(O‘)(GQ)—
evolution ’yén) starting from fa", and £f(") ~ BESQ,,z,(—2a). Set Tpy1 := Ty + C(f™)
and

(Bl m™t0, g7 ) = (), £ ()4 ), 0 <y < CE™).

Furthermore, with ¢ the function defined in (3.1), we set

(Bfn+l’an+1’6§n+l) — Cb (5{114»1_ *B§n+1—) .
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We refer to T;,, n > 1, as the renaissance times and Tw, 1= sup,>; T, € [0, 0] as the degeneration
time. If Try < 00, then by convention we set (87, mY, 8Y) := (0,0,0) for all y > T.

By construction, the process (8Y := Y x {(0,m¥)} = 85, y > 0) satisfies the Definition 1.3 of an
Zr-valued SSIPT(Q) (61, 0)-evolution starting from B° := B9 x {(0,m°)} « 9.

The following observation is a direct consequence of the construction.
Proposition 3.2 (Left-right reversal). For 01,6 > 0, let ((8,mY,8Y),y > 0) be a J-valued
SSIPT(Q)(GL 62)-evolution and (BY,y > 0) its associated Zg-valued process. Then

(rev(B5), m¥,rev(B)), ¥y =0
is a J-valued SSIP.I.(Q)(QQ, 01)-evolution, and its associated Ty -valued process is (rev(5Y),y > 0).

Proof: By the construction in Definition 3.1, we have the identity, for every n > 0 and y € [T},, Th41),

(rev(84), m?,rev(8Y)) = (rev(25" (y=T0)), £ (y =T vev (1" (y=To)) )

Since the distributions that determine block sizes in tl(le) transition kernels of Definition 1.1 are
n

diffuse and by the independence properties of ({(f (")), Y1 ,’ygn)),

. : — Tusri—, pTugi— - :
the longest interval in 7+~ = By * By is aus. unique.

Therefore,

(rev(837 ), mT rev(A{"1)) = o (rev(57+17)) = 6 (rev(83"" ) wxev(8]"17))  as.

These observations show that ((rev(58Y), m¥,rev(8Y)),y > 0) satisfies the definition of a J-valued
SSIPT(Q) (62, 01)-evolution. O

3.2. The Ly-valued process. The aim of this section is to prove Theorem 1.4. Let us begin by
identifying the total mass process of SSIPJ(ra) (01,02).

Theorem 3.3 (Total mass of an SSIP%O‘)(HL02)—evolution). For v € (0,1) and 61,02 > 0, let

(8Y, y > 0) be an SSIPga) (01, 02)-evolution. Then (||5Y]], y > 0) ~ BESQﬁBOH(%) with 0 := 01+02—q,
i.e. a BESQ|go)(20) killed at its first hitting time of zero.

To prove Theorem 3.3, we need two lemmas. The first addresses the problem that it is possible
that the renaissance times T, accumulate, i.e. T, < oo; we would like to understand the behaviour
near the degeneration time 7.

Lemma 3.4. Let 01,02 > 0. Let (Y, y > 0) be an Zy-valued SSIPT(Q) (01, 62)-evolution with re-
naissance times Ty, n > 1, and degeneration time Tyo. If P(Ts < 00) > 0, then conditionally on
T < 00, the total mass |81 converges almost surely to zero as n — oc.

Indeed, we will see in Corollary 3.6 that P(Ts < 00) is either 0 or 1, depending on the value of
6 only. We prove this lemma in Appendix A.4. Second, recall from Pitman and Winkel (2018) a
generalised additivity property of squared Bessel processes, with the dimension parameters possibly
being negative.

Lemma 3.5 (Pitman and Winkel (2018, Proposition 1)). For any 61,02 € R, and by,by > 0, let
Zy ~ BESQy, (61) and Zy ~ BESQy,(d2) be independent. Let T' be a stopping time relative to the
filtration (Fy,t > 0) generated by the pair of processes (Z1,Za), with T < ((Z1)N((Z2), where the
lifetime ¢ is defined as in (1.5). Given Fr, let Z3 ~ BESQyz, (1)12,(7)(01+02). Then the process Z
defined as follows is a BESQp, 4p,(01+02):
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2= 12O+ (), f0<E<T,
| %-1),  ift>T

Proof of Theorem 35.5: Let W ~ BESQI(20) be independent of everything else. Recall the construc-
tion described in Definition 3.1. With notation therein, define for every ¢ > 1 a process Z; by

Zi(z) = 181, if0<ax<T;,
ST BT AOHBTW ((x =T /18T ), i @ > T

These processes are constructed on the same (large enough) probability space. We first prove by
induction that each Z; is a BESQ‘TWO”(%). Conditionally on (||5%], = < T3),

(3.2)

(1{IBT £ 0BT W ((z—T3)/|18%]|)  « > 0) has distribution BESQ;['BTZ,H(ZG),

by the scaling property of BESQT(26). Note that by Definition 1.1 and independence, ||| = 0 only
happens with positive probability when 61 = 6 = 0, and then there is T = T; and Z; = Z; for
all j > ; in this case 20 = —2a < 0 and BESQE(—20¢) and BESQy(—2«) are the distribution of the
constant zero process.

Let 'ygo) and 7&0) be as in Definition 3.1. By Proposition 2.5, the total mass evolutions of

’ygo) and 750) are independent BESQ 59”(201) and BESQ) ﬁgH(292) respectively, also independent of

£O0) ~ BESQ|,0 (—2a). Noticing that |37 = vao) (2)]|+£© (x)+\|’y§0) (x)] for all x < T3, we deduce
from Lemma 3.5 that Z; ~ BESQﬁBOH(ZG), since we have 201 — 2o + 265 = 26.

Suppose by induction that for some i > 1, for each SSIPT(O‘) (61, 02)-evolution starting from any
state in J, its corresponding process ZJ’- as in (3.2) is a BESQ'(260) for each j < i. By the construction

in Definition 3.1, conditionally on (’ygo), £0) 'ygo)), the process

(glvﬁyagg) = ( ?1+y’mT1+y’B§1+y)7 Yy Z Oa
is an SSIPT(O‘)(Hl, 02)-evolution starting from (/BlTl,mTl,BQTl). Define

Ziwy = L1 if0 <o < Ty =T,
‘ L{|BT+ |20} |87 | W ((=Tsn) 18T+ ), if > Togy = T

Then there is the identity

|, if 0 <ax<T;,
Zipa(z) = Hﬁ | . ‘
Zi(x=T;), ifx>T,.
Given the triple (7(10),f(0),’y§0)), by the inductive hypothesis Z has conditional distribution
BESQﬁBTlH(ZG). Consequently, by the i = 1 case, we have Z;11 ~ BESQﬁBOH(QH). This completes

the induction step. We conclude that (Z,),>1 is a sequence of processes, in which each Z, is a
BESQﬁ/goH@H)a and (Zn(y),y < Tn) = (18Y1,y < Tn).

We now prove the theorem for the case § = 01 +6,—«a < 1. For each n > 1, let 79(Z,) be the
first hitting time of zero by Z,. Then T}, < 79(Z,) and 10(Z,,) — T,, = |87 ||70(W), where 7o(W) is
the first hitting time of zero by W and has the law of 1/2G with G ~ Gamma(1—6,1). We deduce
that the distribution of the degeneration time Ty, is stochastically dominated by ||3°]|/2G and is
thus a.s. finite. Then it follows from Lemma 3.4 that a.s. lim, o ||37"|| = 0. Therefore, 79(Z,)
converges to T, a.s., as n — 0o. We conclude that (Z,(y A19(Zy)), y > 0) converges a.s. uniformly
to (||8¥"T=||, y > 0), and the limiting process is BESQT'BO”(ZH).
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We finally study the case § = 61 +6,—a > 1. By the connection between ||5]| and the processes
(Zn)n>1, it suffices to prove that, for every a > 0, P(Tos < a) = 0. On the event {T < a},

Lemma 3.4 leads to limy, o0 Z,(T3) = limy, 0o HBT"H = 0. Therefore, for any 6 > 0, we have
{Too < a} € | J{Zu(T0) < 6, T < a}.
neN

Note that {Z, (1) < 6,Tee < a} = {[|f™"| < 6,Tse < a} C {inf e m 18Y] < 0,Toe < a} =: A,.
The sequence of events (A,,n € N) is increasing. By monotone convergence, we have

P (U {Zn(Tn)<5,Too<a}> < lim P(4,) < limsup]P’( inf Z,(t) < 5) :IP’( inf Z(t) < 5),

n—00 t t
neN n—o00 €[0,a] €[0,a]

using the fact that Z,, ~ BESQTWO”(QH) = BESQ)0;|(26). As 20 > 2, limsyo P(infyepg q) Z1(t) < 6) = 0.
As a result, we have P(T, < a) = 0. This completes the proof. O

We have obtained the following dichotomy in the preceding proof.

Corollary 3.6. For 01,0 > 0, let (8Y,y > 0) be an Zy-valued SSIPT(Q)(Gl,Gg)—evolution starting
from % # 0, with renaissance times T),, n > 0, and degeneration time Tny. Set 6 = 61 + 65 — av.
(i) If 6 > 1, then a.s. T, = 00 and BY # O for every y > 0.

(ii) If 6 <1, then a.s. Too < 0o and limy7 ||6Y]] = 0.

Proposition 3.7. For 61,05 > 0, a J-valued SSIPT(a) (01, 02)-evolution is Borel right Markov on
(T,dg), but not Hunt.

Here, we use Sharpe’s definition of Borel right Markov and Hunt processes, see e.g. Li (2011,
Definition A.18): a Borel right Markov process is a Markov process on a Radon space (such as a
Borel subset of a Polish space) with a transition semigroup that is Borel measurable in the initial
state, with right-continuous sample paths and with the strong Markov property under a right-
continuous filtration. A Hunt process is furthermore quasi-left-continuous, i.e. left-continuous along
strictly increasing sequences of stopping times.

Proof: The J-valued process takes values in J, which is a Borel subset of a Polish space. It
has cadlag paths, as a consequence of the path-continuity of the SSIP(O‘)(Hl)— and RSSIP(O‘)(GQ)—
evolutions used in the construction, and from Corollary 3.6.

We know that squared Bessel processes, SSIP(®)(6;)- and RSSIP(®)(6s)-evolutions are Borel right
Markov processes. In the construction of a J-valued process, we kill a Borel right Markov process
with finite lifetime, and at the end of the lifetime, give birth to a new one according to a (degenerate)
probability kernel. This entails that the [J-valued process is itself a Borel right Markov process; see
e.g. Meyer (1975, Théoréme 1) or Bect (2007, Théoréme IT 3.18).

Finally, the J-valued process is not Hunt. To see this, we consider the increasing sequence of
stopping times 7, := inf{y > 0: m¥ < 1/n}, n > 1. Then 7, convergences to the first renaissance
time 77 as n — oo. But the J-valued process has a jump at 77 with strictly positive probability;
so it is not quasi-left continuous. [l

The J-valued SSIPT(Q)(Hl, f2)-evolution is only of secondary importance to us, as we are more
interested in its associated Zg-valued process. However, the definition of the Zg-valued process
a priori depends on the initial choice of the “middle” block. Even with the natural choice of the
longest block, the size of this block is typically exceeded by other blocks during the evolution. To
establish the Markov property of the Zg-valued processes, we will view them as projections of J-

valued processes. Indeed, we will show that two Zg-valued SSIPga) (61, 02)-evolutions started from
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different choices of middle block indeed have the same law. The following lemma, whose proof is
postponed to Appendix A.4, deals with this problem. N N
Lemma 3.8. Let 61,00 > 0. Let ((8Y,mY,5),y > 0) and ((B{,m¥,5Y),y > 0) be two J-

valued SSIPT(O‘)(Ql, 02)-evolutions, with (5Y,y > 0) and (Ey, y > 0) being their associated Ly -valued
evolutions. Suppose that

B1 * (0,m°) % B3 = BY % (0,m°) * B3,
then we can couple these two processes such that their associated Lg-valued evolutions are almost
surely equal.

Proof of Theorem 1./: (i) The space (Zg,dp) is Polish by Lemma 2.1. The path-continuity for the
Ty-valued process between renaissance times follows from the path-continuity of any SSIP(O‘)(Qi)—
evolutions, ¢ = 1, 2. The path-continuity at times T},, n > 1, holds by construction since the parts of
¢(B) in (3.1) have concatenation 5. By Corollary 3.6, the path-continuity at time T, holds almost
surely whenever T, < 00.

We have proved in Proposition 3.7 that the corresponding [J-valued process is a Borel right
Markov process. The Zy-valued process is a projection of the J-valued process. Since functions
of Markov processes are not always Markov processes, we apply Dynkin’s criterion (Dynkin, 1965,
Theorem 10.13) as a sufficient condition for when they are. Specifically, we have to check that for
any two initial states in J that map to the same state in Zy, projecting the time-y states of the two
J-valued evolutions gives identically distributed random variables in Zy. By Lemma 3.8, the two
random variables in question can be coupled to be equal, so indeed they have the same distribution.
By Dynkin (1965, Theorem 10.13), the projected process, i.e. SSIPga)(Gl,Hg) is also a Borel right
Markov process. The Hunt property then follows from the path-continuity.

(ii) The claimed total mass process was established in Theorem 3.3.

(iii) The same scaling property holds for BESQ(—2«), by Going-Jaeschke and Yor (2003, A.3),
and for SSIP(™ (6;) evolutions, i = 1,2, by Forman et al. (2020c, Theorem 1.4) and hence also for
RSSIP(O‘)(GQ). Keeping track of Definition 3.1, we easily check the self-similarity for a J-valued

SSIPT(()‘)(Gl7 62)-evolution. Using Lemma 3.8, we deduce the self-similarity of Zy-valued processes.

(iv) For the final claim, we may assume that the SSIP§Q)(91, a)-evolution (8Y,y > 0) is associated
with a J-valued process ((8{,mY,35),y > 0). In the notation of Definition 3.1, we have

BY =M () % {0, ()) x W (),  0<y< Toyr =Ty, n>0.

Conditionally on (ﬁlT" ,mTn, ﬁgT"), the RHS is an SSIP(®) (61)-evolution starting from 37", by Lemma
2.8 and Proposition 2.9. Using this fact and Lemma 3.4, the remainder of this proof is analogous
to the proof of Theorem 3.3; details are left to the reader. O

4. Construction of SSIP(61,603)-evolutions for 6, > «, 62 > 0, and the proof of Theo-
rem 1.5.

In this section we make precise the construction of SSIP(@) (61, 02)-evolutions in the case 61 > «.

The approach does not depend on the construction of SSIPEra)(Hl, 02)-evolutions nor indeed on any
developments in Section 3, except when we establish the connections between the two processes in
Section 4.5.

4.1. Distributional properties of SSIP(®) (0)-evolutions. Let us now recall a Poissonian construction
of SSIP(®) (9)-evolutions from Forman et al. (2020¢). Let & be the space of continuous excursions
(BY,y > 0) on (Zg,dy) away from (), with lifetime ¢ := inf{y > 0: 8¥ = 0} and B3Y = ) for y > .
The following two statements are straightforward consequences of results in Forman et al. (2020c¢).
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For the reader’s convenience, in the Appendix A we will recall relevant materials from Forman et al.
(2020c¢) and prove Propositions 4.1 and 4.2.

Proposition 4.1. There exists a sigma-finite measure A% on Ez, that is specified by the following:
(i) A >y)=aly, y>0;
(ii) Under A(- | ¢ > y), BY ~ Exponential(1/2y) - PDIP(a,0) and, given (5%,z < y), the
conditional law of the process (8Y1%,z > 0) is an SSIP(®)(0)-evolution starting from Y.
Moreover, A has the self-similarity: for ¢ > 0, define a mapping ®.: E — Er by (BY,y > 0) —
(cpY/¢,y >0). Then the image of A via ®. is ¢ A,

In the sense of Pitman and Yor (1982), A(® is an excursion measure of the diffusion process
SSIP(®)(0)-evolution, though ) is not an entrance boundary.

Proposition 4.2. Let Z be a Poisson random measure with intensity (6/a)Leb®A® on (—oo,0) x
ér.

(i) Set

By = * B,y =0, (4.1)

points (s,8,) of E: s€[0,y]d

where | indicates that the concatenation is by decreasing order of s. Then (Ey,y >0) is an
SSIP(Y)(9)-evolution starting from (.
(i) Fizb>0. Set
Bl = * g,y =0 (4.2)

points (s,83;) of Z: s€[0,bAY]d
Then (lﬂ_g/byy € [0,b)) is an SSIP®)(9)-evolution starting from 0. Moreover, conditionally on

(ﬁ?b),y € [0,0]), the process (E(bggz, z > 0) is an SSIP®)(0)-evolution starting from Eé)b)'

Intuitively, each atom (s, (5Z,z > 0)) of Z represents immigration at time s to the left of the
current population. Then the state of an SSIP(®) (0)-evolution at time y is the concatenation of all
immigrants and their descendants alive at time y from left to right.

Fix # > 0. Consider an SSIP(*(f)-evolution (3Y, y > 0) starting from (), constructed as in
(4.1). Fix y > 0. Let GY ~ Gamma(f, (2y)~") and B, ~ PDIP(®(f) be independent and denote the
law of GYf, by Gamma(f, (2y)~") - PDIP(®)(#). Then we know from the semigroup description in
Definition 1.1 that ;

3Y ~ Gamma(f, (2y)~!) - PDIP(Y(h). (4.3)

For future usage, we explore in more detail the components of Ey. By Proposition 4.1, the atoms of
Z that survive to time y, can be listed as (s (y), (Bi(y),z > 0))
listed in increasing order and

x>10 With immigration times sy (y)

Z §(sk(y)) is a Poisson random measure on [0,y) with intensity 6(y — s)~'ds. (4.4)
E>1
Note that limgoo T sx(y) = y. In the sequel, we fix y and omit the parameter that indicates the
dependence of s; = si(y) on y for simplicity. Then, as in (4.1), Y is the concatenation of 87,
k > 1, in deceasing order of k. Moreover, using the Poisson property and Beta-Gamma algebra,
see Forman et al. (2020c¢, proof of Proposition 3.6) for details, we can express these components in
terms of families of independent identically distributed (i.i.d.) random variables, as follows:

( vk > 1) 4 (EkﬁBi/Bm k> 1) 4 (G(l - Bk)kl_[leﬂk, k> 1), (4.5)
i=1 =1
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where (B;)i>1 are i.i.d. PDIP(®)(0), (B;)i>1 are ii.d. Beta(d — a,1), (E;)i>1 are ii.d. Exp((2y)~")
and G ~ Gamma(f, (2y)~!), independent of each other. Fix any j > 1. Let G’ ~ Gamma(, (2y)~!)
and 7 ~ PDIP(?)(#) be independent, further independent of (Ej, By, Br)k<j- It follows that

j+1
Y—Sk Y—Sk
kzgo o7 < ok >k§j
J 1 ¢ ~ k ~
HBi * Ej+eHBj+i5j+£, (Ek;HBiﬁk)
k<j

II=

i=1 =00 i=1 =1

Il=

J k
i=1 k<

i=1

where the second equality is from the observation that *,lg:oo Ej Hle Bj+iBj+k is independent
of (Ey, By, Br)k<; and has distribution Gamma(6, (2y)~!) - PDIP(*)(6) by (4.5) and (4.3).

It will be useful to also describe the distribution of (4.5) conditionally given (sg, k > 1). Specifi-
cally, we know from (2.2) and Forman et al. (2020c, Lemma 3.5) that, given (sx, k > 1), the interval
partitions 8] %, k > 1, are conditionally independent, with

v L, HD) Y * Y, k> 1, (4.7)

where H} ~ Gamma(1—a, (2(y—sx)) ") and 7} ~ Gamma(a, (2y—sj)~)-PDIP(™(a) are independent,
k > 1. In particular, we note that the dependence on 6 > 0 is only via the sequence of immigration
times (sg, k > 1), of clades surviving to time y.

4.2. Definition, Markov property and path-continuity of SSIP(@) (01, 02)-evolutions with 01 > «. Fix
61 > o and let Z be a Poisson random measure on [0,00) x &z with intensity (61/a —1)Leb® A,
Rather than using (4.1), we modify this construction and define (8Y,y > 0) by left-right-reversing
each immigrating interval partition excursion 8, = (52,2 > 0):

Ey = * B rev (8Y7°), y > 0. (4.8)
points (s,8,) of Z:s€[0,y]d
Definition 4.3 (SSIP(®) (61, 05)-evolution with min(6;,62) > «).
(i) For 64 > a, 0> > 0, and v € Zpy. Let (Ey, y > 0) be an RSSIP(®)(6s)-evolution starting from
7, and define (8Y,y > 0) as in (4.8), based on a Poisson random measure Z on [0,00) X &1
with intensity (6;/a — 1)Leb ® A(®). Set

B =BV« B, y=0.

Then the Zy-valued process (3Y,y > 0) is called an SSIP(*)(6;, 8y)-evolution starting from
7.

(ii) For ; > 0 and 62 > «, an Zgy-valued process (8Y,y > 0) is called an SSIP(O‘)(Gl,Qg)—
evolution, if its left-right reversal (rev(5Y),y > 0) is an SSIP(®)(6y, 8;)-evolution.

When 61,02 > «, an SSIP(®) (61, 02)-evolution can be defined by both parts in Definition 4.3. We
still have to justify that there is no ambiguity in this definition, as there is no obvious left-right-
symmetry in the construction.

Proposition 4.4. For 6,,02 > «, the left-right reversal of an SSIP(Q)(Ql,Qg)—evolution s an
SSIP(O‘)(HQ, 01)-evolution starting from the left-right-reversed initial state.



682 Quan Shi and Matthias Winkel

The proof of Proposition 4.4 is postponed to Section 4.3.
In what follows, we will always implicitly restrict ourselves to SSIP(O‘)(Gl,92)—evolutions with
01 > «. The corresponding results for the other case, with 85 > «, follow straightforwardly.

Proposition 4.5 (Total mass). The total mass of an SSIP(*) (6, 6,)-evolution is a BESQ(26) with
0:=01+0, — .

Proof: @y, y > 0) has the same total mass as an SSIP(® (g, — a)-evolution, which is a BESQ(2(6; —
«)) starting from zero. Then we conclude by the additivity of squared Bessel processes. O

Proposition 4.6 (Self-similarity). Let (8Y, y > 0) be an SSIP(™(y, 62)-evolution starting from .
Then for every ¢ > 0, the process (cfY/¢,y > 0) is an SSIP(®) (01, 02)-evolution starting from cy.

Proof: Since an RSSIP(O‘)(GQ)—evolution possesses the self-similarity property (Forman et al., 2020c,
Theorem 1.4(ii)), it suffices to prove that

(B.y > 0) £ (B, y > 0) (4.9)

with @y, y > 0) defined as in (4.8) associated with the Poisson random measure Z.
Map each atom (s, (8Z,z > 0)) of Z to (cs, (c,Bsz/c, z >0)). Then the image Z is a Poisson random
measure with intensity ¢~ (61 /o —1)Leb® (®.).A(®) = (81 /a —1)Leb® A® | where (®.),A(®) is the

pushforward measure, due to the self-similarity of A(® given in Proposition 4.1. That is z/ 4 z
Note that we have the identity

* B rev (7}1_7") = *_ rev <c 5§/C_s> = céy/c, y > 0.
points (r,v,.) of Z :re[0,y]d points (s,8,) of Z:s€[0,y/c]l
This leads to (41.9). O

Proposition 4.7 (Markov property). Let (8Y,y > 0) be an SSIP(®) (6, 62)-evolution starting from
y. For any y > 0, conditionally on (B%,x < y) the process (BYT*,z > 0) is an SSIP(Q)(91,02)—
evolution starting from (Y.

Proof: Recall that 5" := ET*ET, r > 0. Fix y > 0, we have the decomposition Y% = EZ*@?*E?”Z,
where

B = * rev (BU7%), 220,

B points (s,8,) of Z:s€(y,y+2]{

and

B = * rev (BYF7%), 2> 0.

points (s,8,) of Z:s€[0,]4
Conditionally on ((B‘” Ez) z < y), it follows from Proposition 4.2(ii) that (BZ z > 0) is an
RSSIP(™(0)-evolution starting from By and from the Markov property of SSIP(® )(92) evolutions

that ﬁy“ z > 0is an RSSIP(O‘)(HQ) evolution starting from ﬂy Then, by Proposition 2.9, condi-
tionally on (8%, z < y), the concatenation (ﬁz By+z z > 0) is an RSSIP(Q)(HQ) evolution starting

from pgY = gy * ﬁy. Furthermore, the Poisson property shows that (ﬁz ,z > 0) is independent
of (@Z * Ey+z,z > 0) and has the same law as @2, z > 0). By Definition 4.3 we deduce that
(B, 2 > 0) is an RSSIP(™ (0}, 6)-evolution starting from SY. O

Proposition 4.8 (Path-continuity). An SSIP(®)(6y,6y)-evolution a.s. has continuous paths.
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Proof: 1t follows from the same arguments as in Forman et al. (2020¢, proof of Proposition 3.2)
that (Y, y > 0) defined as in (4.8) a.s. has continuous paths in (Zx,dy). Let us only give a sketch
here. Fix 9o > 0 and € > 0. For each z < o, recall that 3° is the concatenation of rev(3;~*), where

(s, (S5, r > 0)) is an atom of Z. For a suitably chosen 0 > 0, we will separate the atoms into two
parts: those with s € (z — ¢, z) and those with s < z—§. For the first part, by Forman et al. (2020c,
Lemma 3.7), a.s. we can choose ¢ > 0 small enough such that

sup Z Hﬁf_s” <€
2€[0,y0) s€((z—8)A0,z)

For the second part, only a finite number k() > 0 of atoms (s;, (55, 2 > 0));<k(s) With s; < yo have
lifetime longer than ¢ and it is known that each process (83,2 > 0) is continuous. So there exists
d > ¢ > 0 such that for each i < k(J) we have
sup  du(B5BY) < ¢/k(0).
¥,2€[0,90),|ly—2[<d’
Therefore,

sup dH(BZ,Ey) < 3e.
yyze[O,yo),|y—Z|<5' -

We conclude that @y, y > 0) is continuous. Combining this with the path-continuity of an
RSSIP(¥)(6,)-evolution, we deduce the claim. O

4.3. Identification of the two-parameter family of SSIP(®) (0)-evolutions, o € (0,1), 6 > 0.

Proposition 4.9. An SSIP(O‘)(Ql, a)-evolution starting from vy is an SSIP(O‘)(Gl)—evolution starting
from ~.

As a consequence of Proposition 4.9, we can address the apparent lack of left-right-symmetry in
Definition 4.3. Proposition 4.4 follows immediately from the following statement.

Proposition 4.10. For 0,60 > o and vy € Iy, consider three independent processes, an SSIP(Q)(a)—
evolution (8Y,y > 0) starting from =y, and SSIP(O‘)(Oj,O)—evolutions (B;-’,y >0), j = 1,2, starting
from 0. Then BY := 37 *Ey xrev(By), y > 0 is an SSIP(®) (01, 05)-evolution starting from .

Proof of Proposition /.10: First note that (8, y > 0) has the same distribution as @y, y > 0) in
(1.8), by Definition 1.3. Hence, we need to show that (3Y * rev(BY)y > 0) is an RSSIP( ()-
evolution starting from ~, which we defined as the left-right reversal of SSIP(®) (02) starting from
rev(y). By Proposition 4.9, it suffices to show that (33 x reV(B\y), y > 0) is an SSIP(®) (6, a)-
evolution starting from rev(vy). This follows straight from Definition 4.3 and Proposition 1.2. The
final claim follows from the representation in the first part and Proposition 1.2 since rev(fY) =

BY x rev(BY) x rev(BY). O

In preparation of proving Proposition 4.9, we consider a Poisson random measure Z™ on [0, 00) X
&7 with intensity (6, /a —1)Leb® A(®) | whose atoms consisting of immigration times and excursions
we label as red, and an independent Poisson random measure Z® on [0,00) x & with intensity
Leb ® A®) | whose atoms we label as blue. Let

B = * Bt 220

(s,B85) points of E<r)+2(b) :s€[0,2]4

Then (EZ, z > 0) is an SSIP(Q)(Hl)—evolution, by Proposition A.5. We seek to compare this process
with an SSIP(®) (61, )-evolution; to this end, let us explore this two-colour model in more detail.
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FIGURE 4.3. We illustrate the state of an SSIP(®(6;) at time y > 0. The contribu-
tion of each surviving red excursion contains a leftmost block of mass H and the
remaining (red-shaded) part +;. To the right of each surviving red excursion, there
is a finite number (possibly zero) of blue excursions that form pY. Excursions not
surviving to time y are omitted.

Fix any y > 0. Denote by (s, B;, )x>1 the red atoms of Z™ whose excursions surviving to time
y i.e. BY°F £ (), with s in increasing order. The distribution of (sg, k > 1) is given in (4.4), with
0 = 61 — a. We also read from (4.7) the conditional distribution given (s, k& > 1) of the interval
partition 3%, °* 4 {(0, H))} .

Given the immigration times (s, k& > 1) of the red excursions and so := 0, let u} be the
contribution at time y of the blue excursions that are immigrating at times in the interval [sx_1, Sk),
ie.

pf = * By, k> 1.
(s,8,) points of Z("):s€[sp,_1,51))
Note that u% may be empty. Then we have a decomposition of Ey, as illustrated in Figure 4.3:
1

pY = k* ({(O,H,Z)} * Vi *ug). (4.10)
=00
Given (sg, k > 1), these Hi’, 7,‘7;’, NZ’ k > 1, are conditionally independent. To identify the

conditional distribution of 7 * ui given (s¥, k > 1), note that display (4.3) yields that
* Y5 ~ Gamma(a, (2(y — sk))_l) . PDIP(a)(a),
(s,8,) points of Z®):s€[sp,yld

which coincides with the conditional distribution of 'y]g given in (4.7), and this interval partition is
conditionally independent of pf. As a result, given (s, & > 1) and writing sy = 0, the interval
partitions 4} * uj, k > 1, are conditionally independent, and using (4.3) again, we obtain

d _ _
7}; *,UZ = 7‘5 BY=% ~ Gamma(a, (2(y — sk-1)) 1) . PDIP(O‘)(a).
(5,8;) points of Z(®):s€[sp_1,y]d

Next, define an SSIP(®) (01, «)-evolution by 59 = Ey*ﬁy, y > 0, where @, y > 0) is given by (4.8)

and (Ey, y >0)is an RSSIP(Q)(C)&)-EVOIUtiOH starting from (). Since (4.8) is only left-right-reversing
within surviving clades, the distribution of the increasing sequence of immigration times is again
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FIGURE 4.4. The value of an SSIP() (61, ) at time y > 0. The surviving immigra-

tion of By, _, to time y are coloured in green, with each one composed by a rightmost
interval and the remaining part (green-shaded).

given by (4.4), with § = 6; — a, now based on Z. We denote these by (Sg, k > 1) and also write
50 := 0. We further read from (4.7) and (4.8) that

(3. 5v) £ (ﬁ; T {(0.H})), 73>, (4.11)

where, given (3, k > 1), we have conditionally independent HY ~ Gamma(l — a, (2(y — 3%))71),
k> 1, and 7} ~ Gamma(a, (2(y — 5x)) ") - PDIP(™(a), k > 0. See Figure 4.4.
Summarizing, we have the following statement.

Moreover, the conditional distribution of ((H},vi * pl), k > 1) given (si, k > 1) is the same as the
conditional distribution of ((HY,7i_,), k > 1) given (5, k > 1).

Lemma 4.11. Fix any y > 0. With notation as above, we have (si, k > 1) 4 (S, k& > 1).

Proof of Proposition /.9: For fixed y > 0, using Lemma 4.11 and its notation, we have the identity
in law

1

1 ~ ~ ~
(* ({(O,H?)}*’V?*u?)) w5 (0, B} + ( * (a;/*{m,ﬂm)) TR Y
k—1

i=k i=k—

where (Bz,z > 0) is an SSIP(®) (0)-evolution starting from -, independent of everything else. In
the limit & — oo, the LHS has the law at time y of an SSIP(*)(6;)-evolution starting from ~. For
the RHS, since it follows from Corollary 2.7 that 7§ » /¥ has the law of a RSSIP(®) (av)-evolution at
time y starting from -y, the RHS has, in the limit & — oo, the law of an SSIP(*)(f;, a)-evolution
at time y, starting from 7. So we have identified the one-dimensional marginals. It follows from
this observation above and the Markov properties of both processes that they have the same finite-
dimensional distributions. The claim follows from the path-continuity. ]

We end this section by deriving two decompositions of Poisson—Dirichlet interval partitions from
the correspondence in Lemma 4.11. They have a similar flavour to Pitman and Winkel (2009,
Corollary 8), but are different.
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Corollary 4.12. Forf > «, p > 0, let (Bn)n>1 be i.i.d. PDIP()(0), (B,)p>1 be i.i.d. Beta(f—a, 1),
(Ep)n>1 be i.i.d. Exp(p), and v ~ Gamma(cv, p) - PDIP(*)(a). Then we have the identity

( * (EnﬁBi)rev(Bn)> %7 2 Gamma(6, p) - PDIP() (). (4.12)
n=oe i=1

Proof: Consider (Y 4 *11::00 (ag*{(o,ﬁg)g * 7§ given in (4.11), ie. a decomposition of an
SSIP(®) (6, a)-evolution at time y. With y = 1/2p, by (4.5) and (2.2) we have

T2 % H,y/% n 4 n i i | rev(By), n > .
(52« {0, 1Y)}, n=1) <<E EB) (Bn) >1>

Then 3'/2 can be written as the LHS of (4.12). On the other hand, 3%/2¢ ~ Gamma(6, p)-PDIP(®) (9)
by Proposition 4.9 and (4.3). O

Corollary 4.13. For 6 > « and p > 0, let (8n)n>1 be i.i.d. PDIP(*)(0), (Bp)p>1 i.i.d. Beta(h, 1),
(Ep)p>1 ii.d. Exp(p), G ~ Gamma(a, p), 7 ~ PDIP(®)(a), and K have geometric distribution on N
with success probability 1 — a/0. Then we have the identity

(Gﬁ BZ-)"y * ( ;k (En ﬁ Bi>rev(ﬁn)> 4 Gamma(cv, p) - PDIP(™ (a).
i=1 i=1

n=K-1

Proof: Using the decomposition of El/ 2¢ given in (4.10) and Lemma 4.11, and notation therein, we
look at the interval partition to the right of the rightmost red interval, i.e. 711/2p*u1/2p. The Poisson
property shows that the first (from the right) red excursion is the K-th one among all points of
Z0) +Z®) surviving to time 1/2p. Using (4.5) and (2.2), we have the representation of the left-hand

side. By Lemma 4.11, 711/2’) * ,u}ﬂp has the same law as ")78/% ~ Gamma(a, p) - PDIP(Y) (a). O

4.4. Pseudo-stationarity of SSIP(O‘)(Hl, 02)-evolutions, and the proof of Theorem 1.5. Recall from the
introduction that we call a distribution x on unit-mass interval partitions in Zy pseudo-stationary
for an interval partition evolution if starting the evolution from an independently scaled multiple
of a u-distributed interval partition, the marginal distributions at all positive times have the same
form. In other words, the evolution only changes the distribution of the total mass, but keeps the
distribution of the interval partition normalised to unit total mass invariant. Let us first study
SSIP(®) (6, 62)-evolutions starting from 0.

Proposition 4.14. For 61 > « and 02 > 0, let (8Y,y > 0) be an SSIp(@) (01, 02)-evolution starting
from (0. Then at any fized time y > 0 we have

BY L VGYB +{(0,VGY)} x GYPs,
where (V, B, B2, GY, Gy, GY) is a family of independent random variables with V ~ Beta(f1 — «, 1),
1 ~ PDIP(®)(6y), rev(Bz) ~ PDIP(®)(6y), GY ~ Gamma(f:,1/2y), GY ~ Gamma(l — o, 1/2y), and
GY ~ Gamma(f2,1/2y). By convention V =0 when 61 = « and G3 = 0 when 63 = 0.
In other words,

B L G (Vi(l = Vo) B+ {(0,AVa)} = (1 = 1A)Ba )

where GY ~ Gamma(6h +02—a, 1/2y), Vi ~ Beta(f1—a, 02) and Vo ~ Beta(l—a, 01) are independent,
further independent of (81, B2)-
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Proof: We write Y = By * Ey,y > 0 as in Definition 4.3. It is known from Forman et al. (2020c,
Proposition 3.6) that rev(gy) ~ Gamma(f, 1/2y) - PDIP(™) (6y), i.c. gy L G4 Ba.

Using the two-colour correspondence described in Lemma 4.11 and its notation, we have By 4 YYx
{(0, A¥)}, where v¥ := % ({(0, HY)} %~ % 1Y) is the concatenation of all interval partitions to
the left of the rightmost red one, and AY := HY is the mass of the leftmost block of the rightmost red

interval partition. Let us enumerate all immigrants in Z) + Z(®) surviving to time y from right to
left and denote by K the index of the first red one (i.e. pf is the concatenation of contributions from
K — 1 blue ones). Then K clearly has a geometric distribution with success probability 1 — «/6;.

Applying (4.5) and (4.6) to the SSIP(® (6, )-evolution associated with Z® +Z®) and using (2.2),
we deduce that, conditionally on {K = k}, we have (¥, 4Y) < (G?(Hf’;l B, GYTIE, B,-),
where GY ~ Gamma(6,1/2y), GY ~ Gamma(l — v, 1/2y), B1 ~ PDIP(®)(6;), and (B;);>; is an i.id.
sequence of Beta(f;,1); they are all independent. So we complete the proof of the first statement
by checking that V := Hfil B; ~ Beta(f; — a, 1), which follows from the calculation of moments:

for every r € N, we have
_io: 91 k91—05 g kil_ 91—0&
N (91+’/’ 01 91 _01—a+r'

(17)] -2

Since (GYV,G{V) 4 (1=Wa)(GY+ GV, Va(GY+GY)V) and ((GY+G§)V,GY) 4 GY(Vp, (1-11)),
the second statement follows from the first one. O

E

Corollary 4.15. Let 0 > «, p > 0. Consider independent B ~ Beta(f —«, «), B’ ~ Beta(l —a, ),
71 ~ PDIP(™ (), and 55 ~ PDIP(Y (). Then we have

B(1 — B")41 + {(0, BB")} (1 — B)7, ~ PDIP(™ (9).

Proof: This follows from the marginals of Proposition 4.14 with 6; = 6, § = « and y = 1/2p, and
from the marginals of an SSIP(®)(f)-evolution recalled in (4.3), noting that they must be equal by
Proposition 4.9. ]

By using very similar arguments as in Forman et al. (2020¢, proof of Proposition 3.15), respec-
tively, we deduce from Proposition 4.14 the following consequence of Proposition 4.14, and we can
similarly prove Theorem 1.5.

Lemma 4.16. For 61 > «, 03 > 0 and p > 0, let (G, B, B’',71,7%2) be an independent quintuple
with G ~ Gamma(f; + 03 — o, p), B ~ Beta(f; — , 03), B’ ~ Beta(l — a,6;), 71 ~ PDIP(®)(8}), and
rev(72) ~ PDIP( (6y). Let (8Y,y > 0) be an SSIP™ (01, 0,)-evolution starting from

v:=G (B(l — By x{(0,BB")} x (1 — B)’_)/Q) .
Then at any y > 0, the interval partition 3Y has the same distribution as (2yp + 1)7.

Proof of Theorem 1.5: When 6 > 0, the pseudo-stationarity claims for SSIP(®) (61, 02)-evolutions
can be deduced from Lemma 4.16 by self-similarity and Laplace inversion, as in the corresponding
proof of Forman et al. (2020¢, Proposition 1.3(iv)) for SSIP(®(f)-evolutions. Note, in particular,
that Theorem 1.4(ii) entails that ||5Y] is independent of 4, since the conditional distribution of the
total mass process given the initial interval partition only depends on the initial total mass ||3°||,
not on the independent unit-mass interval partition 5 = 5°/(|8%||.

When 6 = 0, i.e. 81 = a and 65 = 0, then by definition the process is an RSSIP(® (0). Then the
pseudo-stationary distribution is the reversal of PDIP(®)(0) by Forman et al. (2021, Theorem 1.5),
as desired.
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That these processes are recurrent for § € (0,1) is a consequence of the recurrence of their
total mass processes BESQ(26). It remains to show that SSIP(®) (6, 6,)-evolutions are extensions of

SSIP%OZ)(Hl, 6)-evolutions. This is the achieved in Proposition 4.17. O

4.5. Identification of stopped SSIP(O‘)(Gl,02)—evolutz’0ns as SSIPJ(ra)(Gl,92)—evoluti0ns. Finally, we
show that the two approaches to define a three-parameter family of interval partition evolutions
with left and right immigration lead to the same processes (when stopped upon first reaching ).
Proposition 4.17. An SSIP(O‘)(Hl,Og)-evolution starting from «y and stopped when first hitting 0,
s an SSIP§Q)(91, 02)-evolution starting from ~y.

Proof: Recall the construction of an SSIPJ([Q) (61, 02)-evolution (5Y, y > 0) in Definition 1.3. By

Proposition 4.9, 750) has the same distribution as the process

BYx By,  y=>0,
where (:?1’, y > 0) is as in (4.8) and (ng, y > 0) is an SSIP(®)(a)-evolution. Then we can write

BY =BV« Y, where BY = B!+ {(0,f@ ()} x 7 (y), 0<y<(ED),

is an RSSIP(® (6)-evolution, by Lemma 2.8 and Proposition 2.9. Comparing with Definition 4.3, the
process (8Y, 0 < y < ¢(f0)) can be viewed as an SSIP(®) (6, 6)-evolution stopped at the lifetime
of the block starting from the middle interval (||8?]], || 87| +m"). Because of the Markov properties
of both processes, Theorem 1.4 and Proposition 4.7, we can continue using these arguments to
complete the proof inductively. ]

Appendix A. Proofs of technical lemmas

We complete the proofs of Lemmas 3.4 and 3.8 in Appendix A.4. These proofs depend on the
marked Lévy process constructions of Forman et al. (2020a, 2022, 2020¢) that we recall here. We
also explain how Propositions 4.1 and 4.2 can be deduced from these constructions.

A.1. Construction of SSIP(O‘)(O) from marked stable Lévy processes. Let £ be the space of non-
negative cadlag excursions away from zero, i.e.

E={f:][0,00) = [0,00) is cadlag, and 3z > 0 s.t. f(y) =0,Vy > z}
For any f € &, let ((f) := sup{t > 0: f(¢t) > 0}. Fix a € (0,1). Pitman and Yor (1982,
Section 3) construct a sigma-finite excursion measure associated with BESQ(—2«) on (the subspace
of continuous excursions in) the space £, which we scale to a measure VéESQQa) such that

Ve (f: ¢(f) > y)

(8
22T (1 — )1+«

—1l—«

)y ; y >0,

and under uégSQQa), conditional on {(f) =y for 0 < y < 0o, the process f is the squared Bessel bridge
with dimension parameter 4 + 2a, from 0 to 0 over [0,y], see Revuz and Yor (1999, Section 11.3).
Following Forman et al. (2020a), let N be a Poisson random measure on [0, 0c0) x £ with intensity
measure Leb® Véggqa). Each atom of IN, which is an excursion function in &, shall be referred to as a
spindle, in view of illustrations of N as in Figure A.5. Indeed, it will be useful to have a designated
name other than “excursion” in order to avoid confusion with excursions of Lévy processes that we

will also encounter. For ¢ > 0 the following limit exists (see Sato (1999, Theorem 19.2)):

— lim . B (1+a)t
O </[0,t]x{gee: ¢lg)>=} CINUds, df) (22)°T(1 = a)l'(1 + a)> ' Ay
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SKEWER(y, N, X) N et

FIGURE A.5. A (discrete analogue of a) scaffolding X with spindle marks: (V, X),
and the spindle f; at scaffolding time ¢. The skewer SKEWER(y, IV, X) extracts from
each spindle that crosses level y the spindle width at that level and builds an interval
partition in which block sizes are spindle widths, placed in left-to-right order without
leaving gaps, as if on a skewer that is pushed through spindles from left to right.

The process &N = ({n(t),t > 0), particularly its time parametrisation is not of direct relevance
to us, and we call it the scaffolding function of N so that we view the spindles associated with
its jumps as being placed onto this scaffolding. In the present setting, it is a spectrally positive
stable Lévy process of index 1 4 «, with Lévy measure VéESZQa)(( (f) € dy) and Laplace exponent
¢t /2°T(1 + ), ¢ > 0. We will also use the term scaffolding function for relevant concatenations
of stable processes below.

For > 0, let f ~ BESQ,(—2«), independent of N. Then f is £-valued (actually taking values in
the subspace of excursions that are continuous after an initial positive jump). Write Clade,(«) for
the law of a clade of initial mass z, which is a random point measure on [0,00) x £ defined by

CLADE(f,N) := 6(0,f) + N |01 4, (N) xe, Where T_y(N) == inf{t > 0: {n(t) = —y}.  (A.2)
We also write len(CLADE(f,N)) := T_¢)(N) for its length, which is a.s. finite. For v € Zy, let

(Ny,U € 7) be a family of independent clades, with each Ny ~ Cladejy|(«). Then we define N,
a random point measure on [0,00) x &, by the concatenation of (Ny,U € 7):

=k Ny:=)»_ / §(g(U) +t, f)Ny(dt, df), where g(U) := > len(Ny). (A.3)
Uey Uey Very: sup V<inf U

We denote the distribution of N, by PS°.

Definition A.1 (Skewer). Let N = >, 0(t;, fi) for some (;, f;) € [0,T] x € and X: [0,7] = R

cadlag and such that
Yo OAX(E) =8t C(f)-
t€[0,7]: AX(t)>0 ieN

For y > 0 and t € [0,T7, set
MY(t) = / Fly— X))y > XN, df) = 3 fily— X(t—)1{y > X(t-)}),
[0,¢]xE 1€N:¢;€[0,¢]

with the convention that MY(0—) = 0. The skewer of the pair (IV, X) at level y is the interval
partition

SKEWER(y, N, X) := {(MY(t—), MY(t)): MY(t—) < MY(t),t € [0,T]}, (A.4)
If &y as in (A.1) exists, then we denote the skewer process of N by

SKEWER(N) := (SKEWER(y, N,&n), y > 0).
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See Figure A.5 for an illustration of SKEWER(y, N, X) in the natural extension of this definition
to point measures with finitely many atoms.

Proposition A.2 (Theorem 1.8 of Forman et al. (2021)). For v € Iy, let N, ~ Pg"o be as in
(A.3). Then SKEWER(N,) is an SSIP(™)(0)-evolution starting from .

Note that the skewer process is indexed by the non-negative levels of the scaffolding function,
while the time axis of the scaffolding function induces the left-to-right order within the interval
partition. This means we need to be careful when we refer to “time”, so it will often be clearest if
we distinguish “scaffolding time ¢” and “level ", but we will also continue to refer to “time 3" in an
SSIP(®)(0), which in the context of a clade construction is the same as “level .

The Markov property of SSIP(O‘)(O)—evolutions at time y > 0 corresponds to a decomposition of
N, at scaffolding level y in {N. . Indeed, the SSIP(®) (0)-evolution after time y is described by the
the spindles of N, that the {w., places above level y, and these spindles naturally split into clades
according to the excursions of {n, above level y, which (for all excursions above almost all levels)
start by a jump that corresponds to the upper part of a spindle straddling level y.

More precisely, denote by S, (t) = Leb({u < t: {n,(u) > y}), where Leb denote the Lebesgue
measure, the amount of time up to scaffolding time ¢ € [0,len(N,)] that the scaffolding {n, has
spent above level y. Then we define the associated point measure

NN = 3 (M () 2 (S, (), ) + Lew, (1) <y < &x, (D108, (1), )

points (¢,ft) of N

where fY(s) = fly—&n, (t—)+s), s € [Ex, (t) —y], is the part of the spindle f; above level y. We can
similarly define N=¥(N) based on (part-)spindles below level y and refer to the o-algebra generated
by N<Y(N,) as the history below level y. Then the point measures N, satisfy the following property,
which we refer to as Markov-like property.

120a)). Let N, ~ PS? andy > 0. Then con-

Proposition A.3 (Proposition 6.6 of Forman et al. (2( )
ditionally on the history below level y, we have N=Y(N.,) ~ Pﬁy , where Y := SKEWER(y, N, ¢N., ).

A.2. Clade construction of SSIP\® (0)-evolutions with > 0. Let o € (0,1) and # > 0. The clade
construction of SSIP(®) (f)-evolutions is a Poissonian construction, based on a different type of clade,
clades without an initial spindle. To define these clades, first consider again a Poisson random

(—2a)

measure N on [0,00) x £ with intensity measure Leb ® vgpgq’ and N its associated scaffolding
defined as in (A.1). For y > 0, let T7Y := inf{t > 0: én(t) < —y}, and TCY)~ .= SUP.c(0.y) I °
(a)

We recall from Forman et al. (2020c, Section 2.3) that there is a sigma-finite measure v/ j, on a
suitable space (N, X(N)) of countmg measures on [0,00) x £ that can be defined as

AaA) =B | > {N\T< » )eA} ., AEXWN), (A.5)
y€(0,1]

where N|E;b) i= D (s,f) points of N: se[a,p) 0 (8 =@ f) for every a < b. Since each interval [T(=v)— T-v)
()

is the interval of an excursion of {; above the minimum, the sigma-finite measure v j; captures
the distribution of the associated point measure of spindles during such an excursion under the It6
excursion measure of the spectrally positive stable Lévy process én reflected at its running minimum
process. See Forman et al. (2020¢, Section 2.3) for more detailed discussion on l/J(_Oé)l 4

Lemma A.4 (Equations (2.17)—(2.18) in Forman et al. (2020¢)). Let N, = §(0,f)+N° ~ Clade,(«)
be a clade of initial mass x > 0 and write T~Y := inf{t > 0: N0 (t) < —y}, y € [0,¢(f)). Then
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conditionally given ((f) = s,

> 5 (¢ = 9 Nl )

y€[0,((F): T(-¥)—<T—v
(o)

is a Poisson random measure on [0, s] x N with intensity measure Leb @ v 1.

(a)

Let F be a Poisson random measure on (—00,0] x N with intensity measure (6/ a)Leb ® V) a4

We will abbreviate the distribution of F to PO‘ Y We will now use the points (s, Ng) of F to provide
immigration at level |s| that contributes to levels y > |s| via SKEWER(y — |s|, Ns, &n, ).

Proposition A.5 (Proposition 3.4 of Forman et al. (2020¢)). Let F ~ Pg"e and

By = * SKEWER(y — |s|, Ny.én,), > 0. (A.6)
points (s,Ns) of F: s€[—y,0]

Then (Ey, y > 0) is an SSIP(®)()-evolution starting from (.

We stress that each atom (s, Ng) of F is in the negative half plane with s < 0. So this concate-
nation is in decreasing order of |s|, setting skewers of N with |s| higher to the left of those with |s]|
lower.

Recall from Proposition 2.9 that an SSIP(®) (6)-evolution starting from B € Ty can be con-
structed as (8Y x 8, y > 0) for an independent pair of an SSIP(@) (6)-evolution (8Y, y > 0) starting
from ¢ and an SSIP(®)(0)-evolution (BY, y > 0) starting from 8°. In particular, we can combine
Propositions A.2 and A.5 to obtain a clade construction of an SSIP(¥)(f)-evolution starting from
(%, based on an independent pair (F, Ngo) ~ Pg’e ® Pgéo.

Finally, let us note the Markov-like property in this context. To this end, we denote by

NZY(F) = * NZv~s
points (s,Ns) of F:s€[—y,0]

the point measure of spindles that takes into account all immigration at levels s < y and builds
a point measure from the associated (part-)spindles above level y = s+ (y — s). We collect the

immigration at levels s > y in a point measure F=¥ := F|goo) on [0,00) x N. We include the

remaining spindles below level y, captured in ngy_s, from immigration at levels s < y, in the
history below level y.

Proposition A.6 (Lemma 3.10 of Forman et al. (2020c)). Let (f‘, Ngo) ~ Py @ 0 Pao and y > 0.

Denote by (BY, y > 0) the associated SSIP(O‘)(G)—evolution. Then conditionally given the history
below level y, we have (F=Y, N=Y(F) « N=Y(Ngo)) ~ Pg’e ® Pg’yo.

For more details, we refer to Forman et al. (2020c¢, Section 3).
A.3. Excursions of interval partition evolutions. Let A®) be the image of the measure I/(f;)ld via the
mapping N — SKEWER(N). Then A(® is the desired excursion measure in Section 4.1.

Proof of Proposition J.1: Part 1 is Forman et al. (2020c, Proposition 2.12(i)). For part 2, the
entrance law is given by Forman et al. (2020c, Lemma 3.5) and the Markov property is implied by
Forman et al. (2020¢, Corollary 3.9).

(a)

The self-similarity follows from the scaling property of v}, given by Forman et al. (2020c,
Lemma 2.11). Specifically, for any N € N, define ¢ @Sg N € N by replacing each atom (¢, ) of N



692 Quan Shi and Matthias Winkel

with (c'T%t, c¢f(-/c)). Then Forman et al. (2020c, Lemma 2.11) states that the image of US_ )1d via

the mapping N +— ¢ ®<(:ld) N is c_lyic)ld. Combining with the identity

SKEWER(y, ¢ @Eﬁi) N, ¢ ) = ¢+ SKEWER(y/c, N,&n), y >0,

O N

we have, for any measurable set A in &7,
A (@,4) = /) (SKEWER ! (9.A))
=%, (c o) SKEWER ™ 1(A)) — ¢ W) GREWER 1(4)) = ¢ 'A®(4). O

Proof of Proposition /.2: The first statement follows from Proposition A.5. The second one is a
consequence of Proposition A.G. O

A.4. Proofs of Lemmas 3./ and 3.8.

Proof of Lemma 3./: Let ((8{,mY,53), y > 0) be a J-valued SSIPEra)(Hl, 02)-evolution as defined
in Definition 3.1. Since total mass evolves continuously between and across any finite number of
renaissance times, the total mass reaches zero continuously on any event {T,, = T, < 0o}, n > 0.
Hence, it suffices to show that, on the event {7, 1 Too < o0}, the total mass tends to zero along
the sequence (7, n > 0).

Recall from (A.3) the concatenation of clades N, = 7‘((]67 Ny and from Definition A.1 notation
SKEWER(N,). We use the notation of Definition 3.1, consider f(®) ~ BESQ,,,0(—2a) and independent
clade constructions

P

e 5 5) s,

Uep? Uerev(89)

in the sense of (A.3) and where ,850) is built from point measures FZ(-O) of clades as in (A.6), with
intensities 6;, i = 1,2. Our strategy is to use these clades, as well as an auxiliary independent clade
5(0,£0) + Nfr?i)d := cLADE(f(?), N) associated with f(?), to enhance Definition 3.1 and construct
from these clades the entire process ((87,mY,8Y), y > 0), as well as a process (8¢m,y > 0) that is
an SSIP(® (a)-evolution during [0, Ts) and, on {Th, < oo}, proceeds continuously across Tho, as an
SSIP(®)(0)-evolution. Indeed, while the blocks of (8Y,m¥, 3Y) can then be thought of as a subset
of the blocks of %-(0) (), i = 1,2, and £(O(y), we will make sure that 8%, will contain precisely the
remaining blocks (“emigration”), and the corresponding relationship of the associated total mass
processes will yield the claimed asymptotics.

Specifically, suppose by induction that we have constructed the processes for the time interval

[0,T},] for some n > 0 and are given families (Ngl), U e ﬂT”), ¢ = 1,2, and point measures F( )

i = 1,2, of clades, as well as another clade 6(0, f (n))+N1(11i)(l‘ Furthermore, suppose that, condltlonally
given the history up to level T},, in the sense of Forman et al. (2020¢, (3.8) and (3.10)) and as recalled
less formally in Section A.2, these clades and point measures are independent and so that

,7( [31 *SKEWER( * N > and ,an):rev (f};”)*SKEWER< > Ngﬁ))j

Uepln Uerev(81™)

and £(™ have joint conditional distributions given ((8Y,m¥, 8Y), 0 <y < T,) as in Definition 3.1.
Then Ty41 : =T, + C(f(")),

B m*, 89) = (W = T £ =T 4 =T0)) . Tu <y < T,
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and (ﬂlT”“,mT"“,ﬂQT”“) = ¢(51T"+17 * BQT"“*) extends the construction of the [J-valued process
to [0, Tj,41] as in Definition 3.1. To proceed with the induction, we note that ¢(f(™) is independent
of the other clades, conditionally given the history up to level T,,, so we can apply the Markov-like
properties at level C(f(n)), which we recalled from Forman et al. (2020a) and Forman et al. (2020¢)
in Propositions A.3 and A.6. Specifically, we obtain point measures of spindles that, via (A.3), can

be decomposed into clades and then grouped as (Ngl+1), U e BiT"“), 1 = 1,2, and we also obtain

P

point measures FE”H), i = 1,2, of clades, as well as another clade §(0, f(”+1)) + Nﬁj{l) associated
with the longest interval of length m»+1 all conditionally independent given the history up to level
Tp+1- Inductively, this completes the construction of Definition 3.1 on [0, 7).

Now set 52, := 0 and suppose further that we enter the induction step also with a clade §(0, f(”))—}—

Nf:i)d and an independent process
n—1
U = D _ SKEWER (?J — 75, NG, C(f9) + §N<j)d) , Yy =0, (A7)
]:0 mi

that is an SSIP(®)(a)-evolution on [0,7},] continued as an SSIP(*)(0)-evolution on [T},,o0). By
Lemma 2.8, the process SKEWER (y,NE;L.)d,C(f(")) +§N(n>), y > 0, evolves as an SSIP(O‘)(a)—
mid

evolution on [0, ¢(f(™)]. By the Markov-like property at level ¢(£(™), it continues as an SSIP(®) (0)-
evolution. Then the strong Markov property Forman et al. (2021, Proposition 3.14) of SSIP(*)(a)-
evolutions yields (A.7) with n replaced by n + 1. Inductively, the statement holds for all n > 0,
and by Poisson random measure arguments based on Lemma A.4 and Proposition A.5, this also
entails the corresponding statement with n = oo, and in particular, the left limit at T, extends
this continuously to an SSIP(*)(a) on [0, Ts).

By construction, the blocks of (37, mY, 35) are all taken from the skewer at level y of clades that
were used in the construction of 750) and 7&0)7 and from (9. Specifically, this holds explicitly for
0<y<Ty. ForT, <y < Ths1, n > 1, we take skewers at level y — T, of clades above level
T, , which were obtained from the original clades by repeatedly applying Markov-like properties at
levels ¢(f Y )), 0 <j <n-—1, and these levels add up to T,,. We remark that only the order, not the
size of blocks, is affected by the reversals in (A.41).

This construction captures at each step all clades above the next level for use either in (8], m¥, 35),

0 <y < Ty or, via N® n > 0, for use in S, 0 <y < T. In particular, for all 0 < y < Th,

mid?’
1821+ m -+ 1880 = [0 @) + S | + [[srcewsr (,500,8@) + N | = ) (a8)

On the other hand, the size of the longest interval of ((8]*{(0,m¥)}*8Y), 0 <y < Tx) tends to zero
along times (7}, n > 0), when on the event {7}, T To < o0}: indeed, any subsequence of longest
intervals of lengths exceeding € > 0 would contribute lifetimes that are stochastically bounded
below by the lifetimes of an independent sequence of BESQ, (—2«), and such lifetimes would have an
infinite sum almost surely.

In the clade construction of 'ygo) and 'ygo), the mass evolution of each block is represented by a

spindle in a clade. In our construction, each spindle that starts strictly below level Ty, is either used
for ((BY,m¥,5), 0 <y < Tw) or for (B%m, y > 0). But on {Tw, < oo}, each spindle that straddles
level T, must have a positive mass at level Ty, exceeding some € > 0 on an interval around T,.
Hence it cannot be included in ((8Y,m¥, 35), 0 <y < Tw,). But then the RHS of (A.8) tends to 0
as ¥y T T, and this completes the proof. ]

Proof of Lemma 5.8: Let Ja2 := Zg x (0,00) X Zg x (0,00) X Zg and (Bo, mo, B1,m1,P2) € Ja.
We want to couple two SSIPJ(ra)(Hl, f9) starting respectively from (8o, mg, 51 * {(0,m1)} x B2) and
(Bo * {(0,mg)} * 81, m1, B2) such that the associated Zp-valued processes coincide.
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Viewing J-valued processes as Zg-valued processes split around a marked block, we now construct
a Jo-valued process that captures two marked blocks. Specifically, we construct

((Bg’mg’ﬁ?f’m?{aﬁg)7 0<y< SN)
starting from (5o, mo, B1, m1, B2) at time Sy := 0 by the following inductive steps, mimicking Def-
inition 3.1. Suppose that we have constructed the process on [0, S,] for some n > 0 and some
(Bg" mg, By, my", B5") € To.
e Conditionally on the history, consider, independently,

— an SSIP® (4;)-evolution 'yén) starting from B()g”,

— an SSIP® (a) = RSSIP™ (a)-evolution 'ygn) starting from ,Bf”,

— an RSSIP(®)(6,)-evolution ’an) starting from ﬂgn,

— and £") ~ BESQ, s, (—2a), i = 0, 1.

Let A, = min{¢C(£"),¢(£™)} and S,41 := S, + A,. Define, for 0 < y < A(S,),
(B3 mig ¥, B4, i, g5 ) = (367w, 657 W)l ), 7 w), 087 ()

o If A, = C(fi(")) for some 7 = 0,1, and f1(7—l)z
'y](-n)(An) for all j =0,1,2, let N =n+ 1. The construction is complete.
(n)

e Otherwise, identify the longest interval and split the associated ; (A,) around this interval.
This results in a total of four interval partitions and two blocks. In the natural order, two

of these interval partitions are adjacent. Concatenate these two and collect the now five

S, S, S, S, S,
components as (8", my" ", By, my T, By

Note that (in general) we may have N € NU {oco}. On the event {N < oo}, we further continue
the evolution as a J-valued process starting from the terminal value of the J>-valued process, with
adjacent interval partitions concatenated.

By concatenation properties of SSIP(*)(6;)- and RSSIP(®)(6,)-evolutions (Proposition 2.9 and
Lemma 2.8) and by the strong Markov property of these processes applied at the stopping times S,

(A,) exceeds the length of the longest interval in

n > 1, we obtain two coupled SSIP%Q)(Hl, 62)-evolutions, which induce the same Zy-valued process,
as required. Indeed, the construction of these two processes is clearly complete on { N < oo} and on
{N = 00, S = 00} with Soo = limy, 00 Sp,. This suffices if the event {N = 00, Soc < 00} has zero
probability. Otherwise, on {N = 00, S5 < oo} the construction of at least one process is complete
and by Lemma 3.4, the total mass tends to zero along a subsequence of (S,, n > 0), and hence the
other construction cannot remain unfinished with blocks of positive size at Suo. ([l
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