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1 Introduction

Recent empirical research in finance has identified two families of pervasive
regularities: underreaction and overreaction. The underreaction evidence
shows that over horizons of perhaps one to twelve months, security prices
underreact to news'. As a consequence, news is incorporated only slowly
into prices, which tend to exhibit positive autocorrelations over these hori-
zons. A related way to make this point is to say that current good (bad)
news has power in predicting positive (negative) returns in the future. The
overreaction evidence shows that over longer horizons of perhaps 3 to 5 years,
security prices overreact to consistent patterns of news pointing in the same
direction. That is, securities that have had a long record of good (bad)
news tend to become overpriced (underpriced) and have low (high) average
returns afterwards?. Put differently, securities with strings of good (bad)
performance, however measured, get extremely high (low) valuations, and
these valuations on average return to the mean.

This evidence presents a challenge to the efficient markets theory be-
cause it suggests that in a variety of markets, sophisticated investors can
earn superior returns by taking advantage of underreaction and overreaction
without bearing extra risk. Recent attempts to explain the evidence from
the efficient markets viewpoint have in fact failed (Fama and French (1996)).
This evidence also presents a challenge to behavioral finance theory because
early models do not successfully explain the facts®. The challenge is to ex-
plain how investors might form beliefs that lead to both underreaction and
overreaction.

In this paper, we propose a parsimonious model of investor sentiment —
of how investors form beliefs — that is consistent with the available statis-

1Some of the papers in this area, discussed in more detail in Section 2, include Cutler,
Poterba and Summers (1991), Thomas (1992), Jegadeesh and Titman (1993), and Chan,
Jegadeesh, Lakonishok {1996).

2Some of the papers in this area, discussed in more detail in Section 2 include Cutler,
Poterba and Summers (1991), DeBondt and Thaler (1985), Chopra, Lakonishok, and
Ritter (1992), Fama and French (1992), Lakonishok, Shleifer and Vishny (1994) and La
Porta {1996).

3The model of De Long et al (1990a) generates negative autocorrelation in returns,
and that of De Long et al (1990b) generates positive autocorrelation. Cutler, Poterba and
Summers (1991) combine elements of the two De Long et. al. models in an attempt to
explain some of the autocorrelation evidence. These models focus exclusively on prices
and hence do not confront the crucial earnings evidence discussed in Section 2.



tical evidence. The model is also consistent with experimental evidence on
both the failures of individual judgment under uncertainty and the trading
patterns of investors in experimental situations. In particular, our specifi-
cation is consistent with the results of Kahneman and Tversky (1974) on
the important behavioral heuristic known as representativeness: this is the
tendency of experimental subjects to view events as typical or representative
of some specific class and to ignore the laws of probability in the process.
In the stock market, for example, investors might classify some stocks as
growth stocks based on recent history, ignoring the likelihood that there are
very few companies that just keep growing. Our model also relates to an-
other phenomenon documented in psychology, namely conservatism, defined
as slow updating of models in the face of new evidence (Edwards (1968)).
The underreaction evidence in particular is consistent with conservatism.

Our model is that of one investor and one asset. This investor should be
viewed as one whose beliefs reflect “consensus forecasts” even when differ-
ent investors hold different expectations. The beliefs of this representative
investor affect prices and returns.

We do not explain in this model why arbitrage fails to eliminate the
mispricing. For the purposes of this paper, we rely on earlier work that
has shown why deviations from efficient prices can persist (De Long et al
(1990a), Shleifer and Vishny (1996)). According to this work, an important
reason that arbitrage is limited is that movements in investor sentiment are
in part unpredictable, and therefore arbitrageurs betting against mispricing
run the risk that, at least in the short run, investor sentiment becomes more
extreme and prices move even further away from fundamental value. As a
consequence of such “noise trader risk”, arbitrage positions often lose money
in the short run. When arbitrageurs are risk-averse, or when they manage
other people’s money and run the risk of losing funds under management
when performance is poor, the risk of deepening mispricing reduces the size
of the positions they take. Hence arbitrage fails to eliminate the mispricing
completely and investor sentiment affects security prices in equilibrium. In
the model below, investor sentiment is indeed in part unpredictable, and
therefore, if arbitrageurs were introduced into the model, arbitrage would be
limited.

While these earlier papers argue that mispricing can persist, they say
little about the nature of the mispricing that might be observed. To do the
latter, we need a model of how people form expectations. This is the focus of
the current paper. We do not model the process of arbitrage explicitly and
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simply rely on the earlier work to assume that it is not fully effective.

In our model, the earnings of the asset follow a random walk. However,
the investor does not know that. Rather, he believes that the behavior of a
given firm’s earnings moves between two “states” or “regimes”. In the first
state, earnings are mean reverting. In the second state, they trend, i.e. are
likely to rise further after an increase. The transition probabilities between
the two regimes, as well as the statistical properties of the earnings process
in each one of them, are fixed in the investor’s mind. In particular, in any
given period, the firm’s earnings are more likely to stay in a given regime
than to switch. Each period, the investor observes earnings. He then uses this
information to update his beliefs about which regime he is in. In his updating,
the investor is Bayesian, although his model of the return generating process
is inaccurate. Specifically, when a positive earnings surprise is followed by
another positive surprise, the investor raises the likelihood that he is in the
trending regime, whereas when a positive surprise is followed by a negative
surprise, the investor raises the likelihood that he is in the mean-reverting
regime. We solve this model and show that, for a plausible range of parameter
values, it generates the empirical predictions observed in the data?.

Section 2 of the paper summarizes the evidence that we try to explain.
Section 3 presents the model. Section 4 solves it and presents the implications
for the data. Section 5 concludes.

2 The Evidence

In this section, we summarize the statistical evidence of underreaction and
overreaction in security returns. Although most of the sophisticated research
on financial markets has focused on the behavior of aggregate stock (and
bond) price indices, we devote only minor attention to this evidence. The
reason for this is that aggregate time series generally do not provide enough
information to reject the hypothesis of efficient markets. As a consequence,
most of the anomalous evidence that our model tries to explain has come
from the cross-section of stock returns. Much of this evidence is from the

“Daniel, Hirshleifer, and Subrahmanyam (1996) also construct a model of investor senti-
ment aimed at reconciling the various empirical findings of underreaction and overreaction.
They too use concepts from the psychology literature to support their framework, although
the underpinnings of their model, namely investor overconfidence and self-attribution, are
rather different from our own.



United States, although some recent research has found similar patterns in
other markets. In addition, this section presents some direct evidence on

expectations that our model draws on.

2.1 Statistical Evidence of Underreaction

Before presenting the empirical findings, we first explain what we mean by
underreaction to news announcements. Suppose that in each time period,
the investor hears news about a particular company. We denote the news he
hears in period t as z;. This news can be either good or bad, i.e. z;: = G, or
2, = B. By underreaction we mean that the average return on the company’s
stock in the period following an announcement of good news is higher than
the average return in the period following bad news:

E(Tt+1]2t = G) > E('rt+1|2t = B)

In other words, the stock underreacts to the good news, a mistake which
is corrected in the following period, giving a higher return at that time.
In this paper, the good news consists of an earnings announcement that is
higher than expected, although as we will discuss below, there is considerable
evidence of underreaction to other types of news as well.

Empirical analysis of aggregate time series has produced evidence which
strongly suggests underreaction. Cutler, Poterba, and Summers (1991) ex-
amine autocorrelations in returns on various indexes over different horizons.
They look at returns on stocks, bonds, and foreign exchange in different
markets over the period 1960-1988, and generally, though not uniformly, find
positive autocorrelations in index returns over horizons of between one month
and one year. For example, the average one month autocorrelation in stock
returns across the world is around .1 (which is similar in the United States),
and that in bond returns is around .2 (and around O in the United States).
Many of these autocorrelations are statistically significant. This autocorre-
lation evidence is consistent with the underreaction hypothesis, which states
that stock prices incorporate information slowly, leading to trends in returns
over short horizons.

Much better and more direct evidence for the underreaction hypothesis
comes from the studies of the cross-section of stock returns in the United
States, which look at the actual news events as well as the predictability of
returns. Bernard (1992) surveys one class of such studies, which deals with
the underreaction of stock prices to announcements of company earnings.
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The finding of the studies surveyed by Bernard is roughly as follows. Sup-
pose we sort stocks into groups (say deciles) based on how much of a surprise
is contained in their earnings announcement. One naive way to measure an
earnings surprise is to look at standard unexpected earnings (SUE), defined
as the difference between a company’s earnings in a given quarter and its
earnings during the quarter a year before, scaled by the standard deviation
of the company’s earnings. Another way to measure an earnings surprise is
by the stock price reaction to the earnings announcement. A general (and un-
surprising) finding is that stocks with positive earnings surprises also earned
relatively high returns in the period prior to the earnings announcement,
as information about earnings was slowly incorporated into prices. A much
more surprising finding is that stocks with higher earnings surprises also earn
higher returns in the period after portfolio formation: the market underreacts
to the earnings announcement in revising a company’s stock price. For ex-
ample, in the 60 day period after portfolio formation, stocks with the highest
SUE earn a cumulative risk-adjusted return that is 4.2 percent higher than
the return on stocks with the lowest SUE (see Bernard (1992)). Thus stale
information, namely the SUE or the past earnings announcement return,
has predictive power for future risk-adjusted returns. Or, put differently,
information about earnings is only slowly incorporated into stock prices.

Bernard (1992) also summarizes some evidence on the actual properties
of the time series of earnings, and provides an interpretation for his findings.
The relevant series is changes in a company’s earnings in a given quarter
relative to the same calendar quarter in the previous vear. Over the period
1974-1986 and using a sample of 2,626 firms, Bernard and Thomas (1989)
find that these series tend to exhibit an autocorrelation of about .34 at a
lag of one quarter, of .19 at two quarters, of .06 at three quarters, and -.24
at four quarters. That is, earnings changes exhibit a slight trend at one,
two and three quarter horizons and a slight reversal after a year. In inter-
preting the evidence, Bernard (1992) conjectures that market participants
do not recognise the positive autocorrelations in earnings changes, and in
fact believe that earnings follow a random walk. This belief causes them to
underreact to earnings announcements. Our stylized model in Section 3 uses
a related idea for generating underreaction: we suppose that earnings follow
a random walk but that investors typically assume that earnings are mean-
reverting. The key idea that generates underreaction, and that Bernard’s
and our analysis share, is that investors typically (not always) believe that
earnings are more stationary than they really are. As we show below, this
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idea has firm foundations in psychology.

The earnings drift evidence surveyed by Bernard appears to be sufficiently
strong that it is regarded as an empirical challenge even by normally unim-
pressed accountants. It is not the only evidence of underreaction, however.
Other events are also followed by a drift in stock prices. For example, ITken-
berry et al (1995) find that stock prices rise on the announcement of share
repurchases, but then continue to drift in the same direction over the next
several years. Michaely, Thaler, and Womack (1995) find similar evidence
of drift following dividend initiations and omissions. Finally, Seyhun (1992)
finds that investors may be able to earn abnormal returns by trading on
public information about insider trades, suggesting that prices adjust only
incompletely to the news of such trades. All these examples are evidence of
underreaction similar to Bernard’s evidence on the earnings drift.

Further evidence of underreaction comes from Jegadeesh and Titman
(1993) who examine a cross-section of U.S. stock returns and find rather
reliable evidence that over the six-month horizon, stock returns are posi-
tively autocorrelated. Similarly to the earnings drift evidence, they interpret
their finding of the “momentum” in stock returns as pointing to underreac-
tion to information, and slow incorporation of information into prices. Chan,
Jegadeesh, and Lakonishok (1996) integrate the earnings drift evidence with
the momentum evidence. They use three measures of earnings surprise: SUE,
stock price reaction to the earnings announcement, and changes in analysts’
forecasts of earnings. The authors find that all these measures, as well as the
past return, help predict subsequent stock returns at horizons of 6 months
and one year. That is, they find that stocks with a positive earnings surprise,
as well as stocks with high past returns, tend to subsequently outperform
stocks with a negative earnings surprise and poor returns. Like the other au-
thors, Chan, Jegadeesh and Lakonishok conclude that investors underreact
to news, and incorporate information into prices slowly.

2.2 Statistical Evidence of Overreaction

Analogous to the definition of underreaction at the start of the previous sub-
section, we now define overreaction as follows: the average return following
not one, but a series of announcements of good news is lower than the av-
erage return following a series of bad news announcements. Using the same



notation as before,
E(r,,12,=G,z,1=G, ..., z_;= G) < E(ry4lz2,= B,z,1=B,....z_;= B).

where j is at least 1, and probably rather higher. The idea here is simply
that after a series of announcements of good news, the investor may become
overly optimistic that future news announcements will also be good, and
hence overreact, sending the stock price to unduly high levels. Subsequent
news announcements are likely to contradict his optimism, leading to lower
returns.

Empirical studies of predictability of aggregate index returns over long
horizons are extremely numerous. Some of the early papers include Fama
and French (1988) and Poterba and Summers (1988); Cutler, Poterba and
Summers (1991) examine some of this evidence for a variety of markets. The
thrust of the evidence is that over horizons of 3 to 5 years, there is a (rel-
atively slight) negative autocorrelation of stock returns in many markets.
Moreover, over similar horizons, some measures of valuation of stocks, such
as the dividend yield, have predictive power for returns in a similar direc-
tion, namely low dividend yield or high past return tend to predict a low
subsequent return (see Campbell and Shiller (1988)).

As before, the more reliable evidence comes from the cross-section of
stock returns. In an early important paper, DeBondt and Thaler (1985)
discover from looking at the US data dating back to 1933 that portfolios of
stocks that have extremely poor returns over the previous 5 years dramati-
cally outperform portfolios of stocks with extremely high returns, even after
making the standard risk adjustments. DeBondt and Thaler’s findings were
initially greeted with skepticism, but were nonetheless corroborated by later
work (e.g., Chopra, Lakonishok, and Ritter (1992)). In the case of earnings,
Zarowin (1989) finds that firms which have had a sequence of bad earnings
realizations subsequently outperform firms with a sequence of good earnings.
This evidence suggests that stocks with consistent records of good news, and
hence extremely high past returns, are overvalued, and hence an investor can
earn abnormal returns by betting against this overreaction to consistent pat-
terns of news. Similarly, stocks with consistent records of bad news become
undervalued and subsequently earn superior returns.

Subsequent work has changed the focus from past returns to other mea-
sures of valuation, such as the ratio of market value to book value of assets
(DeBondt and Thaler (1987), Fama and French (1992)), market value to



cash flow (Lakonishok, Shleifer and Vishny (1994)) and other accounting
measures. All this evidence points in the same direction. Stocks with very
high valuations relative to their assets or earnings (glamour stocks), which
tend to be stocks of companies with extremely high earnings growth over
the previous several years, earn relatively low risk adjusted returns in the
future, whereas stocks with low valuations (value stocks) earn relatively high
returns. For example, Lakonishok et al (1994) find spreads of 8-10 percent a
year between returns of the extreme value and glamour deciles. Again, this
evidence points to overreaction to a prolonged record of extreme performance,
whether good or bad: the prices of stocks with such extreme performance
tend to be too extreme relative to what these stocks are worth, and to what
the subsequent returns actually deliver. Recent research extends the over-
reaction evidence to other markets, including those in Europe and in Japan
(Lakonishok, Shleifer and Vishny (1996)).

The economic interpretation of this evidence proved more controversial,
since some authors, particularly Fama and French (1992, 1996) argue that
glamour stocks are in fact less risky, and value stocks more risky, once risk
is properly measured. Generally speaking, evidence has not been kind to
this hypothesis. In a direct test of the overreaction hypothesis, La Porta
(1996) sorts stocks on the basis of their long term growth rate forecasts
made by professional analysts, and finds consistent evidence that analysts
are excessively bullish about the stocks they are most optimistic about, and
excessively bearish about the stocks they are pessimistic about. In particular,
stocks with high growth forecasts earn much lower future returns than stocks
with low growth forecasts. Moreover, on average, stocks with high growth
forecasts earn negative returns when they subsequently announce earnings
and stocks with low growth forecasts earn high returns. All this evidence
points to overreaction not just by analysts but more importantly in prices as
well: in the world of efficient markets, stocks with optimistic growth forecasts
should not earn low returns.

Finally, La Porta et al (1996) find direct evidence of overreaction in glam-
our and value stocks defined using accounting variables. Specifically, glamour
stocks earn negative returns on the days of their future earnings announce-
ments, and value stocks earn positive returns. The market learns when earn-
ings are announced that its valuations have been too extreme.

In sum, the cross-sectional overreaction evidence, like the cross-sectional
underreaction evidence, appears to be a rather reliable regularity. These
regularities taken in their entirety are inconsistent with the efficient markets
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hypothesis. More important for this paper, the two regularities pose a chal-
lenge to behavioral finance to provide a model of how investors form beliefs
that can account for the regularities.

2.3 Direct Evidence on Expectations

In a sequence of important papers, Frankel and Froot (1986, 1987, 1990) in-
vestigate the properties of actual forecasts of future depreciation of the dollar.
They use consensus forecasts from three surveys of professional forecasters
of the dollar. During the period they examine — the first half of the 1980s -
the dollar appreciated significantly against other major currencies. Frankel
and Froot find that, during most of this period, investors respond to current
appreciation by expecting — at horizons of three to twelve months — future de-
preciation. If they actually traded on these expectations, the resulting price
patterns would have been similar to those found in the underreaction stud-
ies of the stock market. However, Frankel and Froot also find that toward
the end of their period in late 1984 and early 1985, the consensus forecast
switched to expecting a near-term appreciation of the dollar precisely at the
time of the dollar’s consistent and spectacular rise. In the subsequent period,
the dollar collapsed. This evidence again is consistent with the stock market
findings of overreaction, in which a consistent record of good performance
leads to excessively optimistic forecasts that are later disappointed.

3 A Model of Investor Sentiment

3.1 Informal Description of the Model

The evidence summarized in the previous section suggests that investors can
be in one of two frames of mind, depending on the circumstances. Typically,
they underreact to news; however, after repeated bombardment by news of a
similar kind, they may overreact to the actual content of the news. The model
presented in this section attempts to capture this story. To begin, we briefly
overview the model. In the two following subsections, we provide evidence
from the psychology literature to support our model, and then present a
mathematical formulation of it.

We consider a model with a representative, risk-neutral investor with
discount rate 6. We can think of this investor as one whose beliefs reflect the



“consensus”, even if different investors have different beliefs. There is only
one security; in this context, the equilibrium price of the security is clearly
equal to the net present value of the future earnings that the representative
investor expects. Moreover, in contrast to models with heterogeneous agents,
there is no information in prices over and above the information already in
earnings.

An important point to note is that given the assumptions of risk-neutrality
and a constant discount rate, returns will be unpredictable if the investor
knows the correct process followed by the earnings stream, a fact first es-
tablished by Samuelson (1965). If our model is to generate the kind of
predictability in returns documented in the empirical studies discussed in
Section 2, it must be the case that the investor is using the wrong model to
form expectations.

We suppose that the earnings stream follows a random walk. This as-
sumption is not entirely accurate, as we discussed above, since earnings
growth rates at one to three quarter horizons are slightly positively auto-
correlated (Bernard and Thomas (1989)). We make our assumption for con-
creteness, and it is not at all essential for generating the results. What is
essential is that investors sometimes believe that earnings are more station-
ary than they really are — the idea stressed by Bernard and captured within
our model below. It is this relative misperception that is the key to under-
reaction.

The investor in our model does not realize that earnings follow a random
walk. He thinks that the world moves between two “states” or “regimes”
and that there is a different model governing earnings in each regime. When
the world is in regime 1, Model 1 determines earnings; in regime 2, it is
Model 2 that determines them. Neither of the two models is a random walk:
rather, under Model 1, earnings are mean-reverting; in Model 2, they trend.
For simplicity, we specify these models as Markov processes: that is, in each
model the change in earnings in period ¢ depends only on the change in
earnings in period t — 1. The only difference between the two models lies in
the transition probabilities. Under Model 1, earnings shocks are likely to be
reversed in the following period: hence a positive shock to earnings is more
likely to be followed in the next period by a negative shock than by another
positive shock. Under Model 2, however, the opposite is true. In this case,
shocks are more likely to be followed by another shock of the same sign.

The investor also believes that there is an underlying regime switching
process which determines which regime the world is in at any time. We
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specify this underlying process as a Markov process as well, so that whether
the current regime is Model 1 or Model 2 depends only on what the regime
was last period. We focus attention on cases where regime switches are
relatively rare. That is, if Model 1 determines the change in earnings in
period ¢, it is likely that it determines earnings in period ¢ + 1 also. The
same applies to Model 2. With some small probability, though, the regime
changes, and the other Model begins generating earnings. For reasons that
will be apparent later, we often require the regime-switching probabilities
to be such that the investor thinks that the world is in the mean-reverting
regime of Model 1 more often than he believes it to be in the trending regime
of Model 2.

The transition probabilities associated with Models 1 and 2 and with
the underlying regime switching process are fixed in the investor’s mind. In
order to value the security, the investor needs to forecast future earnings. To
do this, he uses the earnings stream he has observed to update his beliefs
about which regime is generating earnings. Once this is done, he uses the
regime-switching model to forecast future earnings. The investor updates
in a Bayesian fashion even though his model of earnings is incorrect. For
instance, if he observes two consecutive earnings shocks of the same sign, he
will believe more strongly that he is in the trending earnings regime of Model
2. If the earnings shock this period is of the opposite sign to last period’s
earnings shock, he will put more weight on Model 1, the mean-reverting
regime.

It is important to note that our model differs from more typical models
of learning: in our framework, the investor never changes the model he is
using to forecast earnings: that is, he uses the same regime-switching model,
with the same regimes and transition probabilities, throughout. Even after
observing a very long stream of earnings data, he does not change his model to
something more like a random walk, the true earnings process. His only task
is to figure out which of the two regimes of his model is currently generating
earnings. That is the only sense in which he is learning from the data. At
the end of Section 3, once we have presented a mathematical formulation of
our model, we will return briefly to the issue of why it may be reasonable
that the investor retain the wrong model even after observing a long data
series.

We are now ready to provide some preliminary intuition for how investor
behavior of the kind described above coupled with the true random walk
process for earnings can generate some of the empirical phenomena discussed
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in Section 2. In particular, we show how our framework can lead to both
underreaction to earnings announcements, as well as to long-run overreaction.

Take overreaction first. The general view of overreaction described in
Section 2 is that investors become too bullish after observing a long record
of good news, with the result that low returns are subsequently realized.
Similarly, they become too pessimistic after a consistent record of bad news;
subsequent returns are higher. In the context of our model, a natural way of
capturing this is to say that the average realized return following a string of
positive shocks to earnings is lower than the average realized return following
a string of negative shocks to earnings®.

To see how this can be a feature of our model, consider what happens
when our investor sees a series of positive earnings shocks. He naturally puts
a high probability on the event that Model 2 has generated current earnings.
Since he believes regime switches to be rare, this means that Model 2 is also
likely to generate earnings in the next period. The investor therefore expects
that the shock to earnings next period will again be positive. Earnings,
however, follow a random walk: next period’s earnings are equally likely to
go up or down. If they go up, the return will not be large, as the investor is
expecting exactly that, namely a rise in earnings. If they fall, however, the
return will be large and negative as the investor is taken by surprise by the
negative announcement. Therefore the average realized return after a string
of positive shocks is negative; symmetrically, the average return after a string
of negative earnings shocks is positive. The difference between the average
returns in the two cases is negative, consistent with the empirically observed
overreaction.

Now we turn to underreaction. Following our discussion in Section 2,
we can think of underreaction as the fact that the average realized return
following a positive shock to earnings is greater than the average realized
return following a negative shock to earnings. This corresponds closely to
the empirical findings of Bernard (1992), who notes that stocks with high
standard unexpected earnings (SUE) earn a higher subsequent return than
do stocks with low SUE’s* .

Underreaction obtains in our model as long as on average, the investor
places more weight on Model 1 than on Model 2. If this holds, then consider

SFor the purposes of the discussion here, we will suppose that good news about earnings
corresponds to a positive change in earnings; a more natural definition might be that good
news corresponds to earnings that are higher than ezpected. However, these two measures
are closely related in our model, as we will see in Section 3.3.
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the realized return following a positive earnings shock: since on average, the
investor believes Model 1, he on average believes that this positive earnings
shock will be partly reversed in the next period. In practice, however, a posi-
tive shock is equally likely to be followed by a positive or by a negative shock.
If the shock is negative, the realized return is not large, since this is the earn-
ings realization that was expected by the investor. If the shock is positive,
the realized return is large and positive, since this shock is quite unexpected
to the investor. Similarly, the average realized return following a negative
earnings shock is negative, and hence the difference in the average realized
returns is indeed positive as required in our definition of underreaction.

The mechanism for expectation formation that we propose here is closely
related to that used by Barsky and De Long (1993) in an attempt to explain
Shiller’s (1981) finding of excess volatility of the price-dividend ratio. They
suppose that investors view the growth rate of dividends as a parameter that
is not only unknown but also changing over time. The optimal estimate of
the parameter will closely resemble a distributed lag on past one-period div-
idend growth rates, with declining weights. If dividends rise steadily over
several periods, the investor’s estimate of the current dividend growth rate
will also rise, leading him to forecast higher dividends in the future as well.
Analogously, in our model, a series of positive shocks to earnings will lead
the investor to raise the probability that earnings changes are currently be-
ing generated by the trending regime 2, leading him to make more bullish
predictions for future earnings.

3.2 Some Psychological Evidence

Our model is consistent with two important phenomena documented by psy-
chologists: the representativeness heuristic and conservatism. In this sub-
section, we briefly describe this psychological evidence. We would not go so
far as to say that our model is derived from these psychological foundations;
only that the psychological evidence is supportive of our assumptions.
According to Kahneman and Tversky (1974), “people replace the laws of
chance by heuristics, which sometimes yield reasonable estimates and quite
often do not” (p.32). One of the best documented of such heuristics is repre-
sentativeness. “A person who follows this heuristic evaluates the probability
of an uncertain event, or a sample, by a degree to which it is (i) similar in its
essential properties to the parent population, (ii) reflects the salient features
of the process by which it is generated” (p.33). For example, if a detailed
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description of an individual’s personality matches up well with the subject’s
experiences with people of a particular profession, the subject will tend to
significantly overestimate the actual probability that the given individual be-
longs to that profession. In overweighting the representative description, the
subject underweights the statistical base rate evidence of the small fraction
of the population belonging to that profession.

An important manifestation of the representativeness heuristic, discussed
in detail by Kahneman and Tversky (1974) is that people see patterns in
random sequences. They find that for someone to assign a high probability
to the event that some data sample is generated by a random walk process,
the sample must be considered representative of a random walk. Kahneman
and Tversky note that “a representative sample is one in which the essential
characteristics of the parent population are represented not only globally in
the entire sample, but also locally in each of its parts” (p.36).

The reason this is important for our analysis is that locally, a sample
drawn from a random walk may not look at all like a random walk. Suppose
that we write a positive earnings change as H and a negative one as L;
even if changes are random, we will expect to see sequences of the form
HLLHLHL or LHLLLLL. These sequences do not reflect the properties of
the parent population, because they contain either too many switches or
else runs that are too long. The investor will not regard these sequences as
drawn from a random walk, but rather as having been drawn from models
whose population characteristics match the sample features closely: in the
case of the two sequences given above, obvious examples of such models
would be a mean-reverting model and a trending model respectively: in other
words, Regimes 1 and 2 of our framework. Of course, representativeness
does not imply that these are the only non-random patterns that people
will see; however, if one believes that investors look for one of the two most
obvious patterns - trending and mean-reverting — then our model fits the
psychological evidence very closely.

The root of the problem facing investors is that there is very little theo-
retical guidance as to the process that earnings might follow. It is therefore
natural that investors will look to observed earnings to try to infer what
the process is. The bias implied by the representativeness heuristic is that
investors will try to infer the process too quickly, on the basis of too short a
sample, and hence will make erroneous forecasts. As Rabin (1996) puts it in
his discussion of this heuristic, “When the underlying probability distribu-
tion generating observed sequences is uncertain, the fallacy leads people to
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over-infer the probability distribution from short sequences.”

A different idea identified by several psychologists including Ward Ed-
wards (1968), is conservatism. Conservatism states that once individuals
have formed an impression, they are slow to change that impression in the
face of new evidence. Edwards benchmarked a subject’s reaction to new ev-
idence against that of the idealized rational Bayesian in experiments where
the true normative value of a piece of evidence was well-defined. In his ex-
periments, individuals updated their posteriors in the right direction, but by
too little in magnitude relative to the rational Bayesian benchmark. This
finding of conservatism is actually more pronounced, the more objectively
useful is the new evidence. In Edwards’ own words:

“It turns out that opinion change is very orderly, and usually proportional
to numbers calculated from the Bayes Theorem — but it is insufficient in
amount. A conventional first approximation to the data would say that it
takes anywhere from two to five observations to do one observation’s worth
of work in inducing a subject to change his opinions” (p.359).

Regime 1 of our model is consistent with Edwards’ experiments. As
individuals see a positive earnings shock or a piece of news that forecasts
higher earnings, they rightly increase their forecasts for next period, but
by too little. Under regime 1, investors too quickly dismiss a new earnings
number as partly an aberration, i.e., as having a big temporary component,
and are too slow to abandon their prior earnings estimates. Edwards would
describe this behavior in Bayesian terms as a failure to properly aggregate
the information in the new earnings number with their own prior information
to form a new posterior earnings estimate.

In addition to being consistent with the evidence from behavioral psy-
chology, our model is also consistent with some stock trading experiments
conducted by Andreassen and Kraus (1992). They show subjects — who are
university undergraduates untrained in finance — a time series of stock prices
and ask them to trade at the prevailing price. After subjects trade, the next
realization of price appears, and they can trade again. Trades do not af-
fect prices: subjects trade with a time series rather than with each other.
Stock prices are rescaled real stock prices taken from the financial press, and
sometimes modified by the introduction of trends.

Andreassen and Kraus’ basic findings are as follows. Subjects generally
“track prices”, i.e. sell when prices rise and buy when prices fall, even when
the series they are offered is a random walk. This is the fairly universal
mode of behavior, which is consistent with underreaction to news in markets.
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However, when subjects are given a series of data with an ostensible trend,
they reduce tracking, i.e. they trade less in response to price movements. It
is not clear from Andreassen and Kraus’ results whether subjects actually
switch from bucking trends to chasing them as they do in our regime 2.

A recent paper by DeBondt (1993) nicely complements Andreassen and
Kraus’ findings. Using a combination of classroom experiments and investor
surveys, DeBondt finds strong evidence that people extrapolate past trends.
In one case, he asks subjects to forecast future stock price levels after showing
them past stock prices over unnamed periods. He also analyses a sample of
regular forecasts of the Dow Jones Index from a survey of members of the
American Association of Individual Investors. In both cases, the forecast
change in price level is higher following a series of previous price increases
than following price decreases, suggesting that investors may indeed chase
trends once they appear.

3.3 A Formal Model

We now present a mathematical model of the investor behavior described
above, and check that the intuition can be formally justified. Suppose that
earnings at time t are N; = N,_; + y;, where y; is the shock to earnings at
time £, which can take one of two values, +vy, or —y. The investor believes
that the value of y; is determined by one of two models, Model 1 or Model
2, depending on the “state” or “regime” of the economy. Models 1 and 2
have the same structure: they are both Markov processes, in the sense that
the value taken by y; depends only on the value taken by y;_;. The essential
difference between the two processes lies in the transition probabilities. To
be precise, the transition matrices for the two models are:

Model 1 | g1 =y me1=-y Model 2| yps1 =y Y1 =—y
mw=y TH 1—my B =y L 1—my
yy=-y| l—my TH yp=-y| 1—-m T

The key is that my is small - we shall think of 7y being in the range
0 <7y < 0.5 - and of 7y, as being large, 0.5 < 7; < 1. In other words, under
Model 1 a positive shock is likely to be reversed; under Model 2 a positive
shock is more likely to be followed by another positive shock.

The investor is convinced that he knows the parameters 7y and =y he
is also sure that he is right about the underlying process controlling the
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switching from one regime to another, or equivalently from Model 1 to Model
2. It too is Markov, so that the state of the world today depends only on the
state of the world in the previous period. The transition matrix is:

13t+1 =1 $4,=2
Sg=1 I—Al )\1
St=2 )\2 I—AQ

The state of the world at time t is written s;. If s, = 1, we are in the
first regime and the earnings shock in period t, y; is generated by Model
1; similarly if s, = 2, we are in the second regime and the earnings shock is
generated by Model 2. The parameters A; and A; determine the probabilities
of transition from one state to another. We focus particularly on small A,
and Az, which means that transitions from one state to another occur rarely.
Certainly we shall assume A\, + A, < 1. Typically, we will think of A; being
smaller than A;. Since the unconditional probability of being in state 1 is
/\—l’fz, this implies that the investor thinks of Model 1 as being on average
more likely than Model 2. Our results do not depend, however, on A; being
smaller than A,. The effects that we will document can also obtain if A; > ;.

In order to value the security, the investor needs to forecast earnings into
the future. Since the model he is using dictates that earnings at any time
are generated by one of two regimes, the investor sees his task as trying to
understand which of the two regimes is currently governing earnings. Since
he observes earnings each period, he uses that information to make as good a
guess as possible about which regime he is in. In particular, at time ¢, having
observed the earnings shock ¥, he calculates =y, the probability that y, was
generated by Model 1, using the new data to update his estimate from the
previous period, 7,_;. Formally, 7, = Pr(s; = 1|y, y¢-1,m—1). We suppose
that the updating follows Bayes Rule, so that:

(1 = M)y + Aol — 7)) Pr(yes1|se+1 = 1, ue)
(1= A)me+ Aol = 7)) Pr(yeqr)sesr = L) + (Mme 4+ (1 — A2)(1 — 7)) Pr(yesalse = 2.9:)

Ti+1 =
In particular if the shock to earnings in period t + 1, y;41 is the same as

the shock in period t, y;, the investor updates 7,47 from 7, using:

T+l = ((1 _l\l)wt+’\2(1—7rt))7rH
T = a)m A de(I =) ma + ame+ (1= d)(1— 7))y
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and it can be shown that in this case, 7,,; < 7;. In other words, the investor

puts more weight on Model 2 if he sees two consecutive shocks of the same
sign. Similarly, if the shock in period ¢t 4+ 1 has the opposite sign to that in
period ¢,

R (1= A)me + A2(l = m))(1 — 7H)
T = M)m e+ A= m)) (L= wh) + e+ (1= M) (1 — 1)) (1 - m2)

To aid intuition with the workings of the model described here, we now
present a simple illustrative example. Suppose that in period 0, the shock to
earnings 1 is positive and the probability assigned to Model 1 by the investor,
i.e. mpis 0.5. The following Table gives a randomly generated earnings stream
for the next 20 periods and presents the investor’s belief 7; that the time ¢
shock to earnings is generated by Model 1. The particular parameter values
chosen here are: 7y = 4 < 2 = 77, and A\; = 0.1 < 0.3 = A;. Note that
the earnings stream below is generated using the true process for earnings,

namely a random walk:

Y T t Y Ty

y .50

-y 80|11 y .74

y 90|12 y .56
93113 y 44

y 94|14 y .36

y 74|15 -y .74
-y 8916 y .89
-y 69|17 y .69
87118 —y .87
-y 9219 gy .92
10 vy 94120 y .72

IO U W O
!
i

© 0o
<

Notice that in periods 0 through 4 positive shocks to earnings alternate
with negative shocks. Since Model 1 stipulates that earnings shocks are
likely to be reversed in the following period, we observe an increase in 7, the
probability that Model 1 is generating the earnings shock at time t, rising to
a high of 0.94 in period 4. From periods 10 to 14, we observe five successive
positive shocks; since this is behavior typical of that specified by Model 2,
7, falls through period 14 to a low of 0.36. One feature that is evident in
the above example, is that m; rises if the earnings shock in period ¢ has the
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opposite sign from that in period ¢t — 1 and falls if the shock in period ¢ has
the same sign as that in period ¢ — 1.

To end this section, we return briefly to an issue raised in Section 3.1. One
apparent difficulty with the framework we use is that while the psychological
evidence may suggest the expectations formation process we propose, after
a sufficiently long data series the investor will learn that the right model for
earnings is a random walk, and not a regime switching model.

As more data is received, a Bayesian observer will place more and more
weight on the true random walk model. However, this rational learning does
not occur very quickly. Suppose that the investor has prior views assigning
probability 0.5 to the random walk model for earnings and probability 0.5
to a switching model with the same parameters as those used in the above
Table, i.e., Ay = 0.1, Ay = 0.3, 7y = %, and 7y = %. Suppose that we show
the investor 5 years of quarterly earnings data, i.e., 20 observations drawn
from a random walk, and then calculate the log Bayes posterior odds ratio
in favor of the random walk,

Pr(model = random walk|data)
& Pr(model = regime-switching |data)

lo

We repeat this experiment 1000 times, in other words using 1000 different
random sequences of 20 earnings changes. We find that even after 5 vears
of data, a sizeable 34% of the time investors preferred the regime switching
model, i.e., produced log posterior odds that were negative. Moreover, in
many cases, the log posterior ratio lies only slightly above zero, indicating
a close tie between the models. To be specific, 80% of the time, investors
consider the switching model at least half as likely as the random walk model.
In other words, 80% of the time, investors attach a posterior probability of at
least % to the switching model. If investors give even this much weight to the
switching model in forming their expectations, the effects we document in the
next section will still figure prominently. Furthermore, the regime-switching
model we use to capture the psychological evidence is somewhat stylized for
simplicity: a more flexible model may fare even better against the random
walk alternative®.

For instance, a more general model consistent with the psychological evidence would
be one of the form N; = pN,_; + &, where N, are earnings in period ¢, and where the
investor believes that the growth rate of earnings p is not only unknown but changing over
time, so that it needs to be re-estimated each period. Such a model would be considerably
harder to reject in favor of the random walk.
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The above experiment assumed that the investor uses Bavesian updat-
ing to decide between the random walk and regime switching models. In
practice, however, people may take far longer to learn the true model than
is suggested by the experiment. Evidence again comes from the psychology
literature, which is teeming with studies documenting the substantial differ-
ences between people’s actual learning behavior, and that dictated by Bayes’
rule. A very recent contribution to this literature, Rabin and Schrag (1996),
is particularly relevant here. Those authors start with a widely reported
psychological phenomenon known as confirmatory bias: suppose that there
are two hypotheses, and that the individual currently favors one over the
other. Experiments have repeatedly shown that when subsequent evidence
relevant to these hypotheses appears, the individual will sometimes misin-
terpret evidence that contradicts his favored hypothesis as evidence that in
facts supports it. Rabin and Schrag show that this behavior can have impor-
tant consequences: for instance, the individual may, with positive probability
eventually come to believe with near certainty in the false hypothesis even
after an infinite amount of information.

The implications of this study for our work are clear: if the work of
Kahneman, Tversky and Edwards suggests that the investor may prefer a
regime-switching model to a random walk model, the work of Rabin and
Schrag shows that it may not be at all easy for the investor to learn the
correct model, even after a large amount of data.

4 Model Solution and Empirical Implications

We now analyze the implications of our model for prices. Since our model
has a representative agent, the price of the security is simply the value of the
security as perceived by the investor. In other words:

N Nito
P =F
f ‘{1+6+(1+6)2+ }

Note that the expectations in this expression are the expectations of the
investor who does not realize that the true process for earnings is a random
walk. Indeed, if the investor did realize this, the series above would be simple
enough to evaluate: since under a random walk, E;(Ny,;) = Ny, price equals
ﬁél. In our model, price deviates from this true value because the investor
does not use the random walk model to forecast earnings, but rather some
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combination of Models 1 and 2, neither of which is a random walk. The
following Proposition, proved in the Appendix, summarizes the behavior of
prices in this context, and shows that they depend on the state variables in
a particularly simple way.

PROPOSITION 1: If the investor believes that earnings are generated
by the regime-switching model described in Section 3, then prices satisfy:

N,
b = —6£ + yi(p1 — pamme)
where p; and p; are constants which depend on 7y, 7, Ay, and A2. The full
expressions for p; and p, are given in the Appendix’.$

The formula for P, has a very simple interpretation. The first term, %'i, is

the price that would obtain if the investor used the true random walk process
to forecast earnings. The second term, y:(p; — po7:), gives the deviation of
price from this fundamental value. Later in this section we look at the range
of values of my, w1, A1, and Ay which allow the price function in Proposition
1 to exhibit both underreaction and overreaction to earnings news. In fact
Proposition 2 below gives sufficient conditions on p; and p; to ensure that
this is the case. For the next few paragraphs, in the run-up to Proposition
2, we will forsake mathematical rigor in order to build intuition for those
sufficient conditions.

First, note that if the price function P, is to exhibit underreaction to
earnings news on average, then p; cannot be too large in relation to ps.
For suppose the latest earnings shock y; was a positive one. Underreaction
means that on average, the stock price will not react sufficiently to this shock,
leaving the price below fundamental value. This means that on average,
y(p; — pam¢), the deviation from fundamental value must be negative. If 7,4,
denotes an average value of m, this implies that we must have p; < pomgy,.
This is the sense in which p; cannot be too large in relation to ps.

On the other hand, if F, is also to display overreaction to sequences of
similar earnings news, then p; cannot be too small in relation to p,. Sup-
pose that the investor has just observed a series of good earnings shocks.
Then overreaction would require that price now be above fundamental value.

"It is difficult to prove general results about p; and p,, although numerical computations
show that over most of the range of values of mr, mg, A1 and Ay we are interested in, p;
and p; are both positive.
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Moreover, we know that after a series of shocks of the same sign, =, is nor-
mally low, indicating a low weight on Model 1 and a high weight on Model
2. If we write 7, to represent a typical low value of 7, overreaction then
requires that y(p; — pamixw) be positive, or that p; > pmis,. This is the sense
in which p; cannot be too small in relation to py. Putting the two conditions
together, we obtain:

P2Tiow < P1 < P2Tang

In Proposition 2, we provide sufficient conditions on p; and p; for both
underreaction and overreaction to obtain, and their form is very similar to
what we have just obtained. In fact, the argument in Proposition 2 is es-
sentially the one we have just made in the preceeding paragraphs, although
some effort is required to make the reasoning rigorous.

Before stating the Proposition, we repeat the definitions of overreaction
and underreaction that were presented in Section 2. Overreaction can be
thought of as meaning that the expected return following a sufficiently large
number of positive shocks should be lower than the expected return following
the same number of successive negative shocks. In other words, there exists
some large number J, such that for all j > J,

EfPir1—Plyr=v-1=... =y =y)-E(Pr1—Plyr=y-1= ... =y—j = —y) <0

Underreaction means that the expected return following a positive shock
should exceed the expected return following a negative shock. In other words,

E(Piy1 — Ply = +y) — E(Piv1 — Plye = —y) >0

Proposition 2 below provides sufficient conditions on 7y, 7., A; and Ag
for these two inequalities to hold®.

PROPOSITION 2: If the underlying parameters gy, 7, A1 and As satisfy:

kp: < p1 < kps

8For the purposes of Proposition 2, we have made two simplifications in our mathemat-
ical formulation of under- and overreaction. First, we examine the absolute price change
P, — P, rather than the actual return. Second, the good news is presumed here to be the
event y; = +vy, i.e., a positive change in earnings, rather than better than expected earn-
ings. Since in our model, the expected change in earnings E,(y:+1), always lies between —y
and +vy, a positive earnings change will in fact be a positive surprise. Therefore the results
are largely the same in the two cases. In the simulations in Section 4, we calculate returns
in the usual way, and condition on earnings surprises as well as raw earnings changes.
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then the price function in Proposition 1 exhibits both underreaction and
overreaction to earnings. k and k are positive constants that depend on 7y,
7L, A1, and Ag - the full expressions are given in the Appendix.{

Note that the form of the conditions conforms exactly to the intuition
presented earlier: p; must be high relative to p, if price is going to rise
above fundamental value after long series of good earnings news; and vet p;
must be low relative to p, so that on average, price underreacts to earnings
announcements.

We now examine the range of values of the fundamental parameters 7,
mH, A, and A; for which the sufficient conditions for both underreaction and
overreaction are satisfied. Since the conditions in Proposition 2 are somewhat
involved, we evaluate them numerically for a large range of values of the four
underlying parameters. Figure 1 illustrates one such exercise. We start by
fixing A; = 0.1 and A; = 0.3. These numbers are small to ensure that regime
switches do not occur very often; and A, > A;, to represent the investor’s
belief that Model 1 is a better model for earnings than is Model 2, in the
sense that the world is in the Model 1 regime more often than in the Model
2 regime.

Now that A; and A, have been initially fixed, we want to know for what
range of values of my and 7, the conditions for underreaction and overre-
action hold. By the nature of 7y and m., it makes sense to restrict their
values to the ranges 0 < my < 0.5, and 0.5 < 7, < 1. Next, we evaluate the
conditions in Proposition 2 for pairs of (g, ) where my ranges from 0 to
0.5 at intervals of 0.01 and 7, ranges from 0.5 to 1, again at intervals of 0.01.

Figure 1 marks with a “+” all the pairs for which the sufficient conditions
hold. We see that underreaction and overreaction hold for a wide range of
values. On the other hand, it is not a trivial result: there are many parameter
values for which at least one of the two phenomena does not hold.

The figure shows that the sufficient conditions do not hold if both 7y and
7, are near the high end of their feasible ranges, or if both 7y and =, are
near the low end of their ranges. The reason for this is the following: suppose
both my and 7, are high. This means that whatever the regime, the investor
believes that shocks are relatively likely to be followed by another shock of
the same sign. The consequence of this is that overreaction certainly obtains,
although underreaction may not: following a positive shock, the investor on
average expects another positive shock; since the true process is a random
walk, returns are on average negative. Hence the average return following
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a positive shock is lower than that following a negative shock, which is a
characterization of overreaction.

On the other hand, if 7y and 7, are both at the low end, the investor
believes that shocks are relatively likely to be reversed, regardless of the
regime: this leads to underreaction, but overreaction may not hold.

To confirm this intuition, we plot in Figure 2 separately the ranges of
(my,mr) pairs for which underreaction and overreaction hold. The inter-
section of the two regions is the original one shown in Figure 1. Figure 2
confirms the intuition that if 7y and 7 are on the higher side, overreaction
obtains, but underreaction may not.

Figures 3 and 4 perform the same exercise with different initial values
for A; and );. In all cases, there are non-trivial ranges of (wy,7.) pairs for
which the sufficient conditions hold.

4.1 Some simulation experiments

One way to test the model we have developed is to try to replicate the
empirical findings of the papers discussed in Section 2 using long time series
of prices and earnings simulated from our model. That is, we pick values for
7wy, 7L, A1, and Ay, and generate a long series of 10,000 price observations
using the formula for prices derived earlier:

N
P = Tt + y(p1 — pamme),

and calculate average returns conditional on previous realizations of earnings
or returns, paralleling the empirical work on actual data®.

One natural exercise would be to calculate the difference between average
returns in the period after a positive earnings shock 7, and average returns
in the period after a negative earnings shock, r_. This should be positive,
to match our definition of underreaction in Section 2, and to replicate the
empirical findings of studies such as that of Bernard and Thomas (1992).

Moreover, the literature on overreaction that was reviewed in Section 2
suggested that investors become overly optimistic following a consistent pat-
tern of good news, and too pessimistic after a similar pattern of bad news.

YDeveloping analytical formulae for the population values of the statistics used in the
empirical papers is intractable in our model. By specifying parameters and simulating long
time series, we hope to approximate these population values with reasonable accuracy.
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Consistent with this, and with our definition of overreaction, we would ex-
pect that the average return in the period following a long series of consec-
utive positive shocks should be lower than the average return following a
similarly long series of negative shocks. This motivates us to calculate the
difference between average returns following two positive shocks and two neg-
ative shocks, r, . — r__, following three consecutive shocks of the same sign,
r4+4+4 —7—__, and finally, following four consecutive shocks, 44 —7____.
What we hope to see, and what we indeed find is that these quantities
decline as we condition on a progressively longer string of earnings shocks of
the same sign, indicating a transition from underreaction to overreaction.
The values chosen for the underlying variables are:

A = 01, A, =03
1 3
L — —

TH 3’ 4

and on the basis of a simulated sample of 10,000 data points, the results for
the difference in average returns in the case of sorting by earnings are:

Earnings Sort
Ty —T_ .0025
Tay — T .0011
Teey —7T___ | -.0003
Toisy —T——__ | -.0016

The average return following a positive earnings shock is greater than the
average return following a negative shock, indicating underreaction in the
manner of Bernard and Thomas. As we increase the number of shocks of the
same sign that we condition on, however, the difference in average returns
decreases through zero and turns negative once we condition on three or more
shocks of the same sign, indicating overreaction!”.

Some of the other studies in Section 2 calculated average returns condi-
tional not on previous earnings realizations, but on previous realizations of
returns. For instance, the positive autocorrelation found by Cutler, Poterba,

and Summers (1991) requires that average returns in periods following high

1UAs mentioned in Section 3, a more natural definition of a positive earnings shock
may be an earnings realization that is higher than expected, rather than merely a positive
earnings change. In our model, however, these two variables are highly correlated, so that
the results are very similar in the two cases.
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returns should be higher than average returns in periods following low re-
turns, so that the difference in average returns is positive. Once we condition
on cumulative returns over longer periods, though, studies of overreaction in-
cluding that of Poterba and Summers (1988) suggest that this difference in
average returns will turn negative.

In an attempt to replicate these studies, we use past returns as a sorting
mechanism rather than earnings. In other words, we take the simulated series
of 10,000 price observations and calculate non-overlapping cumulative returns
over say three periods. We then rank these cumulative returns, and calculate
the average return in the period following those three period intervals with
cumulative returns in the top decile, 7y, minus the average return in the
period following those three period intervals with cumulative returns in the
bottom decile, ... We calculate this for cumulative returns over intervals
of one, two, three and four periods, i.e. 7y — 71, Tyy — TLL, THHH — TLLL,
and TyyHHE — TLLLL-

Again, what we hope to find, and indeed do find, is that these numbers
decrease, with ry — r; positive (positive correlation, underreaction in the
manner of Cutler, Poterba, and Summers (1991)), and ryyyy — TLLLL Deg-
ative (overreaction, negative correlation as found in Poterba and Summers
(1988)). Using the same set of values for the underlying parameters, the
results are:

Returns Sort

T —TL 0024
THH — TLL 0013
ruge —rreer | --0012

rugee — T | --0022

The average return following one-period returns in the top decile is higher
than the average return following one-period returns in the bottom decile.
Once we start sorting on cumulative returns over two or more periods, how-
ever, the difference in average returns falls through zero and turns negative.

Finally, we can also use our simulated data to try to replicate one more
widely reported empirical finding, namely the predictive power of earnings-
price ratios for returns. We calculate the difference between average returns
in periods following higher than average earnings-price ratios and average
returns in periods following lower than average earnings-price ratios. We
repeat this calculation for non-overlapping multi-period returns. In each
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case, we find the difference in average returns to be positive, replicating the
predictive power of the earnings/price ratio:

E/P sort
Tt+1 |_A_&>E - TH-IIE,_(E 0.0016
Py P Py P

0.0015

Tt+1,t+2|ﬁr_>ﬂ - Tt+1,t+2|ﬂ<
PP Py

Tt+1,t+3|&>z - Tt+1,t+3|£,_< - | 0.0013
PP Py
0.0015

lz| wi=| -z

Tt+1,t+4|I_VL>E — r¢+1,t+4|&<
Py P Py P

Here, 1441 ¢44 refers to the cumulative return 7,41 + 7i42 + 7143 + T4

5 Conclusion

In this paper, we have presented a parsimonious model of investor sentiment,
or of how investors form expectations of future earnings. The model we pro-
pose is motivated to a large extent by research on the heuristics that people
use in assessing the probabilities of outcomes. We show that the interaction
of the investor’s belief formation process with the true model for earnings can
generate two distinct empirical regularities, namely underreaction to news,
and overreaction to consistent good or bad news. The result obtains for a
wide range of parameter values in the underlying model.
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6 Appendix

PROPOSITION 1: If the investor believes that earnings are generated by the regime-
switching model described earlier, then prices satisfy:

N,
P = —;— + ye(p1 — pame)

where p; and p; are given by the following expressions:

o= b1+ O+ ) - QI Q)

mo= —5061+OU1+8-QI7Qn)
where:
v = (1,-1,1,-1)
7 = (0,0,1,0)
vo = (1,0,-1,0)
(1-A)my 1-=M)1-7g) AT g Ao(l —mpy)
Q — (1—/\1)(1—71'1-1) (1—/\1)71'H /\2(1-—71’1-1) )\27TH
MTH M=) (1= A)mg (1-=2A)(1—mp)
A{l —myp) AITL (1—)2)(1 —7L) (1—)\2)7TL

PROOF OF PROPOSITION 1:
The price will simply equal the value as gauged by the uninformed investors which we
can calculate from the present value formula:

_ Newa Nit2
Po=Bi v aaep 7o)
Since:
Ei(Nev1) = N+ Er(ye+1)
Ei(Ney2) = Ne+ Ei(ye41) + Et(ye42), and so on
we have:

1 . Ei(y1+2) | Ei(yi+3)
P == .
2 6{M + Ee(ye1) + T+ T 0+ 0) +...}

So the key is calculate E,(y:+;). To get this, define:

j t+5 _t+3 _t+3 _t+3
7rt+] — (ﬂ_l+J , 71.2+1 ’ 71,3+J,71,4+J)
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where:

w7 = Pr(sis; = 1, yee; = 4:|®e)
w7 = Pr(see; = 1 yrej = el @)
757 = Pr(sss; = 2, Yeuj = 9e|®e)
7rf1+j = Pr(si+j =2, Y1+ = —y:|®e)

where ®, is the investor’s information set at time t, consisting of the observed earnings

series (Yo,¥1,---,¥:) wWhich can be summarized as (y;, 74).
Note that
Pr(yey; = ye|®:) = 7r§+j + .,rgﬂ‘ = gt
¥ = (1,0.1,0)

The key insight is the following:
i+l — Q,,rt+j—1

where  is just the transpose of the transition matrix for the states (s¢4;, Yi+5), i-€.

(1) (2) (3) (4)
(1) (1—/\1)71’H (1—)\1)(1—7”-1) /\171'1_ /\1(1—7r1_)
Q= (2) 1-M)1~-n7pg) (1-A)my M(l=-mp) ATL
(3) Aoy A2(l —my) (1= A2)myp (1—-2)(1—myp)
4) A2(l —7pg) AoT (1=2)(1 =) (1= Ag)mp
Therefore:
0

{(Note the distinction between =; and 7*). Hence,

Pr(yie; = wil®)=5Q"
and
Ei(ye4;1®) = yFQ7") + (-y)y' @)
¥ = (0.1,0.1)
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Substituting this into the original formula for price gives:

_ 1
Po = g
o= 1060+ O+ - Q7'Qm)
- _% (o1 + )1+ 6) - Q"' Qma)
v = (L-11,-1)
vy = (0,0,1,0)
vo = (1,0,-1,0)

PROPOSITION 2: If the underlying parameters 7wy, 7, A1 and A satisfy:

kps < p1 < kpy

where:
k = 1+3A8@
k= ° + %(Cl + Czﬂ'.)
Aln)T - ATz
a = T—x
A(T) - A(x)
¢y = =
T—X

i € if >0

{ 7 if <0

T

then both f(w) < 0 and E,(f(w)) > 0 hold, i.e. the conditions for both underreaction
and overreaction are satisfied. (Functions and variables which have not appeared in the
analysis before will be defined in the proof).

PROOF OF PROPOSITION 2:

Before we enter the main argument of the proof, we present a short discussion of the
behavior of 74, the probability assigned by the investor at time t of being in Regime 1.
Suppose that the earnings shock at time ¢ + 1 is of the opposite sign to the shock in
period t. Let the function Z(m) denote the increase in the probability assigned to being
in Regime 1, i.e.:

Z(Tr) = Tt41 —“tiyt+1=—yl.m=n
(L= M)m+ (1 = 7))(1 —7p)
(A =2A)m+ 21 =7))(A = 7g) + (Mr+ (1= A)(1 = m))(1 — 7y )

-7
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Similarly, the function A(m) measures the size of the fall in 7, if the period t + 1 earnings
shock should be the same sign as that in period ¢.

A(m) = “t—ﬂ't+1|yl+1=y:,m=w
((1 - Al)ﬂ' + Ag(l - W))T(H
(1= Anm+ do(l=m)my + (Mm + (1= A2)(1 —m)7L

= m—

By checking the sign of the second derivative, it is easy to see that both A(r) and A(m)
are concave. More important though, is the sign of these functions over the interval [0.1].
Under the conditions 7y < 7z, and A1 + A2 < 1, it is not hard to show that Z(w) > 0 over
an interval [0,7], and that A(7) > 0 over [z, 1], where 7 and 7 satisfy 0 <z <7 < 1.

The implication of this is that over the range [z, 7, the following is true: if the time ¢
earnings shock has the same sign as the time ¢ + 1 earnings shock, then 741 < m¢, or the
probability assigned to Regime 2 rises. If the shocks are of different signs, however. then

7eq1 > Ty, and Regime 1 will be seen as more likely.

Note that if 7, € (7.7, then 7, € [z,%] for ¥7 > t. In other words, the investor’s
belief will always remain within this interval. If the investor sees a very long series of
earnings shocks, all of which have the same sign, 7, will fall every period, tending towards
a limit of 7. From the updating formulas, this means that 7 satisfies:

(1=M)m+ (1 —x))7y
(Q=-M)z+ XA -—m)rg+ Mz + (1= r)Q-x))rL

z:

Similarly, suppose that positive shocks alternate with negative ones for a long period
of time. In this situation, m; will rise every period, tending to the upper limit 7, which
satisfies:

(A= A)T+ X1 -F)(A —74)
(T =2)T+ 21 =T)A —mg) + (MTF+ (1 - 2)(Q =T))(1 —7L)

T =

In the case of the parameters used for the Table in Section 3, 7= 0.28, and @ = 0.95.

There is no loss of generality in restricting the support of 7, to the interval [z, 7.
Certainly, an investor may have prior beliefs that lie outside this interval, but with proba-
bility one, 7, will eventually belong to this interval, and will then stay within the interval

forever.

We are now ready to begin the main argument of the proof. Underreaction means that
the expected return following a positive shock should exceed the expected return following
a negative shock. In other words,

Ei(Pry1 — Pyt = +y) — Et(Pra1 — Pelye = —y) > 0
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Overreaction means that the expected return following a large number of positive
shocks is smaller than the expected return following a large number of negative shocks.
In other words, there exists some large number J, such that for all j > J.

Ez(Pz+1 —Pz!yz =Y-1= .. =WY—; = y)_Et(-Pz-H —Ptlyt =Yt—1=... =Y—; = —y) <0

Proposition 2 provides sufficient conditions on p; and p; such that these two inequal-
ities hold. A useful function for the purposes of our analysis is:

f(m) = E{(Peyr — Py = 4y, 7 = 7) — Ee(Piy1 — Pelye = —y, 7 = 7)

The function f(x) is the difference between the expected return following a positive shock
and that following a negative shock, where we also condition on 7, equalling a specific
value 7. It is simple enough to write down an explicit expression for this function. Since:

Py = Py = poyea1 + (Ye+1 = ye)(P1r — p2me) — yep2(meqr — ) = (Ye41 — Ye)P2(Teq1 — 7).

we find:

Ei{(Piy1— Blyrer = +y,m=m)

(—poy = 2y(p1 — pom) — yp2 () + 2yp2 (7))

PO

= %(poy +yp2A(7)) +
= y(pam —p1) + %ypz(_A_(ﬂ) + A(m))
Further it is easily checked that:
Ei(Piy1 — Pilyr+1 = +y, 7 = ) = —E(Pi1 — Pilyesr = —y, m = )
and hence that:

f(m) = 2y(pam — p1) + yp2(A(7) + A(m)).

First, we show that a sufficient condition for overreaction is:
f(m) <0.
For suppose that this condition holds. Then this implies:
E(Piy1 — Plye = +y. 7 = 1) < E(Peyr — Pilye = ~y,m = 1)
Now as j — oc,
E(Pyi—Plyy=y-1=...=y1—j =y) = E(Piy1 — Pelye = +y, 7 = 1)
and

Ei(Pyq — leyt =Yt-1= ... = Y5 = —y) - Et(PH—l - Py = —y,m =E)-
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Therefore, Vj > J sufficiently large, it must be true that:
E(Pu1—Plyr=p-1=...=4—j=y) < Ee(Py1 - Rlyt =p1-1= ... = y1~; = —y)

which is nothing other than our original definition of overreaction.
Rewriting the condition f(r) < 0 as:

2y(poz — p1) + yp2(A(x) + A(x)) <0

we obtain: A
Alrx
pr > ol + 2B 1)
which is one of the sufficient conditions given in the Proposition.
We now turn to a sufficient condition for underreaction. The definition of underreac-

tion can also be succinctly stated in terms of f(#) as:

Ex(f(x)) >0,

where E, denotes an expectation taken over the unconditional distribution of 7. Rewriting

this we obtain, .
2yp2E(7) — 2yp1 + yp2 Ex(A(T) + A(7)) > 0

and hence,

) (2)

Unfortunately we are not yet finished because we do not have closed form formulas for
the expectations in this expression. To provide sufficient conditions, we need to bound
these quantities. Note that if po < 0, it is impossible for both (1) and (2) to be satisfied
simultaneously because:

. < patn) + ExB(E) +A()

T+ ¥ < E(m) + E”(—A—(”); am).

Therefore, from now on we will suppose that ps > 0. .
The first step in bounding the expression E() + 4 E, (A(7)+ A(r)) is to bound E (7).
To do this, note that:

E(m) = E(mg1) = Ep, (E(resaim))
= E,,t(-i;(ﬂ't +Z(7r,))+%(77t — A(my)))
Eﬂ(g(ﬂ'))

H

Consider the function g(r) defined on {z.%|. The idea is to bound this function above
and below over this interval by straight lines, parallel to the line passing through the
endpoints of g(7), namely (x, g{z)), and (7, g(7)). In other words, suppose that we bound
g(m) above by §(7) = a + br. The slope of this line,

_g(® -g(x)  (F-z) - HAF) + Ax) -1
T—-T
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and a will be such that:
inf (a+br—g(m))=0.
"qﬁ]( ()

Given that
En(g(m) —7) = 0

we must have:
Er(G(m)-m) >0

or
E(a+br—m)
E(r) <

v
o

1-b

since b < 1. This gives us an upper bound on E(w), which we will call 7¢. A similar

argument produces a lower bound z°. _
The final step before completing the argument is to note that since A(r) and A(r)

are both concave, A(7) + A(r) is also concave, so that

E+a)m) > (” "—’)ém + (f‘ ”)Z(z)

T—7 T
= ¢} t+com
where:
. _ B@r-Ams
1 = Tz
A(T) — A(xm)
c2 = =
T-1
Therefore,
1 _ — e 1
E(m) + ALY +A(m) =z =+ §E(Cl + ¢om)
e 1
> 1+ 5(61 + com.)
where:

. — € if <0
T _l_e if CQZU

This completes the proof of the Proposition.

1|
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Allowabie region for pi(h) and pil); la1 = 0.1, a2 = 0.3
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Figure 1: Shaded area marks the (pi(h),pi(l)) pairs which satisfy the sufficient
conditions for both underreaction and overreaction
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Allowable region for OVERREACTION, la1 = 0.1, la2 = 0.3
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Figure 2: (pi(h),pi(l)) pairs which satisfy the sufficient conditions for under-
reaction and overreaction plotted out separately
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Allowable region for pi(h) and pi(l); la1 = 0.1, 1a2 = 0.2
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" Figure 3: Shaded area shows the (pi(h),pi(l)) pairs which satisfy the sufficient
conditions for both underreaction and overreaction
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Allowable region for pi(h) and pi(l); la1 = 0.2, 1a2 = 0.4
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Figure 4: Shaded area shows the (pi(h),pi(l)) pairs which satisfy the sufficient
conditions for both underreaction and overreaction



