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ABSTRACT.  General equilibrium analysis is difficult when asset markets
are incomplete. We make the simplifying assumption that uncertainty is small
and use bifurcation methods to compute Taylor series approximations for asset
demand and asset market equilibrium. A computer must be used to derive these
approximations since they involve large amounts of algebraic manipulation. To
illustrate this method, we apply it to analyzing the allocative, price, and welfare
effects of introducing a new derivative security.

1. INTRODUCTION

Precise analysis of equilibrium in asset markets is difficult since few cases can be
solved exactly for equilibrium prices and volume. Many analyses assume that markets
are complete, implying that equilibrium is efficient and equivalent to some social
planner’s problem. That approach is limited since it ignores transaction costs, taxes,
and incompleteness in asset markets. This paper develops bifurcation methods to
approximate asset market equilibrium without assuming complete asset markets. We
begin from a trivial deterministic case where all assets have the same safe return and
use local approximation methods to compute asset market equilibrium when assets
have small risk. We compute Taylor series expressing equilibrium asset prices and
holdings as a function of preference parameters such as absolute risk aversion, and
asset return statistics such as mean, variance, and skewness. The formulas completely
characterize equilibrium for small risks.

Implementing this approach is straightforward, but involves an enormous amount
of algebraic manipulation far beyond the capacity of human hands. Fortunately, desk-
top computers using symbolic software can execute the necessary algebraic manipula-
tion and compute the series expansions in reasonable time. We use Mathematica, but
the computation could be executed by other symbolic languages such as Macsyma

*We acknowledge the useful comments of Robert Anderson, Piero Gottardi, Mordecai Kurz, and
seminar participants at Louvain de Neuve, Northwestern University, Caltech, Stanford Institute of
Theoretical Economics, and the University of Chicago.
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and Maple. The asymptotic expansions tell us about the qualitative properties of
equilibrium and can be used to compute a numerical approximation to equilibrium of
particular problems with a specified nonzero risk. Therefore, the bifurcation approach
is computational in two ways: the formulas are qualitative asymptotic approximations
derived by computer algebra, and can be used to produce numerical approximations
to specific problems. This paper focuses on the qualitative asymptotic results and
leaves the numerical applications for future study.

The result is essentially a mean-variance-skewness-etc. theory of asset demand
and equilibrium pricing, similar to Samuelson’s [22] analysis of asset demand. This
approach is also more intuitive than the standard contingent state approach to equi-
librium. The incomplete markets paradigm focuses on the difference between the
number of contingent states and the number of assets. For example, welfare results
in Hart [11], Cass and Citanna [3], and Elul [7] depend on how many assets are miss-
ing and the number of agents. It is difficult to interpret such indices of incompleteness
since we can count neither the number of contingent states nor the number of different
kinds of agents in a real economy. Furthermore, one expects that the impact of asset
incompleteness on economic performance is related more to the statistical character
of riskiness and the diversity of investor objectives than to the number of states and
the number of agents. For example, the number of different agents is a poor measure
of agent diversity since an economy with 100 types of investors with different risk
aversions close to the mean risk aversion is less diverse than an economy with 10
types of investors with substantially different risk aversions. Similarly, the number
of contingent states is at best a poor indicator of the magnitude and character of
riskiness. This paper’s analysis produces asymptotic formulas depending solely on
the moments of asset returns and the differences in utility indices, showing that they,
not the number of states, govern the asymptotic properties of equilibrium. Since mo-
ments are more easily observed in real markets than the number of contingent states
the result is a more practical and intuitive approach to equilibrium analysis of asset
markets.

Our approach is intuitive and similar in spirit to standard linearization and com-
parative static methods from mathematical economics. If fact, the analysis resembles
Jones [12] classic analysis of international trade. Linearization methods based on the
Implicit Function Theorem (IFT) are important computational tools that allow us to
approximate nonlinear relationships with tractable, asymptotically valid approxima-
tions. We begin with the no-risk case where we know the equilibrium. We then use
that information to compute equilibria for nearby cases of risky economies. However,
the IF'T does not apply here because the critical Jacobian is singular. In particular,
when risk disappears all assets must become perfect substitutes and the portfolios
of individuals are indeterminate when risk is zero. We cannot use the IFT if we do
not know the equilibrium portfolio in the case of zero risk. Instead, we must apply
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tools from bifurcation theory to solve our problem. These tools are natural since
they are essentially generalizations of L’Hospital’s rule. Furthermore, because of the
singularity at zero risk, we will need to compute higher-order approximations, not
just the familiar first-order terms from linear approximation methods.

The purpose of this paper is to present the key mathematical ideas and illustrate
them with basic economic applications. We first apply bifurcation methods to de-
rive approximations of asset demand, refining the similar Samuelson [22] method.
We then use these approximations of asset demand to compute approximations of
asset market equilibrium. We compute asymptotically valid expressions for equilib-
rium with different asset combinations, and use them to show how changes in asset
availability affects equilibrium.

The bifurcation approach is particularly interesting since it handles the complete
and incomplete asset market cases in the same way. This contrasts sharply with the
conventional approach where the incomplete asset market case is far more complex
than the complete market case (see Magill and Quinzii [21] for a more complete
discussion). We can do this because we focus on small risks. Since our analysis
makes no assumptions about the span of assets, it is also a method for computing
equilibrium in some economies with incomplete asset markets. This is generally a
difficult problem because the excess demand function is not continuous. Brown et al.
2] and Schmedders [23] have formulated algorithms for computing equilibria when
asset markets are incomplete. Their methods aim to compute equilibrium for any
such model. Our method is only valid locally but is much faster since it relies on
relatively simple and direct formulas.

The applications presented in this paper are just a small sampling of the possi-
bilities. Guu and Judd [15] applies the results of this paper to compute the optimal
derivative asset. Leisen and Judd [19] uses similar methods to price options and de-
termine equilibrium trade in options when they are not priced by arbitrage. We stay
with the single good model in this paper so that we can focus on the key mathemat-
ical problems. The methods do generalize to the multicommodity models examined
in Hart and others, but space limitations force us to leave that for future studies.

Section 2 reviews local approximation theory and previous small noise analyses.
Section 3 presents the bifurcation to theorems that generalize the IFT. Section 4
applies the bifurcation theorems to asset demand. Section 5 presents a small noise
analysis of an asset market with one risky asset and Section 6 examines a market
with one fundamental risky asset plus a derivative asset. Comparisons of these cases
allows us to analyze the effects of introducing a derivative asset. Section 7 discusses
some computational considerations. Section 8 outlines the approach to more general
models. Section 9 concludes.
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2. LoOCAL APPROXIMATION METHODS AT NONSINGULAR POINTS

Local approximation methods are based on a few basic theorems. They begin with
Taylor’s theorem and the IF'T for R™. We first state the basic theorems in this section,
and then present the bifurcation theorems in the next section.

2.1. Taylor Series Approximation. The most basic local approximation is pre-
sented in Taylor’s Theorem.

Theorem 1. (Taylor’s Theorem for R™) Let X C R"and p be an interior point of X.
Suppose f : X — R is C**! in an open neighborhood N of p. Then, for all x € N

T =1 ip=1

+0 ([l = p|)*

The Taylor series approximation of f(z) based at p uses derivative information
at p to construct a polynomial approximation. The theory only guarantees that this
approximation is good near p. While the accuracy of the approximation decays as x
moves away from p, this decay is often slow, implying that a finite Taylor series can
be a good approximation for x in a large neighborhood of p.

2.2. The Meaning of “Approximation”. We often use the phrase “f(x) ap-
proximates g(x) for x near p”, but the meaning of this phrase is seldom made clear.
One trivial sense of the term is that f(p) = g(p). While this is certainly a nec-
essary condition, it is generally too weak to be a useful concept. Approximation
usually means at least that f'(p) = ¢/(p) as well. In this case, we say that “f is a
first-order (or linear) approximation to g at x = p”. In general, “f is an n’th order
approximation of g at x = p” if and only if

1@ =) |

n :O
v |z —p]

This definition says that the error || f(x) — g(x)]|| of the approximation f(z) is asymp-
totically bounded above by ¢ ||z — p||" for any constant ¢ > 0. Therefore, for any x
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near p, the approximating function f(z) is very close to g(z). In particular, the de-
gree k Taylor series of a C**! function is a k’th order approximation since its error
is O (||lz — p|)**". This may seem trivial but this is not always the definition of n’th
order approximation used in economics. We state it here for the purpose of precision.

2.3. The Implicit Function Theorem for Analytic Functions. Our analysis
will rely on the IF'T for analytic functions. It is useful to review some basic facts about
analytic functions that will help us understand our results. The following definition
for analytic functions is the most helpful of the many equivalent definitions.

Definition 2. A function f(x) : R — R is analytic at x, if and only if there is some
nonempty open set ) C R such that zo € Q and for all z € Q, f(x) = Zf:o a;x' and
S ai |z’ < oo for all z € Q.

Basically, analytic functions are C*° and locally equal to the power series created
by Taylor series expansions. The key word here is “local”. For example, the power
series expansion of logz around xy = 1 cannot be globally valid since logx is not
defined at x = 0. To make this precise, we need the concept of radius of convergence.
The next theorem states the key result that the domain of convergence for a power
series is a disk.

Theorem 3. Let C = {x| Zf:o aiaji} < 00. Then the closure of C, C, is a disk, and

the radius of C is called the radius of convergence of Zf:o a;x'.

The focus on analytic functions is essential since some C* functions are not
analytic. The best example of this is e~/ =* The function e */*” is defined everywhere,
even at x = 0. Furthermore, it is C* everywhere, even at x = 0 where each derivative
equals zero. This implies that the Taylor series expansion based at o = 0 is the zero
function. However, e~/ @ equals zero just at x = 0, not in any neighborhood of x = 0.
Therefore, e/ 2* does not equal its Taylor series expansion in any open neighborhood
of x = 0 and is not analytic at x = 0. In general, a C'"*™° function is analytic at xg if
and only if it equals its power series in some nondegenerate neighborhood of xg.

We have discussed just the univariate case. Analytic functions on R” are simi-
larly defined; see, for example, Zeidler [26]. The next important tool is the Implicit
Function Theorem (IFT) for analytic functions.

Theorem 4. (Implicit Function Theorem) Let H(z,y) : R™ xR ™ — R™ be analytic
at (zo,yo0) and assume H(xo,yo) = 0. If Hy(xo,yo) Is nonsingular, then there is a
unique function h : R” — R™ such that h(x) is analytic at zo and H(z, h(x)) = 0 for
(x,y) in an open neighborhood of (x¢,yo). Furthermore, the derivatives of h at x
can be computed by implicit differentiation of the identity H(x, h(z)) = 0.
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The IFT states that h can be uniquely defined for x near xy by H(z,h(z)) =0
if H,(xo, o) is not singular and allows us to implicitly compute the derivatives of h.
For example, the gradient of h at g is

oh -
(o) = —Hy (w0, 0) ' Ha o, o)

and provides us with the first—order terms of the power series representation for h(z)
based at zp. When we combine Taylor’s theorem and the IFT, we have a way to
compute a locally valid polynomial' approximation of a function h(zx) for x near x
implicitly defined by H(z,h(x)) = 0. There is an IFT for C* functions, but it does
not give us a positive radius of convergence for the implied power series. Therefore,
we must proceed with an analytic function perspective.

The focus on analytic functions is not restrictive since most functions economists
use are locally analytic at points of economic relevance. For example, logc is a
common utility function and is analytic at each positive value of c¢. Similarly for
Cobb-Douglas production functions £“¢*~®. However, these functions are only locally
analytic, implying that different power series representations are valid over different
finite intervals. For example, suppose we construct a power series for u(c) = logc
based at ¢y = 1. Since log ¢ is undefined at ¢ = 0, the radius of convergence for that
power series is at most 1, which in turn implies that that power series is not valid for
any ¢ > 2. However, the power series based at ¢y = 2 is valid for ¢ € (0,4). When we
use the IFT for analytic functions, we need to be aware of the radii of convergence
of the power series we implicitly use and be sure that they are consistent with our
application of the IFT.

The power series constructed in the IFT for analytic functions will have a positive
radius of convergence, but we know anything about its magnitude in general. This
is a drawback in some contexts. This issue is not important in this paper since we
examine only the asymptotic properties of models. We will return later to the issue
of the range of validity for our formulas.

2.4. Previous Small Noise Analyses. The small noise approach is not new to
the economics literature, but the approach we take differs in substance and formalism
from previous efforts. One line of previous work is taken by Fleming [8], which was
elaborated on by Judd and Guu [14]. Fleming showed how to go from the solution of
a deterministic control problem to one with small noise added to the law of motion.

IThe derivative information could also be used to compute a Padé approximant, or other nonlinear
approximation schemes. Judd and Guu (1993) and Judd (1998) examine both approaches. In this
paper, we will stay with the conventional Taylor expansions.
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Specifically, consider the problem

max E { /0 Te*ﬂtw(x, u)dt} (1)

dr = f(u,z)dt + eo(u,x)dz

Fleming approximated the problem in (1) for small € by finding the control law
u = U(x,t) of the ¢ = 0 problem and then apply the IFT to Bellman’s equation.
A key detail was that the control law needed to be unique in the € = 0 case. Judd
and Guu implement this approach for infinite horizon problems, and show that the
Fleming procedure produces good approximations.

The problem discussed in Fleming, and Judd and Guu was easy since it could be
handled by the standard IFT. A less trivial problem was examined in Samuelson [22].
He examined the problem of asset demand when riskiness was small. We will return
to that problem below.

A third example of the small noise analysis is Magill’s [20] analysis of what is now
called real business cycles. Magill showed how to compute linear approximations to
(1), use these approximations to compute spectra of the resulting linear model, and
proposed that the spectra of these models be compared to empirical data on spectra.
Kydland and Prescott [18] focussed on the special case of Magill’s method where the
law of motion f(u,z) is linear in (u, z), and partially implemented Magill’s spectral
comparison ideas by comparing variances and covariances of these linear approxima-
tions of deterministic models to the business cycle data. This special case of Magill’s
approach to stochastic dynamic general equilibrium has been important in the Real
Business Cycle literature. Gaspar and Judd [10] shows how to compute higher-order
expansions around deterministic steady states. Also, the methods in Magill, and Kyd-
land and Prescott were “certainty equivalent approximations”, that is, they compute
a linear approximation to the deterministic problem, ¢ = 0, and apply it to problems
where € # 0, whereas Gaspar and Judd [10] computes approximations which includes
the effect of €. Similarly, we will compute high-order expansions where ¢ is allowed
to vary.

A fourth example that particularly illustrates the importance of using bifurcation
theory is Tesar [25]. Tesar used a linear-quadratic approach to evaluate the welfare
impact on countries from opening up trade in assets. Some of her numerical examples
showed that moving to complete markets would result in a Pareto inferior allocation,
a finding that contradicts the first welfare theorem of general equilibrium. Kim and
Kim [16] have shown that this approach will often produce incorrect results. These
examples illustrate the need for using methods from the mathematical literature
instead of relying on ad hoc approximation procedures based loosely on “economic
intuition.”
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This paper illustrates the critical mathematical structure of asset market problems
with small risks, and develops the relevant mathematical tools. While the model
analyzed below is simple, the basic approach is generally applicable.

3. BIFURCATION METHODS
Our asset market analysis requires us to approximate an implicitly defined function
at a point where the conditions of the IFT do not hold. Fortunately, we will be able
to exploit additional structure and arrive at a solution using bifurcation methods.
We first present the general theorems and then apply them to some asset problems.

3.1. Bifurcation in R!. Suppose that H(z,¢) is C? and z(¢) is implicitly defined
by H(z(e),e) = 0. One way to view the equation H(x,e) = 0 is that for each e it
defines a collection of x that solves H(x,¢e) = 0. The number of such x may change
as we change e. We next define the concept of a bifurcation point.

Definition 5. (zo,¢) is a bifurcation point of H iff the number of solutions = to
H(z,e) = 0 changes as € passes through €, and there are two distinct parametric
paths, (X;(s), Ei(s)), i = 1,2, such that H(X;(s), Fi(s)) = 0, and lim,_,o(X;(s), E;(s))
(x07 60) = 17

A trivial example of a bifurcation is H(x,€) = e(x — €) at (x,¢€) = (0,0). If € # 0,
the unique solution to H = 0 is z(€) = €, but at ¢ = 0 any z solves H = 0. There
is a bifurcation point at (z,e) = (0,0), and the two branches of solutions to H = 0
are X1(s) = Ei(s) = s and Xi(s) = s, Ei(s) = 0. We cannot apply the IFT to
H(z(€),e) = 0 at (0,0) directly since the Jacobian of H, is singular at (0,0). Suppose
that we are interested in the branch z(e) = €, and not the trivial branch where € = 0
and x is arbritrary. This is natural since we want to know how x changes as € changes,
not just the situation at e = 0. Bifurcation theorems help us accomplish this. The
case for x € R is summarized in the Theorem 6.

Theorem 6. (Bifurcation Theorem for R) Suppose H : R x R — R, H is analytic
for (z,€) in a neighborhood of (x(,0), and H(z,0) = 0 for all x € R. Furthermore,
suppose that

Hm<1170,0) =0= H€<(L’0,0>, 15<IL’0, ) 7£ 0.

Then (x0,0) is a bifurcation point and there is an open neighborhood N of (z,0)
and a function h(e€), h(e) # 0 for € # 0, such that h is analytic and H(h(e),€) = 0 for
(h(€),e) € N.
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Proof. The strategy to prove this theorem follows the trick of “solving a
singularity through division by €” (see Zeidler, 1998, Chapter 8). Define
H(z,€) c 0
F(x,e) = { OH (2,0) 7_A : (2)
—5c, €=0

Since H is analytic and H(z,0) = 0 for all z, H(z,e) = eF(x,¢) and F is analytic
in (z,e). Since 0 = H(x0,0), F(x00) = 0. Direct computation shows F,(x,€) +
€Fye(x,€) = Hye(x,€), which implies F,(x,0) = Hye(x0,0) # 0. Since F,(z0,0) # 0,
we can apply the IFT to F' at (xg,0). Therefore, there is an open neighborhood N of
(x9,0) and an analytic function h(e), h(e) # 0 for € # 0, such that F(h(e),e) = 0 for
(h(€),€e) € N, which in turn implies H(h(e),€) = 0 for (h(e),e) e N. H

In general, Theorem 6 tells us we can compute derivatives through implicit differ-
entiation. In particular, 4'(0) and A”(0) are defined by

R'(0) = —[Fw(xo,o)]*lFe(xo,O) :—%[Hm(xo,o)]lHa(xo,O)
3H,c(x0,0)h" (0) = —[3h'(0)Hype(o, 0)h (0) + 3H e (0, 0)1' (0) + Heee (20, 0)]

which implies a unique value for A'(0) and h”(0) as long as H,.(xo,0) # 0. Notice
the sequentially linear character of the problem. One only needs linear operations
to compute /'(0), and once we have computed h/(0) the problem of computing h”(0)
is also a linear problem. The existence of //(0), h"(0), and all higher derivatives of
h relies solely on the solvability condition H,c(x0,0) # 0 and the existence of the
higher-order derivatives of H at the bifurcation point.

Theorem 6 resolves the problem when H(z,e¢) = e(x —€) = 0. In this case,
H(z,0) = 0 for all z, H,(0,0) = 0 = H.(0,0), but Hy(z,0) = 1 # 0. Implicit
differentiation shows that h'(0) = 1, and that every other derivative of h at x = 0 is
zero. The example of H = €(x — €) seems quite trivial, but our problems will have a
similar form and Theorem 6 gives us conditions under which the general problem is
really no more complex than this simple example.

Implicit differentiation of H(x(e),e) = 0 will produce a power series expansion
for x(e) around € = 0, but we know nothing about the radius of convergence of that
power series. For example, H(x,€) = € (x —(e+ 1)V 2) = 0 has the obvious global
solution z(¢) = (e+1)'/2 but the power series for (¢ +1)/? around € = 0 is valid only
when —1 < € < 1 because there is a singularity at e = —1.2 Also, in practice, we will
only be able to use finite-order Taylor series approximations, which are just the initial

2The difficulty in this case could be fixed by a nonlinear change of variables. Appropriate and
clever nonlinear change of variables can help with this problem, but we do not pursue that strategy
in this paper.



AsyMpTOTIC METHODS FOR ASSET MARKET EQUILIBRIUM ANALYSIS 10

segments of the full power series. In general, any such Taylor series approximation
will do well for € close to zero, but the quality of the approximation will degrade as
€ moves away from zero.

We assumed H,.(xp,0) # 0 in Theorem 6. The division-by-zero trick can be
applied to problems with higher-order degeneracies. If Hye(z 0) = 0 then F(z00) =
0, and we cannot apply the IFT to F' in the proof. But if F¢(z¢0) = 0 and F,(z0,0) #
0 we can apply the bifurcation theorem to F.

3.2. Bifurcation in R” : The Zero Jacobian Case. The foregoing focussed
on one-dimensional functions h. We can also apply these ideas for functions over
R™. The same trick used in Theorem 6 works for Theorem 7; therefore, its proof is
omitted.

Theorem 7. (Bifurcation Theorem for R™) Suppose H : R” x R — R™ is analytic
near (x,0), and H(z,0) =0 for all x € R™. Furthermore, suppose that

Hx<x070> == Onxn (3)
He(l'O?O) = On (4)
det(Hye(20,0)) # 0 (5)

Then there is an open neighborhood N of (x¢,0) and an analytic function h(e) : R —
R” such that h(e) # 0 for € # 0, and H(h(e),e) = 0 for (h(e),e) € N.

Since Theorem 7 shows that A is analytic, it can be approximated by a multivariate
Taylor series. In particular, the first-order derivatives are defined by

1 (0) = —%Hz—; (20,0) He(z0,0) (6)

Theorem 7 assumes H.,(xo,0) is a zero matrix. There are generalizations that only
assume that H,(xo,0) is singular. We do not present any extensions here since they
are substantially more complex to present and are not needed below. See Zeidler or
Chow and Hale for more complete treatments of bifurcation problems.

4. PORTFOLIO DEMAND WITH SMALL RISKS
The key assumption we exploit is that risks are small. This is motivated not by any
claim that actual risks are small, but is reasonable for three reasons. First, this as-
sumption allows us to solve the problem without making any parametric assumptions
for either tastes or returns. We derive critical formulas for allocations and welfare
in a parameter-free fashion. The results tell us which moments of asset returns are
important and which properties of the utility function are important for the case of
small risks. Second, the results for small risks may be suggestive of general results.
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For example, the asymptotic results could provide counterexamples to conjectures
since the asymptotic results are asymptotically explicit solutions. Furthermore, any
general property of the model will be true for the case of small risks and will be
revealed as general properties of our asymptotic solutions. In this paper, we pursue
the implications of the small risk assumption, leaving it for later work to see how
robust those results.

Third, the period of time in our model is not meant to be an entire life, but
rather the period of time between trades. Given modern markets and the presence of
many high-volume, low-transaction cost traders, it is reasonable to assume that only
a moderate amount of risk is borne between trading periods. A dynamic model is
necessary to examine the validity of this point, but we believe that our static analysis
will give useful insights and leave dynamic generalizations for future work.

4.1. Demand with Two Assets. We begin by applying the bifurcation approx-
imation methods to asset market demand. Suppose that an investor has W in wealth
to invest in two assets. The safe asset, called a bond, yields one dollar per dollar
invested, and the risky asset, called stocks or equity, yields Z dollars per dollar in-
vested. There is no savings-consumption decision in this model. Therefore, this is
equivalent to making bonds in the second period the numeraire. If an investors has
6 shares of stock, final wealth is Y = (W — 0) + 0Z. We assume that he chooses 6 to
maximize E{u(Y)} for some concave utility function wu(-).

Economists have studied this problem by approximating u with a quadratic func-
tion and then solving the “approximate” quadratic optimization problem. The bifur-
cation approach allows us to examine this procedure rigorously and extend it. We
first create a continuum of portfolio problems by assuming

Z=14e+éen (7)

where z is a fixed random variable. We assume E {z} = 0 since we want (7) to
decompose Z into its mean, 1 + €27, and its risky component, ez. We also assume
0?2 = 1; this makes ¢ the standard deviation of Z and €? its variance in the e problem.
Both of these assumptions are just normalizations, implying no loss of generality. At
e = 0, Z is degenerate and equal to 1, the payoff of the bond. The scalar 7 represents
the risk premium. More precisely, o = 1 implies that 7 is the the price of risk, that
is, the risk premium per unit variance. In this demand problem we make the natural
assumption that 7 > 0 but that is not necessary for the analysis.

Equation (7) scales its terms in a manner consistent with economic theory. We
want (7) to represent a continuum of problems connecting a degenerate deterministic
problem to problems with nontrivial risk. Note that (7) multiplies z by € and 7
by €. Since the variance of ez is €2, this models the intuition that risk premia
are proportional to the variance. The continuum of problems parameterized in (7)
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all have the same price of risk m. The particular parameterization in (7) may seem
to prejudge the results. That will not be a problem since the application of the
bifurcation theorems will validate the assumptions implicitly made in (7).

The investor chooses 6 to maximize E{u(W + 6(ez + €°m))}. The first-order
condition for the investor’s problem is

eE{u' (W 4 0(ez + é27)) (z + er)} = 0. (8)

The condition (8) states that the future marginal utility of consumption must be
orthogonal to the excess return of equity. Let p be the probability measure for z and
(a,b) the (possibly infinite) support. The choice of 0 as a function of € is implicitly
defined by

0=H(f(e),e) = / u' (W + 0(e)(ez + €'7)) (2 + erm) dp. 9)

We want to analyze the solutions of (9) for small e. However, 0 = H(#,0) for all
6, because at € = 0 the assets are perfect substitutes. 6(0) is multivalued since any
choice of 0 satisfies the first-order condition (9) when e = 0. Furthermore, 0 = H (0, 0)
for all 6 implies 0 = Hy(0,0) for all 6, violating the nonsingularity condition in the
IFT. Therefore, we cannot use the IFT to compute a Taylor series for 0(e) at € = 0.

€ €
/ A
O E e= O B\ e=
F C

Figure 1: Bifurcation possibilities for asset demand problem

The situation is displayed in Figure 1. As e changes, the equilibrium demand for
equity, 6, follows a path like ABC or like DEGF'. Since the asset demand problem is
a concave optimization problem there is a unique path of solutions to the first-order

3Pages 518-519 in Judd (1998) show that alternative parameterizations of the form Z = 1+ €z +
e’ for v # 2 lead to singularities which prevent the application of implicit function or bifurcation
theorems.
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conditions whenever € # 0. At € = 0, however, the entire e = 0 horizontal axis is also a
solution to the equity demand problem. The path ABC' crosses the 0 axis vertically
and represents a pitchfork bifurcation, whereas the path DEGF crosses the 6 axis
obliquely and represents a transcritical bifurcation. The objective is to first find the
bifurcation point, B or E, where the branch of equity demand solutions crosses the
trivial branch of solutions to the first-order conditions, and then compute a Taylor
series that approximates 6(¢) along the nontrivial branch.

Computing 0,. We proceed intuitively to derive a solution which we validate
with the Bifurcation Theorem. Since we want to solve for 8 as a function of € near 0,
we first need to compute 0y = lim,_, 0(€). Implicit differentiation of (9) with respect
to € implies

0= Hy(0(¢),€)8 (¢) + He(6(e), €). (10)

Differentiating H (0, €) with respect to 6 and € implies
b
H.(0,¢) = / u"(Y) (02 + 20em) (z + emr) + ' (Y) 7 dp

Hy(f,¢) = / u'(Y) (2 + erm)’e dp

At e =0, Hy(0,0) = 0 for all . The derivative §'(0) can be well-defined in (10) only
if H.(0, 0) = 0. Therefore, we look for 6, defined by 0 = H.(6y, 0). At e = 0, this
reduces to (using the fact that fab 22 dp =02=1)0=u"(W)0by+ o' (W)r, which
implies

!/
W)
u//(W)

Oy = — (11)

This is the simple portfolio rule indicating that 6 is the product of risk tolerance and

the risk premium per unit variance. If 8 is well-defined, then this must be its value.
Theorem 8 states the critical result.

Theorem 8. Let (11) define 6y. If H(0,¢€) is analytic at (6y,0), then there is an
analytic function 0(€) that satisfies (9) such that 6(0) = 0y and 0(€) # 0 for € # 0.

Proof. Direct application of the Bifurcation Theorem. W

The assumption in Theorem 8 that H (6, €) is analytic at 0 is not trivially satisfied.
H(0,¢) is an integral and is analytic if u(c) is analytic over the set of ¢ at which u/(c)
is evaluated in the integrand of H(#,¢), because the integral of a power series is a
power series. If the support of u is compact and u is analytic at W then H (6, €)
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is analytic at (o, 0) since for small €, u/(c) is evaluated only at values of ¢ close to
W. However, if u has infinite support there may be problems because '(c) in the
integrand of (9) is evaluated over an infinite range whenever €, # 0. If the radius
of convergence for the power series representation of u'(c) based at W is finite, then
it will not be valid at some points in the support of u, rendering the power series
approach invalid. This will be the case, for example, if u(c) = logc and p is the
measure for a log Normal random variable. The radius of convergence of power series
approximations of u(c) at ¢ = W is a critical element, as well as the analyticity of
the density function of . The next corollary presents a sufficient condition for using
the bifurcation approach on an open neighborhood N.

Corollary 9. Define 6y as in (11). If u(c) is analytic at ¢ = W and the support of
w is compact, then there is a function 6(¢) analytic and satisfies (9) on (—eo, €g) for
some €, > 0 with (0) = 6y and 0(€) # 0 for € # 0 in (—€, €0).

In all formulas below, we will assume that the critical functions are locally analytic.

Computing 6'(0). Equation (11) is not an approximation to the portfolio choice
at any particular variance. Instead, 6, is the limiting portfolio share as the variance

vanishes. We generally need to compute several terms of the Taylor series expansion
for 0(e)

2 3
0(c) = 90+9’(o)e+9”(0)% +0’”(0)% +o (12)

In particular, the linear approximation is
0(e) = 0(0) + € 6'(0). (13)

To calculate 6 (0), differentiate (10) with respect to € to find 0 = Hgg 00 + 2Hy 0’ +
Hy0" + H,.. At (05,0), He = u" (W) E{2*}, Hpy = 0, and Hy. = u" (W). Therefore,

1
0(0) = —gHp Hee = —

1 'LL”/<W>
20" (W)

E{z*} 62. (14)

Again, we can use Corollary 9 to establish the existence of the derivatives of H for
some random variables.

Equation (14) tells us how the share of wealth invested in equity changes as the
riskiness increases. It highlights the importance of the third derivative of utility and
the skewness of returns. If the distribution of Z is symmetric, then F{z*} = 0, and
the constant 6, is the linear approximation of #(e¢) at ¢ = 0. This is also true if
u” (W) = 0, such as in the quadratic utility case. The case of '(0) = 0 corresponds
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to a pitchfork bifurcation point like B in Figure 1. However, if the utility function is
not quadratic and the risky return is not symmetrically distributed, then 6'(0) # 0,
and the linear approximation is a nontrivial function of utility curvature and higher
moments of the distribution. This indicates that the bifurcation point is transcritical
like £ in Figure 1.

Dividing both sides of (14) by 6, implies

') _
0o

' (R) u"(R)
u//(R) u//(R)

T BE{z*} (15)

N =

Equation (15) expresses the relative change in equity demand as € increases in terms of
skewness, E{z*}, the risk premium, 7, and utility derivatives. Our formulas would be
unintuitive and cumbersome if we expressed them in terms of u(c) and its derivatives.
Fortunately, there are some useful utility parameters we can use. Define the functions

u'(c)

\]
—
o
~
Il

_U”(C)
. _ T_QUIH(C) _ lu/(c) UIH(C)
ple) = 2 u(c) 2u'(c)u"(c)

The function 7(c) is the conventional risk tolerance. The bifurcation point 6, equals
7(W) m, the product of risk tolerance at the deterministic consumption, 7(W), and
the price of risk, .

The definition of p(c) implies that (15) can be expressed as

0'(0)

5.~ PW)m E{Z"} (16)

This motivates our definition of skew tolerance.*

Definition 10. Skew tolerance at c is

Skew tolerance has ambiguous sign since the sign of «"” is ambiguous. If there is
more upside potential than downside risk, then skewness is positive. If " > 0, an
increase in skewness will cause asset demand to increase as riskiness increases. We
suspect that investors prefer positively skewed returns, holding mean and variance

4Skew tolerance is obviously related to prudence, as defined in Kimball (1990), but we do not
pursue those connections here.
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constant. For example, v > 0 for the CRRA and CARA families of utility functions.
We never assume this, but this case provides us with some intuition for the results.
There are many ways to manipulate the expression in (14). We chose our definition
of skew tolerance because of the expression in (16) and the intuitive role it plays in
critical expressions below.

The linear approximation (13) may not be sufficient. To compute 6" (0), differen-
tiate (10) with respect to € at € = 0 to find

3Hp"(0) = —(3Hpe0'(0) + 3Hgpe (0'(0))? + Heeo) (17)

Equation (17) is linear in #”(0). Since Hy. # 0 at (6y,0), 8”(0) exists and is uniquely
defined by (17). To express §”(0), we define kurtosis tolerance.

Definition 11. Kurtosis tolerance at ¢ is

B _lu”"(c) u'(c) u(c)
wle) = 3 u"(c) u'(c)u"(c)
Solving (17) at € = 0 shows that
T = R ((6W) - D)+ WP BN 4 NEE) ()

Equation (18) says that the impact of kurtosis on equity demand is proportional to
the square of the price of risk and the kurtosis tolerance.

We could continue this indefinitely if u is locally analytic, an assumption satisfied
by standard utility functions. Of course, the terms become increasingly complex.
We end here since it illustrates the main ideas and these results are the only ones
needed for the applications below. The general procedure is clear. Computing the
higher-order terms is straightforward since any particular derivative is the solution
to linear equations similar to (17) once we have computed lower-order derivatives.

Samuelson’s Method. Samuelson [22] also examined the problem of asset de-
mand with small risks. We now illustrate the relationships between our bifurcation
approach and Samuelson’s method. Samuelson’s method replaced u(Y') with a poly-
nomial approximation based at the deterministic consumption, as in

w(W +0(ez + 1)) = u(W) + efzu/ (W)
+— (207°U (W) + 6°2°u" (W)

+— (6270w (W) + 6°2°u"" (W) + ...

o Mo | Ny
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When we use the quadratic approximation in the first-order condition (8) we arrive
at the equation 0 = (mu/(W) + 6u”(W)) €2 + O(e?), which, to O(e), implies 6(e) =
— (' (W) /u"(W))7, our bifurcation point.

However, the Samuelson method differs from ours for higher-order approxima-
tions. Samuelson’s second-order approximation is computed by using the third-order
approximation of u(Y') in the first-order condition (8), implying

0 = (ru (W) + 0u (W) €2 + GB%QQE{ZB}U"'(W) (19)

which is a quadratic equation with solution

0(6) . _UII<W) + \/u//(EIJ/Z?ZQ?);3/7(?.5/{)’:3}6“///(14/')“/({/[/) (20)

One could arrive at our first-order derivative in equation (14) by differentiating (20)
with respect to € at ¢ = 0. The two methods are consistent and of similar complexity
for the first-order approximation in a two-asset problem. However, the asymptotic
approach we pursue here becomes relatively more efficient as we move to higher-order
approximations and to more assets. Samuelson’s approach generally requires solving
nonlinear equations, as was the case in equation (19). The equations become more
difficult to solve, and are impossible to solve exactly beyond the fourth order since
there is no closed-form solution for polynomials of degree five and higher. Our bifur-
cation method uses linear operations to compute asymptotically valid approximations
of the function 0(e). Therefore, we can easily derive each term and go to an arbitrary
order as long as the necessary moments and derivatives exist.

The main reason for pursuing the asymptotic approach is its ability to derive
economically interesting results. Equation (20) shows that linear-quadratic approx-
imations would not be as good as higher-order approximations since equation (20)
involves the skewness of Z and the third derivative of utility. However, Samuelson
conjectured that LQ approximations are probably adequate in actual economic prob-
lems. This paper gives examples where the linear-quadratic approximation would
be unreliable, and higher-order approximations are necessary to answer critical ques-
tions.

4.2. Demand with Three Assets. We applied the R! version of the Bifurcation
Theorem to the two-asset case. We next analyze the three-asset case to show the
generality of the method and illustrate the key multivariate details. Consider again
our investor model but with three assets. The bond yields one dollar per dollar
invested and risky asset ¢ yields Z; dollars per dollar invested, for i = 1,2. Let

0; denote the proportion of wealth invested in risky asset ¢. Final wealth is Y =
(W — 61 — 02)+ 0,71 + 0275 The investor chooses 6; to maximize E{u(Y)}. To
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apply the Bifurcation Theorem, we assume that Z; = 1 + ez; + €2m;. Without loss
of generality, we assume that £ {z;} = 0. Let 07 = E {z?} be the variance of risky
asset i’s return and 010 = F {z129} the covariance. We assume that the assets are
not perfectly correlated; hence, o703 # (O-l'j)Q )

The first-order condition for risky asset i is eE {u'(Y)(em; +2)} = 0. The as-
set demand functions 0;(¢) are defined implicitly by H(61,60s,¢) : R® — R? where
H(61,09,¢) = F {u'(Y)(em + zl)}, ¢ = 1,2. To invoke Theorem 7, we first note that
Hy(01,02,0) = 0252 for all (61,05). We compute a candidate bifurcation point by
solving H(61,02,0) = 0. Direct computation shows

HL(61,65,0) = o (W) l m } i NE { 6, }

p] 92

where X is the variance-covariance matrix of the risky returns (z, z5). The solution
of the bifurcation equation H,(61,60s,0) =0 is

53]

We need to verify the nonsingularity of Hy. at (61(0),62(0),0). Direct computation
shows that Hy(61(0),02(0),0) = u" (W)X for all 6;,6,. The determinant of Hy, at
(01(0),02(0),0) is u" (W)(c20% — (012)%), which is nonzero as long as assets 1 and 2
are not perfectly correlated.

These calculations show that all the conditions in Theorem 7 hold for our model.
Hence, the bifurcation theorem for R? ensures the existence of analytic functions 6, (¢)
and 6s(e) which satisfy H(0(¢€),02(€),e) = 0 in some neighborhood of € = 0. This
procedure can be applied for an arbitrary number of assets. We can also produce
higher-order expansions as long as the necessary moments and derivatives exist. We
next use these ideas to compute asset market equilibrium.

5. ASSET MARKET EQUILIBRIUM WITH ONE RISKY ASSET

We now take our portfolio choice analysis and turn it into an equilibrium analysis’.
We assume a two-period model, period 0 and period 1, with no consumption in period
0. Agents trade assets in period 0 and consume the asset payoffs in period 1. One
bond yields 1 unit of consumption in period 1; the bond serves as our numeraire in
period 0. Each share of equity has price p in period 0 and has a random period 1 value
of 1+ €z units of consumption where z is a random variable with finite moments. We

5Chiappori et al. (1992) used similar methods to prove the existence of sunspot equilibria near
deterministic steady states in overlapping generations models. We go through the details of our
application since they are substantially different than the application in Chiappori et al.
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assume E{z} = 0 and E{z*} = 1. For each value of ¢ we have an asset market with
two assets; we call that economy the e-economy.

We assume two types of traders. Type ¢ traders have initial endowments of B{
units of the bond and 6 shares of equity. The utility of a type i trader is wu; (Y;),
a concave function, where Y; is the final wealth and consumption of type ¢ traders.
The supply of equity is fixed at the endowment 65 + 65. Without loss of generality,
we assume 67 + 05 = 1; this implies that z denotes aggregate risk in the aggregate
endowment. Let #; be the shares of equity and B; the value of bonds held by trader
i after trading in period 0. The final wealth for trader i is Y; = 0,(1 + €z) + B;.
Each trader of type i chooses 6; to maximize his expected utility F{u;(Y;)}, subject
to the budget constraint B; + 0;p = B{ + 0;p. His first-order condition for 6; is
E{u;(Y;)(1 + ez — p)} = 0. Market clearing implies 0; + 0, = 65 + 65 = 1. Define
6 = 01; then #; = 1 — 6. For each e-economy, we want to find the equilibrium values
of 6 and p; let O(e) and p(e) be the equilibrium values of # and p in the e-economy.
The equilibrium values of 6(¢) and p(e) must satisfy the equilibrium pair of equations

H'(8(e), ple), €) = E{ui(Yi)(1 + ez — p(e)} = 0, i = 1,2 (21)

which are implied by the agents’ first-order conditions.

Equation (21) implicitly defines (0 (¢), p (€¢)). However, the IFT cannot be applied
to analyze (21) around € = 0. Since the assets are perfect substitutes at e = 0, they
must trade at the same price; hence, p(0) = 1. However, 0(0) is indeterminate because
H(0,p,0) = 0, for all §. The indeterminacy of 6 implies that Hy(6,1,0) = 0, ruling
out application of the IFT.

We want to apply the Bifurcation Theorem, but we cannot apply it to H (6, p,0)
because Hy(6,1,0) # 0. Intuitively, the Bifurcation Theorem presented above requires
that both 6 and p are indeterminate at € = 0. Moreover, we know p/(0) if it exists.
Implicit differentiation of H(0(e),p(¢),€) with respect to € implies

Hi(0,p,€)0 (¢) + Hi(0,p,e)p (€) + H(0,p, €) = 0.

For each i, Hj (6, p(0),0) = 0 for all # since p(0) = 1. Therefore, if p(¢) is differentiable
at e =0, then

!

0 = Hy(6,p,00p'(0) + Hi(6,p,0) = (E{z} = p(0)) wi(c:)

for i = 1,2, where ¢; = B¢ + ¢ is consumption in the no-risk case. Since u;(c;) is
never zero, p (0) = E{z} = 0 must hold if §(¢) and p(e) are differentiable at e = 0.
Therefore, we have indeterminacy of 6(0) but there is only a single possible value
for both p(0) and p'(0). This prevents us from using Theorem 7 directly since the
Jacobian matrix H, , is not a zero matrix.
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This problem is solved by reformulating the problem in terms of the price of risk,
not the price of the equity. More precisely, we assume the equity price parameteriza-
tion

pe) =1 — é*m(e) (22)

where 7(€) is the risk premium in the e-economy. Since o2 = 1, €2 is the variance of
risk and 7 (¢) is the risk premium per unit variance. Since we expect the risk premium
to depress the price of equity, we use the form in (22).

We have assumed the parameterization in (22) but we have not proved anything
yet. We now need to show that this parameterization is consistent with Theorem 7.
To check the sufficient conditions in Theorem 7, we reformulate equilibrium as the
system of equations

’

0="H(0,m¢=E {ui(Y;) (z— ew)} ~ 0. (23)

where H'(0,7,¢) = e 'H (0,1 — e*m,¢€), i = 1,2. Tt is clear that (6, ¢€) satisfy (23)
if and only if they also satisfy (21).

The parameterization in (22) and the equilibrium characterization in (23) now
allow us to apply the Bifurcation Theorem. The functions H'(#, 7, €) have the de-
generacy assumed in Theorem 7 since Hj(0,m,0) = HL(0,m €) = 0 for all (6,7).
Intuitively, at ¢ = 0, any portfolio satisfies the first-order conditions since all assets
are perfect substititutes and any price of risk, m, is consistent with equilibrium since
the total amount of risk is zero. The Jacobian matrix

[ -
REES

has determinant ) uq+ujuy < 0. Therefore, all the sufficient conditions of Theorem 7
hold, and the Bifurcation Theorem provides a local proof of existence and uniqueness
of solutions (f(e), 7(¢)) to (23). Theorem 12 summarizes the result.

Ttome = | 342 (0(0), (0),

Theorem 12. If u;(c) is locally analytic for ¢ near Bf + 05, i = 1,2, and H(0,, €)
is locally analytic near a solution (0y,mo) to H(0,7,0) = 0, then there is some
€0 > 0 such that for all € € (—¢, €g) there is a unique analytic equilibrium selection

(0(e), m(€)) such that H(0(e), m(e),e) = 0.

The basic approach to using the Bifurcation Theorem is to guess some parameteri-
zation for the unknown functions and then use the Bifurcation Theorem to check that
it is correct and can produce a locally analytic approximation. Some of the choices
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Figure 2: Bifurcation of Equilibrium Correspondance

we made, particularly the construction of (22) and (23), may appear arbitrary, but
their use is validated by the Bifurcation Theorem. Our formulation is economically
intuitive. For example, (22) just says that risk premia are proportional to variance.
Therefore, application of these ideas to more complex problems is not difficult as
long as we remember the intuition behind our construction. There are more complex
versions of the Bifurcation theorem which would lead more directly to (22) and (23);
see Zeidler [26]. We prefer the approach used here since it is straightforward once
one uses economic intuition to arrive at (22) and (23).

Figure 2 displays the geometry of the bifurcation in (23). When e = 0, the entire
6 — m plane constitutes an equilibrium. However, for nonzero ¢ we have a locally
unique equilibrium. In Figure 2 the curve ABC represents the equilibrium manifold.

We can now proceed to compute asymptotic expressions for (6(e),m(€)). Di-
rect computation shows that the bifurcation point (fy, ) for (23) is defined by
H(0y, To,€) = 0, 7 = 1,2, and satisfies the linear equations:

—u(c1)mo + 1y (¢1)8g = 0 (24)
Uy (co)mo + uy(c2)p = uy(co)
where ¢; = Bf 4+ 65. The linear equations in (24) imply the unique candidate bifurca-
tion point

90 = 7 Ty = L (25)

)
7'1+T2 T1—|—7'2
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where 7; is evaluated at ¢; = Bf + 67, consumption in the deterministic limit. These
formulas for 6y and 7y are intuitive; the 7; terms are the individual risk tolerances
at € = 0, and the denominator is their sum, which is the social risk tolerance. The
results are both very intuitive. The equilibrium risk premium is the inverse of total
risk tolerance. Also, the fraction of equity held by investor 1 equals his contribution
to social risk tolerance. These solutions resemble the intuitive results from mean-
variance models.

The solution in (25) just tells us what the limit portfolio is as variance goes to
zero. We want to know what the equilibrium portfolio is for nonzero variance. This
requires computing the derivatives 6 (0) and 7' (0). Further implicit differentiations
of H' yield (6'(0), 7' (0)) and any other higher-order derivative.

Theorem 13. The first-order derivatives of the equilibrium correspondence (6(¢), m(¢))
at e =0 are

/ Tl T p2 3
0'(0) = E 26
<) 7'1—|—T27'1—|—T27'1+T2 {Z} ( )

m(0) = —( R — ,02>(E{23}2 (27)

T1+ T T1+ T2 T1 4 72)

Therefore, type 1 investors increase their holdings of equity as € increases if (p; —
ps)E{2*} > 0, and the risk premium per unit variance decreases as € increases if
E{z*} > 0.

Proof. Apply (6). ®

Theorem 13 gives us our first-order approximation to 6(¢) = 6y + €6'(0). We need
to be clear what this tells us. For example, if §'(0) > 0 then we know that for all € > 0
sufficiently close to 0, 0(€) exceeds 6y, and that 6(e) grows at rate 6'(0). We know
this because 6(¢) is locally analytic, implying that our Taylor series approximations
are valid for € sufficiently close to € = 0. This could be reversed for large ¢ with 6(e)
less than 6y. But, for sufficiently small €, equations (26) and (27) tell us precisely
how 6(e) and 7 (€) behave.

Theorem 13 is economically intuitive. Equation (26) shows that the equity hold-
ings of a type 1 investor are greater than 6, if € is small and positive, if skewness,
E {23}, is positive, and if his skew tolerance exceeds the skew tolerance of type 2
investors, where we evaluate skew tolerance at the ¢ = 0 allocations. Equation (27)
shows that the risk premium will decrease as € increases (and the price of equity
relative to bonds will increase) if skewness is positive. The magnitude of the change
depends on a weighted sum of the skew tolerances, where the weights are the limit
portfolio holdings. Notice that we get these results for any utility function, not just



AsyMpTOTIC METHODS FOR ASSET MARKET EQUILIBRIUM ANALYSIS 23

for CRRA utility functions or other families that have «” > 0. The results in The-
orem 13 resemble the style of analysis in Jones [12]. Jones examines the impact of
changes in endowments on equilibrium, whereas we are examining the change in asset
market equilibrium as we move away from the deterministic case. The problems are
economically different but the mathematical idea is the same: use implicit function
theorems or their generalizations to analyze the impact of small changes in parameters
on equilibrium.

The derivatives 6 (0) or 7' (0) could be zero. This does not mean that 6(e) or 7(e)
is constant for small e. It just means that the local behavior is governed by higher-
order terms in the expansion. For example, if E{z*} = 0, then 6'(0) = 7'(0) = 0
and the local behavior of #(0) and 7(0) is governed by #”(0) and 7 (0), which depend
on the kurtosis F {z*} and fourth-order properties of u(c). We do not pursue these
higher-order issues in this paper since Theorem 13 is adequate for the analysis below.

6. ASSET MARKET EQUILIBRIUM WITH A DERIVATIVE ASSET

The previous section examined a market with only a bond and a stock. In this
section, we compare markets with different asset spans. In particular, we introduce a
new derivative asset into the market and compute asymptotically valid expressions for
equilibrium. The results allow us to single out important factors for these expressions.

We assume that the derivative pays ey and has price ¢(¢) in the e-economy. We
also assume that y = f(z), which makes y a derivative security, such as an option. We
force the payoff of the derivative to be zero when ¢ = 0; hence, ¢(0) = 0. This implies
no loss of generality since any portion of the asset’s return which is deterministic
given € will be equivalent to the bond, adding nothing to the asset span. We assume
that the net supply of the derivative is zero since we want to model the introduction
of a derivative security. For instance, y = max|[0, (z— S)] represents a call option, and
ey is the call option max|0, ez — €S] with strike price €S. This may initially seem odd,
but it is a standard option if € = 1. Also, if F(2) is the cdf of z then the probability
of exercise, F'(5), is unaffected by e.

We decompose y into components that are spanned by the stock and bond, and
a component orthogonal to the stock and bond. We assume

y=y+az+v (28)

where 7 is the mean of y, « is the covariance with z, the risky component of equity, and
a nonzero random variable v, the innovation in y. Therefore, 0 = E{v} = E{zv}.
This formulation implicitly assumes that markets are initially incomplete since we
assume that v is not spanned by 1 and z. For example, if z is a random variable with
only two possible values, then the stock and bond span the market and there is no
y = f(z) such that v in (28) is not identically equal to zero®.

®We could add securities which generate random shocks, such as pure gambling. Since investors
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We compute the equilibrium holdings and prices of both assets. Let #; and B;
be the equity and bond holdings, and let ¢, be the units of y held by trader ¢ after
trading. The final wealth for trader i is Y; = 0;(1 + €z) + B; + ¢,€y, and his budget
constraint is 0,p + B; + ¢,q = Bf + 0;p. When we use the budget constraint to
eliminate B;, the first-order conditions for 6, and ¢, are

E{u,(Y)) 1 +ez —p(e))} = 0,i=1,2 (29)
E{u;(Y})(ey — q(e)} = 0,i=1,2

Equilibrium is defined by combining the first-order conditions of type 1 and type 2
agents with the market clearing conditions; we shall compute the equilibrium values
for 0;, ¢;, p, and q as functions of € in some neighborhood of ¢ = 0. Let 6 and ¢
denote #; and ¢;; hence 6, =1 — 0 and ¢, = —¢. Similar to the analysis of previous
section, #(0) and ¢(0) are indeterminate but p(0) = 1 and ¢(0) = 0.

We need to determine an appropriate parameterization for this problem, just as
we did in the case of equilibrium with one asset. We implicitly differentiate the four
first-order conditions in (29) with respect to €, and find that differentiability of ¢ and
pat € = 0 requires [ {y} —q'(0)]u;((Bf +6;)) = 0 and [E {2} —p/(0))u;((Bf +65)) = 0.
Therefore, if ¢ and 7 are well behaved, ¢/(0) =7 and p'(0) = E{z} = 0. We want to
solve for 0, ¢, p,and q as functions of ¢, at least in some neighborhood of € = 0, and
we need p(0) =1, p’(0) = E{z} =0 and ¢(0) = 0, ¢'(0) = . We choose the following
parameterization:

p(e) = 1 — en(e), qle) = & — () (30)

We next check if the parameterization in (30) is consistent with Theorem 7. The
bifurcation point (¢, 8o, 7o, 1) is computed by solving the system of linear equations

" 2

n !

Uy oy, Uoy 0 —Uy o 0

" n” 2 ’
U0y, U0y, —u; 0O 6o 0

" n 9 ! — )
UyOy, U0, Uy O 0 UyOs

" 2 n” !/ "
Uy0y U0y, O U Yy Uy Ty

which has the unique solution
T 1 Oy
90 - ) ¢0 = 07 o = y Yo = . (31)
T1+ T2 T1+ T2 T1 + T2

are risk averse, there is no demand for such assets. Therefore, we ignore assets with pure noise
payoffs.
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The existence of solutions for ¢(¢€), 0(¢), m(¢), and 1)(e) near the bifurcation point is
established by applying Theorem 7 at the candidate bifurcation point (31). Further-
more, the first-order derivatives (6'(0), ¢'(0), 7'(0), ¢'(0)), the second-order deriva-
tives (8" (0), ¢"((0), 7'(0), ¢ (0)), and other derivatives can be obtained by solving
linear systems of equations as long as the utility function « is analytic at the deter-
ministic consumption. Since the solutions are cumbersome, we omit them except for
the first-order derivatives.

The results follow standard intuition. The equilibrium price of the derivative
security is asymptotically equal to

2Oy 3
a(e) = B {y} - =2+ O(E), 3
which tells us that the derivative y carries a positive risk premium (modelled here as a
discount in the price) only if o,, > 0, that is, y is positively correlated with aggregate
risk z. The limit price and holdings of equity are unaffected by the presence of the
derivative, and trading volume for the derivative is zero in the limit.

We see again that a key step is finding an appropriate parameterization of asset
prices. There is no precise, generally applicable formula describing how we arrived
at the parameterization in (30) which allowed us to apply the Bifurcation Theorem,
but the steps we have followed in the one- and two-asset problems are clear. We first
compute derivatives of the equilibrium equations and examine them to see if some
terms in the Taylor series of the unknown functions are fixed. For example, we found
that ¢’(0) = 7 and p/(0) = 0 must be true if there is to be a coherent Taylor expansion.
If conventional IF'T methods indicate the value of low-order terms in an expansion,
we then focus on the next higher-order term. Since ¢'(0) =7 and p'(0) = 0, we then
examined the parameterization in (30) where 7(e) and 1(e) became the unknown
terms which could not be determined by applying the logic of the conventional TF'T.
We continued this for each unknown function until we reach a point where the terms
in its expansion could not be fixed by the IFT. At that point we can apply the
Bifurcation Theorem.

6.1. Trading Patterns for the Derivative Asset. We next determine the trad-
ing patterns of y. Since ¢(0) = 0, the value of ¢'(0) determines the trading patterns
for nonzero €. Direct computation produces Theorem 14.

Theorem 14. Type 1 investors buy the derivativey if and only if (p; — py) Cov(v, 2%) >
0. In general,

T1T2 (p1 — po) Cov(v, 22)

¢’(0) = (7_1 n 7_2)3 E{VQ}

(33)
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Recall that ¢'(0) > 0 means that trader 1 buys and trader 2 sells the derivative
asset y. If type 1 investors have more skew tolerance and y provides the market with
a new risk that is positively correlated with the tails of equity returns, then type 1
investors buy y and type 2 investors sell it. If Cov(v, 22) > 0, the new asset y adds a
type of riskiness that appeals to individuals with relatively high skew tolerance, and
type 1(2) agents will buy y if p; > py (p; < ps).

If Cov(v,2%) = 0 then we would need to examine ¢”(0) to determine who buys
the derivative. We do not pursue that here since no financial institution has an
interest in introducing a derivative with no first-order volume. We continue to focus
on derivatives where Cov(v, 2?) # 0.

6.2. Change in Equity Holdings. The derivative asset y may change investors’
holdings of equity. Let 6°(¢) and 6%(¢) denote the equilibrium holding of equity by
type 1 investors without and with the derivative security.” At e = 0, 6°(¢) and 6°(e)
will be the same since all assets will be equivalent. To compare the equilibria across
these market structures, we compute the series expansion of both #°(¢) and 6% (¢), and
then use the difference in their series expansions to express the difference between the
two market equilibria. We can do this for any index of market equilibrium. Direct
computation shows Theorem 15.

Theorem 15. Let 6°(¢) (#°(¢)) denote the equilibrium equity demand of type 1 in-
vestors without (with) the derivative y. Then

ga(e) B Qb(e) _ _7-1(7—7_21(—7_17-_2)52) a C;)g;;; ) €+ 0(62) (34)

If v and z are uncorrelated, (34) reduces to zero, implying that the introduction
of y has only O(€?) effects on the demand for the equity. If « = Cov(v, z) > 0 then
the change in type 1 investors’ holding of equity is negatively related to their demand
for y since (33) and (34) imply that 0%(e) — 62(¢) = — a ¢'(0) + O(€?).

6.3. Price Effects of the Derivative Asset. Our computations show that the
equilibrium price for equity remains unchanged up to O(e?) in its Taylor expansion.
The fourth-order term reveals the dominant effect of the derivative y on the price of
equity.

"Loosely speaking, 6 is equilibrium equity holding “before” introduction of y and 6“ is holding
“after” introduction.
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Theorem 16. Let P%(¢) (P’(¢)) denote the equilibrium price of equity with (with-
out) the derivative y. The price difference is

T172 (py — 02)2 E {sz}Q 4

P(e) — P'(e) =2 iy B

+0() >0

In particular, the equity rises in value and rises more as the derivative is more cor-
related to the tails of equity returns, and as investors differ more in their skewness
tolerance.

Theorem 16 shows the elements that affect the impact of the derivative on stock
price. The price change is always positive, but depends on third-order properties of
the utility function. The derivative asset y complements equity and allows investors
to allocate tail risk independent of other risks. This makes equity more attractive.

Also, the magnitude is proportional to the covariance of the derivative’s innovation
v with the extremes of equity returns. If v is uncorrelated with those extremes then
there is no price change to the order e*. There may be a price effect but it would be
an order of magnitude smaller asymptotically.

6.4. Welfare Effects of the Derivative Asset. We next derive the effect of
a derivative on the welfare of each trader. Theory tells us that in one-good models
such as ours, individual investors may gain or lose utility from adding an asset, but
someone must gain. Our solutions will add some precision to those statements.

With the derivatives computed by the bifurcation method, we can study the wel-
fare effect of the derivative y. Precisely, we shall expand the utility functions in
terms of € and examine the dominated term. Let U’(e) and U2(e) denote trader
1’s optimal utility levels without and with y. The utility effect can be expressed by
[Us(€) — Ub(€)] Juy(Bf + 65), a measure of the welfare change in terms of a consump-
tion equivalent. The following theorem summarizes the result of our perturbation
analysis.

Theorem 17. Let U(e) and Ul (e) denote the equilibrium expected utility of type
1 investors with and without the derivative y. Then

Up(e) = Ube) _ 7373 (o1 = ) (1(4-%) 1) 2 TR

") tE) B

uy 2(m1 + 7'2)6

The second trader’s welfare change is symmetrically expressed.

Again, the result corresponds to basic theory. The key term is 4 (65/71 — 05/72) +
7, %, which may be positive or negative. The term 65/7 — 65/, is proportional to
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the amount of equity type one investors sell to type two investors in the limit as e
goes to zero. If there is no equity trade asymptotically then the dominant impact on
utility is the improved opportunity for risk-sharing provided by the introduction of
y. The risk-sharing gain is proportional to 7!, which is absolute risk aversion, for
type @ investors. If 07/ — 05/79 # 0, the investor type that sells shares also gains
from the equity price increase caused by the introduction of the derivative asset. So,
one type gains from the price increase and the other loses, but both gain from new
risk-sharing opportunities. One of the investors may lose, but not both.

The results in Theorems 14, 15, 16, and 17 demonstrate the importance of higher-
order expansions. Linear-quadratic expansions would completely miss all of the effects
studied in these theorems since p = 0 for linear-quadratic utility functions. Approx-
imation methods that only use the first two derivatives of utility functions would
incorrectly predict that adding y would have no effect on equilibrium. The advan-
tage of the approach used here is that one need not make a choice about how many
derivatives to use since that decision is automatically made by the power series gen-
erated by the bifurcation (and the IFT) approach. The mechanical computation of
the power series expansions of equilibrium prices and quantities tells us which power
of € contains the asymptotically dominant effects, and which derivatives of utility and
which moments of returns should be used.

7. COMPUTATIONAL CONSIDERATIONS

The analysis above focused on applying the bifurcation method to a simple asset
market model. The results were obtained only after much computational effort. The-
orem 17 is a good example of why the computer is necessary. Since the effect of the
derivative asset y on utility was zero at orders €2 and €, we had to compute the
fourth-order Taylor series expansion of utility. Also, equilibrium utility is a function
of all four variables determined in equilibrium, the two premia and the two portfolio
variables. These four equilibrium variables are locally analytic functions of €. There-
fore, Theorem 17 required a fourth-order expansion of a four-dimensional function
where each argument is a fourth-order Taylor series in €. This resulted in thousands
of intermediate terms. The final result in Theorem 17 is compact since almost all of
the intermediate terms disappear when they are evaluated at ¢ = 0. However, the
intermediate terms must be kept until that last step. The computations in this paper
took only a few minutes using Mathematica on a 400 MHz machine, but would be
impossible for us to do without a computer.

This paper used the computer to derive algebraic formulas and theoretical asymp-
totic results. The computational burden was particularly heavy since we were inter-
ested in general formulas expressing the results in terms of elasticities, shares, and
prices. The computational costs will rise rapidly as we move to larger problems with
more types of investors and/or more assets. However, as we gained experience with
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the simple model we discovered patterns which we can incorporate into the code to
substantially improve performance and make possible examination of more complex
models. For example, the definitions of risk tolerance and skew tolerance, and the
decomposition in (28) substantially reduced the complexity and length of the formu-
las. With Mathematica and these simplifications, we can now handle larger problems,
such as problems with four investor types and four assets.

The Taylor series expansions for equilibrium price correspondences p(e) and port-
folio allocations 6(e) could also be used to arrive at numerical approximations for
specific utility functions and asset return distributions. The bifurcation method then
reduces to computing the numerical values of all derivatives of the equations defining
equilibrium up to the fourth order at ¢ = 0, and then executing numerical linear
operations instead of symbolic operations. Since numerical operations are faster and
more compact than symbolic operations, computing expansions for specific examples
would be far faster. The computer could handle much larger problems if we specify
all utility functions and returns.

We would like to know how well these formulas do for nontrivial €. In general, a
power series constructed by the IFT for analytic functions will have a positive radius
of convergence, but we know nothing about its magnitude in general. However,
there is a simple diagnostic which can help. Suppose that h(z) is implicitly defined
by H(xz,h(z)) = 0 and that we construct the degree k& Taylor series approximation
h*(z) based at z = xy. If h*(z) is a good approximation to h(z) then H(x,h*(x))
should be nearly zero. Once we have computed h*(x), we can evaluate its quality
by computing H(z,h*(x)) for various values of x. The behavior of H(x,h*(x)) as
x moves away from zy will indicate where the approximation can be trusted. Judd
and Guu [14] applied this approach to similar approximations of stochastic growth
models. We have constructed examples of the asset models studied in this paper
for which our Taylor series approximations for p(e) and 6(¢) imply very small Euler
equation errors. Roughly, we found that the method does well if the disturbance z
has compact support, but does poorly if z is log Normal, a finding consistent with
the fact that making z a log Normal random variable makes it unlikely that H (6, )
is analytic.

More generally, we could compare the results of our approach for large ¢ with
the numerical approach in Schmedders [23]. If our formulas work, then they would
produce results faster than Schmedders [23], but our formulas will not work for the
large € cases where Schmedders’ algorith would work. There could be a partnership
between the two approaches with our Taylor-style expansions used to produce an
initial guess for Schmedders’ algorithm. Further discussion and serious examination
of these numerical issues must be left for another paper.

We used Mathematica to compute our results. Space limitations prevent us from
presenting and explaining the code here. The reader can obtain the code by sending e-
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mail to judd@hoover.stanford.edu, or by going to the webpage http://bucky.stanford.edu/
or the Economic Theory webpage for this paper.

8. GENERALIZATIONS
This paper has examined a few simple problems, but we believe that the same tools
can be used to examine a large class of models. We briefly discuss those claims here.

This paper assumed a single good, two types of agents, and only one source of
risk. Space limitations prevent us from presenting an analysis for more general cases,
but we can outline the general approach. Adding more types of agents and more
assets but staying with one good is a direct generalization of the methods above. The
equilibrium in our examples were expressed as first-order conditions for each agent
with respect to each asset. Adding agents and assets just implies a longer list of first-
order conditions but the key elements are unchanged: the deterministic consumption
levels are fixed at the endowment, the price of risk, w, and portfolio allocations, 6,
are indeterminate in the deterministic model, and we can parameterize 6 so that the
Bifurcation theorem applies to a system of equations H(w,6,¢) = 0 which include
individual first-order conditions and market-clearing conditions.

The generalization to several goods is more complex. Let p be the price vector
for goods, 7 the vector of prices of risk for the assets, and 6 the allocation of assets
across agents. In GEI models with several goods, equilibrium can be expressed as the
solution to a system of equations H(p, 7, 0,¢) = 0 where the components of H are
the agents’ first-order conditions over asset and consumption choices plus feasibility
conditions. The excess demand for assets may not exist at some prices because of
arbitrage; therefore, H may not be continuous. However, theory tells us that equi-
librium will generically exist. If we let ¢ parameterize uncertainty then a system
H(p,m,0,¢) = 0 would represent equilibrium in the e-economy and implicitly define
equilibrium maps p(e), 7(e), and 6(e). At e = 0, the economy reduces to a deter-
ministic Arrow-Debreu general equilibrium. There will be trade in the goods in the
deterministic limit economy, and goods’ prices p(0) will be determined by equilibrium
conditions. Asset prices in the deterministic limit, ¢(0), will also be determined by
p(0). The goods prices and asset prices would generically be locally determinate by
the standard general equilibrium theory. However, the portfolio decisions #(0) will
be indeterminate in the ¢ = 0 economy since all assets would be perfect substitutes.
If asset prices in general can be represented as ¢ = qo — €°7(¢), just as in equation
(22) for the two-asset case, then the limit prices for risk, 7(0), measured in terms of
excess return per unit variance, will be indeterminate since the level of risk is zero.

The geometrical structure of the GEI problem is illustrated in Figure 3. Let the
axis labeled A denote the price simplex for goods, and the axis labeled (m, §) represent
the prices of risk and portfolio allocations of the risky assets. As in Figures 1 and
2, the € axis in Figure 3 represents the level of risk. Suppose that the arc ABC
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___________

Figure 3: Bifurcation diagrams for general equilibrium problems

describes equilibrium values for p, 7, and 6 as € changes. When ¢ = 0, the problem
reduces to an Arrow-Debreu model and equilibrium fixes goods’ prices p at some point,
say 0, in A, but the price of risk 7 and portfolio holdings would be indeterminate.
Therefore, any point along the line 5B would be an equilibrium. In order to analyze
the arc ABC we need to find B. We analyze the Jacobian H(;, ) to find some
suitable parameterization for p(e), m(€), and 0(e) such that the Bifurcation Theorem
applies and produces B. The parameterization q(¢) = gy — €>m(¢) corresponds to
the robust result that risk premia are related to the variance of risk, indicating that
the Bifurcation Theorem should continue to apply. There may be cases where the
bifurcation method used above does not apply, but we conjecture that this approach
will often succeed since, generically, equilibrium does exist for endowment economies
with incomplete asset markets.

The multicommodity case would produce more complex results. For example,
there could be a second equilibrium arc, such as A’ B'C" which corresponds to a sec-
ond set of equilibrium prices at &’ for goods in the deterministic economy. That does
not present any essential difficulty as long as the local properties of the system of equi-
librium equations H(p, 7,0, €) = 0 satisfies the bifurcation theorem. Other complex
possibilities may arise, such as multiple equilibrium arcs passing through a bifurca-
tion point B. The bifurcation methods presented in this paper cannot handle such a
case, but, fortunately, there are more powerful tools from bifurcation and singularity
theory which could handle some of these problems. Presumably, the variety of wel-
fare results in Hart, Elul, and Cass and Citanna, would also arise asymptotically in
multigood economies. The key point is that the situation in Figure 3 is conceptually
similar to the structure in Figures 1 and 2, and basic tools from bifurcation theory
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should be able to handle many multicommodity models.

9. CONCLUSION

We have used bifurcation approximation methods to examine simple asset market
problems with small noise. The analysis produces a mean-variance-skewness-etc.
theory of asset demand and asset market equilibrium, and found several interesting
results. We found that the addition of derivative asset will increase the price of the
underlying equity stock. Also, the demand for a derivative asset depends on skewness
properties of asset returns and the relative skew tolerance of investors. These results
indicate that skewness and skew tolerance will be important determinants of asset
innovation in more general contexts and indicate that results from linear-quadratic
or mean-variance models are of limited relevance. The approach also shows that, in
small noise economies, equilibrium depends on the utility properties of traders and
the moments of returns, not on the number of contingent states. The asymptotic
approach provides more intuitive results than the usual state-contingent approach.

The mathematical tools are quite general and can be applied to far more complex
problems. Zeidler shows that the critical bifurcation theorems hold in Banach spaces.
For example, partial differential equations that characterize asset prices in continuous
time can also be approximated by examining bifurcations of deterministic cases. The
steps in such an application of the bifurcation theorem require the solution of linear
partial differential equations.

This paper focussed on qualitative analyses, but the expansions derived here could
have value as a numerical method for solving specific cases; we leave that possibility
for another study. This paper focussed on applications of bifurcation methods but
many of the same points could be made for applications of the IFT. Economists are
familiar with comparative statics analysis, such as that in Jones [12], but that is
generally limited to first-order expansions. Higher-order approximations could often
be used to improve qualitative and quantitative analysis of economic models.

The necessary mathematics for deriving expansions have been known for a long
time, but the cumbersome algebra made them impractical until now. Fortunately,
the speed of modern computers and the availability of symbolic language software
now makes bifurcation methods, and similar perturbation methods, a practical way
to address important economic problems.
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Appendix: Mathematica Notebook

The following Mathematicaprogram computes asset market equilibrium for two investors, one safe asset, and one or two
risky assets.

Off [General::spelll ]
m The initial setup

m Economic Model

To keep the formulas simple, we assume that the return on bonds is 1. This is equivalent to assuming that the bond in the
second period is the numeraire.

Define the two risky assets' returns, Z and Yo, in terms of zero-mean random variables iartdeyscaling parameter,
equal to the standard deviation in theconomy. Z is an asset with mean return R and varien@nd is in positive net
supply. It represents equity.

Z=1+¢€2z

Yo is the derivative asset, in zero net supply. It has mean ketwrns partially correlated with Z through th&R @ z term,
and has an orthogonal componeny

Yo=euy + eaz +e€Yy,

The price of Z (Yo) is p (q). We parametrize them in terms of the scaling paragtéemean of Yy, and the premid]
andW¥.

p=1-€’m;,q =€ puy - €28;

Yiis final wealth of type i investoé.is type 1 demand for equitl, is type i endowment of equity amadis type i endowment
of bonds. ¢ is type 1's demand for Yog-s type 2 demand. Type 2 investors demand (in equilibriumy) b, - © shares of
stock.

Yi=(a1+ pb1-p6-9g&) +exZ+ZYo;

Y, = (az + pbz—p (b1+b2—9) -q(-8)) + (b1+b2—9)*z+ (-8 Yo;
Y1 = Expand [Y1];

Y, = Expand [Y2];

We compute the four first-order conditions for the two investors and the two assets (the bond demand is determined by
substracting risky asset demand from initial wealth). We divide each antmlgliminate one degree of degeneracy. FOCij
is the first-order condition of type i investor with respect to asset j, where j=1 is equity and j=2 refers to the derivative.
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FOC11= (1/€) D[ui[Y1], 6] // Simplify
FOC12= (1/€) D[ui[Y:1], €1 // Simplify
FOC21= (1/€) D[us[Y2], €] // Simplify
FOC22= (1/€) D[uz[Y2], €] // Simplify

(Z+eTl) Uj[e (YE+ZaLl+Z2O0+€ON+eCT) +ag + (1-€21) by]
(y+Za+eQ) Uj[e (YE+Zal+ZO0+eON+el0) +ar+ (1-€21) by]
—(z+eM) Uj[-Yyel-Zael-2c0-€?0N-e2CT+ar+e (Z+eI) by +by+zeby]

—(y+zZa+ed)Us[-Yyel-zael-zec0-e20nN-€e’Cv+ar+e (z+ell) by +by+zeby]

Even though we have divided bythese first-order conditions describe the situaticar@t
These four first-order conditions define equilibrium. Define G to be the vector of first-order conditions.

» Moment and other substitutions

We define substitutions which will allow us to compute the moments of z anghyis the expectation a™y".

ownmoments = Join [Table [z™ -> umo, {m, 1, 6 }], Table [y™->puom, {M, 1,6 }11];
crossmoments = Table [z™y" -> umpn, {M, 1,6 }, {n, 1,6 }] // Flatten;

We assume that z and y have mean zero.
zeromean = {po1 -0, uio - 0};

We assume that z and y are orthogonal and that z has variance 1.
orthogonal = {u11 -0, pzp -»1};

We now gather all the substitions into one list.

moments = Join [ownmoments, crossmoments, zeromean, orthogonal ]

{Z—>M1,0,Z2—>M2,0,Z3—>M3,0,Z4—>M4,o,25—>ue5,o,26—>u6,o,y —>uo,1,y2—>uo,2,

y3 > oz, Yyt o moa, Yy omos, Yo pos,YZ s, Y2z, Y325 ms,y*tz 5,
y52—>u1,s,y62—>u1,e,yzZeuz,l,y222—>uz,z,y322—>uz,3,y422—>uz,4,y522—>uz,s,
6,2 3 2,3 3,3 4,3 5.3 6.3

Y 2" > 26, ¥YZ " > MU31,Y "2 232,y " Z° >33,y Z° > U344, Y " ZT 2> U35, Y ZT = U36,
yZ4—>u4,1,y224—>u4,2,y3z4—>u4,3,y4Z4—>u4,4,y524—>u4,5,y624—>u4,5,y25—>u5,1,
y22% 5 5o,y 328 suss,y 2% s usa,y 2% 5 uss,y 2% s use, ¥z e,y 228 5 ue2
y32z® > 63,y 2% > ea,y 2% > 165,y % 2% 5 e, to1 >0, w10 -0, pi1 -0, Lo > 1)

NoDeriv = Table [pumn -0, {m, 1,6 }, {n, 1,6 }] //Flatten

{11 -0, p12 -0, tuz -0, a4 -0, pus -0, tue -0, L21 -0, o2 -0, w23 =0,
uz4 =0, p2s -0, w2 -0, gy -0, pz2 -0, uzs -0, usga -0, uzs -0, uze =0,
tayr =0, ps2 -0, paz -0, tag -0, pss -0, pge -0, sy -0, ps2 -0, usz -0,
usa =0, uss -0, usg >0, w1 >0, we2 -0, ez -0, wgsa -0, ues >0, wes >0}

We define a convenient list of simplifying substitutions.
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1 1
subl ={E (2a1 +2by) » (ap +b1), > (2az +2by) » (az +by) }

(2a1 +2b1) - a1 + by, % (2az +2by) —>a2+b2}

N| -

{

m Solvability Condition in Theorem 4
We check for the nonsingularity of the solvability matt,, whereA=(6,,I1,9).

GE,A =
{{D[FOC11, {e,1}, ©],D [FOC11, {e,11}, &1,D[FOC11, {€, 1}, =], D [FOC11, {e, 1}, O]},
{D[FOC12, {e,1}, o], D [FOC12, {€,1}, £&1,D[FOC12, {g, 13}, 2],D[FOC12, {€,1}, ml},
{D[FOC21, {e,1}, o], D [FOC21, {€,11}, £1,D[FOC21, {e,1 1}, 2], D[FOC2]1, {€,1}, ml},
{D[FOC22, {€,1}, o], D [FOC22, {e,1}, £],D[FOC22, {e,11}, 3], D[FOC22, {€,1}, 11}};
G a=G, a/. {e->0};

G., » // MatrixForm

z%2uyay +by] zZ (y+za)uy[ag +bg] 0 uj[ar +by]
Z (y+za) uf[ag+bs] (y+za)?uy[ag +bs] uj [ag + by 0

z2uy [az + by ] -Z (-y -z a) uj[az +bz] 0 -uj[az + bz]
zZ(y+zo)uslaz+ba] -(-y-zoa) (y+za)uz[az+bz] -uzlaz+bz] 0

Integrate the conditions by replacing powers of z and y with the moments.

ExpG = Expand [G, 4] //. moments;
ExpG // MatrixForm

uy[ai + by} auy [ag + by 0 uj[ag +bi]
auyfap +b1] o®uffar+bi] +uo2 Uy[ag +b1] uj[ar+by] 0
us [az + ba] auy [az + bz] 0 —us[az + b2]
auz[az +ba] a?uyfaz+bz] +po2 U5 [az +ba] -up[az +ba] 0

Compute determinant & {G., ,}.

(Det [ExpG] // Simplify ) //. moments

~uo2 (Ujlaz +ba] uy[a;+by] +ujfas +bi] uy[az +ba])?

As long asuo2 is not zeroG., , is nonsingular

m Bifurcation equations: series construction

We define substitutions which will define the equilibrium mapping from the scaling paranetie equilibrium values of
(6,4,11,9).
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PortfolioSubs = {6->0[€e], £~>C[el}

{6->0[e], £~>Clel}

PremiaSubs = {I->1I[e], 2-» T[]}

(M-T[e], T5Tle]}

O is the total endowment, which we set equal to 1.
®e=1; EquUbS = {b2+b1—)9,b2+b1—®—)0, @—bz—bl—)O}
{b1+b2->1, -1+by+b2-50,1 -by -by -0}

The equilibrium equations are the first-order conditions with where we substitute the portfolio and premium variables with
their e equations.

EQM11= FOC11/. PortfolioSubs /. PremiaSubs
EQM21= FOC21/. PortfolioSubs /. PremiaSubs
EQM12 = FOC12/. PortfolioSubs /. PremiaSubs
EQM22= FOC22/. PortfolioSubs /. PremiaSubs

(z+ell[e]) uj[ar +bs (1—€2H[€]) +e (YyClle]l]+zalle]l]+z6[e]l +eb[e]ll[e] +el[e] T[e])]

-(z+ell[e])
upfag+ba+zebo-yetle] -zaelle] -ze0[e] -€?0[e]| I[e] +eby (z+eT[e]) -2 Cle] T[e]]

(y+Zoa+eT[e]) uj[ag +by (1—621'[[6]) +e(YyClle]+zalle]l+z0le]l +eOle] ll[le] +el[e] Tle])]

-(Y+Za+e¥[e])
Upfag+by+zeby-yetle] ~zaelle] ~zeole] -€?20[e] li[e] +eby (z+el[e]) -2 Cle] v[e]]

The equilibrium equations are really the expectations E{EQMij}. We will execute the integrations later since we can
interchange the integration and differentiation operations.

We define abbrevations for the derivatives

tabutilderivsl : = {Derivative  [n_][ui]l[ai +b1] -> A1 [n]}
tabutilderivs2 : = {Derivative  [n_]1[uz] [az +b2] -> A2 [Nn]}
tabutilderivs = Join [tabutilderivsl, tabutilderivs2 1
{u™ (a1 +b1] > AL[n], u ™ a2 +b2] > Ao [n]]

We want to replace derivatives of the utility function, #yém] terms, with risk tolerance;, skew tolerancey;, and
kurtosis tolerance. The next two lists of substitutions will do that.

A [1] 2p1 A1 [1] 3x1 A [1]

utilparams1 = {A1[2] - - JA1[8]1 s ————— = A [4] > ——=  A[1] -> 1};
'C12 'C13
A [l 2 A [l 3 A [l
utilparams2 = {A2[2] - - 2[1] ,AL[3] » 92—2[], A,[4] » KZ—Z[] Ao[l] -> 1};
T2 22 T3
utilparams = Join [utilparamsl, utilparams2 1;

taureps = {t1+ 2T, i =2y T, v1 +v2 > 1},
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We now compute the power series expansions of the four equilibrium conditions. We need to fully expand each series so
that the various powers of z and y are gathered together.

EgmPowll = (Normal [Series [EQM11, {€, 0,5 }]] /.subl ) //. tabutilderivs;
EgmPowll = Expand [EqmPow1];
EgmPowl12 = (Normal [Series [EQM12, {e, 0,5 }]1 /.subl ) //. tabutilderivs;
EgmPowl12 = Expand [EqmPow12;
EgmPow21 = (Normal [Series [EQM21, {e, 0,5 }]1 /.subl ) //. tabutilderivs;
EgmPow21 = Expand [EqmPow2];
EgmPow22 = (Normal [Series [EQM22, {e, 0,5 }]1 /.subl ) //. tabutilderivs;
EgmPow22 = Expand [EqmPow23 ;

We now take the expectation of each equilibrium equation's power series. Since z and y are the only random variables, we
replace each power of z and y and each crossproduct by the appropriate moment.

EgmPowll = EgqmPow11//. moments;
EgmPowl12 = EqmPow12//. moments;
EgmPow21 = EgqmPow21//. moments;
EqmPow22 = EgmPow22/ /. moments;

Collect terms of like powers @fand list the coefficients of each powereof his puts the equations in the proper arrange-
ment for solving the problem.

egnsll = CoefficientList [EgmPow1ll, e];
egnsl2 = CoefficientList [EgmPowl12, €];
egns21 = CoefficientList [EgmPow21, €1;
eqgns22 = CoefficientList [EgmPow22, e];

m Solve the individual equations in sequence

= Equation 1:

The coefficients of the® components of the equilibrium power series should be zero and they are.

{eqnsll [[1]]1, egns21 [[1]1]1, egnsl2 [[1]1], eqns22 [[1]11}

{0,0,0,0 }

= Equation 2:

We compute the bifurcation point by choosigfp],/[0],%[0],I1[0]) so that thees components are zero. We first list the
equations
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eql =eqnsll [[2]] // Simplify  // Expand
eq2 =eqns21 [[2]] // Simplify ~ // Expand
eq3 = eqnsl2 [[2]1] // Simplify /7 Expand
eg4 = eqns22 [[2]1] // Simplify /7 Expand

I[0] AL[1] +aC[0] AL[2] +E[0] A [2]
~I[0] A2 [1] -b1 A2 [2] -b2 Ap[2] +Z[0] A2 [2] +©O[0] Ax[2]
©[0] At[1] +a® £[0] At[2] + o2 E[0] Ac[2] +a©[0] A [2]

~2[0] Ag[1] ~abi Ap[2] ~aby Ap[2] +0® £[0] Ap[2] + o2 £10] Ap[2] +x©[0] Ap[2]
We next solve for bifurcation point.

BifPt = Solve [{eql =0, eq2 =0, eg3 =0, eq4 =0}, {©[0], £[0], &[0], [O1}I[I[211];

BifPt = BifPt //. EgmSubs // Simplify

o (b1 +b2) A [2] Ap[2]

(210) >~ A 2T A (1] + A (1] A2 (2]
(b1 +b2) At[1] A2 (2]

AL(2] A (1] +As (1] Ag (2]

(by +b2) A [2] Ax[2] }

e[0] > AL(2] Ao(1] + A (1] A (2]

, 101 -0, m[0] - -

We apply substitutions which express the solution in terms of risk tolerance instead of utility derivatives.
BifPt = BifPt //. EqmSubs //. utilparams // Simplify

, C[0] -0, 1[0] »

» 6[0] -
T1 + T2 T1 + T2 T1 + T2

[gro] » -2 e[0 t L }

Notice that the presence of derivative asset Yo has no impact on the demand for or premium of equity.

= Equation 3:

We next computed([0],£[0],%'[0],IT[0]) by setting the? components equal to zero.

eql = eqnsll [[3]] //. utilparams // Expand,;
eq2 = eqns2l [[3]] //. utilparams // Expand;
eq3 = eqnsl2 [[3]] //. utilparams // Expand;
eq4 = eqns22 [[3]] //. utilparams // Expand,;

Here is an example of one of the equations:

eql
p1p12 E(01%  2oapiuzy C[0]% o pyuso C[0]%  2p1 pp1 £[0] 0]
2 + 2 + 2 + 2 +
1 1 1 T1
2 , ,
2 o p1 U3,0 25[0] 610] | p1H30 29[0] ~af’[0]  e[0] £ 1 [0]
T1 1 1 1

sol2 = Solve [{eql =0, eq2 =0, eq3 =0, eqg4d =0}, {e' [0], &' [0], & [0], m' [O1}1[[1]11;
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We now solve forq[0],£[0],%'[0],IT'[O]).

sol2 sol2 /.BifPt /. EqmSubs // Simplify;

sol2 = sol2 /. EgmSubs // Simplify

(p1 T1 + P2 T2) (M21 +OLU30 ) (p1 -p2) T1 T2 (A U21 + o2 H30)

S0 & - /
o~ (t1 + 12)° » 101~ (1 + t2)° 1oz ,
0] > (o1 - p2) t13t2 K21 o) s - (o1 T1 + 02 t2)3u3’0 |

(T1+T2)° Hop (T1 + T2)

= Compute the change in equity demand from introduction of Yo

Notice that the presence of Yo has no impact on the equity premium derivafiOg,, but it does affect equity demand,
6" [07]. So, we now determine that effect

If there are two assets, then[0] is

twoasset = @' [0] /.BifPt /.sol2

(P1-p2) T1 T2 (-QL21 + o2 H30)
(t1+72)° Hop

If =0 then the derivative asset has no impact on equilibrium and it is as if it did not exist. Therefore, equity demand in its
absence is
singleasset = twoasset /. NoDeriv

(p1 - P2) T1 T2 430
3
)

(t1 + 2
The change in equity demand is the difference:

twoasset - singleasset // Simplify

o (-p1+pP2) T1 T2 U21
(t1+72)° Hop

= Equation 4:

We next computed([0],£"[0],¥"[0],IT"[0]) by setting the> components equal to zero.

eql = eqnsll [[4]] //. utilparams /.sol2  /.BifPt /. {b,->©-b1} // Expand;
eq2 = eqns2l [[4]] //. utilparams /.sol2 /.BifPt /. {b, > ®-b;} // Expand;
eq3 = eqnsl2 [[4]] //. utilparams /.sol2 /.BifPt /. {by > ®-b;} // Expand;
eqd4 = eqns22 [[4]] //. utilparams /.sol2  /.BifPt /. {b,->©-b1} // Expand,;

Solve for the second derivatives
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sol3 =
Solve [{eql =0, eq2 =0, eq3 =0, eg4 ==0}, {©" [0], &" [O], 2" [O], m'" ([O1}1[[111;

sol3 = ExpandAll [sol3 1;
= Change in equity risk premium
The presence of Yo does afféti0].

pi2 = n" [0] /.sol3 // Together // Expand

6 p1 3 +4b101t% . 4p2t8  4bip2d  6pirir L 8bipimre |
5 5 5 5 5 5
(t1 + T2) (t1 + T2) (t1 + T2) (t1 + T2) (t1 + T2) (t1 + T2)
2 2
20211 T2 _8b102t1t2+4b101t%  2ppt3  Abippid ApiTaTous
5 5 5 5 5 5
(t1 + T2) (t1 + T2) (t1 + T2) (t1 + T2) (t1 + T2) (t1+ T2)° Ho2
8 p1 02 T1 T2 U3 403 11 o U5, 4 0% 11 2 Uy . 8 p1 02 T1 T2 U3g
5 - 5 - 5 5 -
(t1+12)” Ho2 (t1+12)° Ho2 (t1 + 12) (t1 +T2)
2 2
4pstitapsy  x1 2 140 K1 T1T2l40 K2 T1T2H40 K2 T3 1ao
(t1+712)° (t1+12)° (t1+12)° (t1+12)° (t1+12)°

Define the price function

Price [e_] = 1 -€? m[e]

1-e%m[e]

Compute the Taylor series for the price function

TaylorPrice = Normal [Series [Price [e], {e€,0,4 }11]
1-€?n[0] -€3w[oj - % e* 0]

Compute the Taylor series for th case of one asset and two assets where we include the solufiéns fof07], and
1 [0].
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TaylorPriceTwoAsset = TaylorPrice

/ /. utilparams

/.s0l3 /.sol2 /.BifPt /. {b, »©-by}

e? €3 (p1 1 + P2 T2) Uso
- T1 + 12 (t1+t2)3 -
1 4 b1 b1 o1
2 2(41‘:1 4112>1:2 (t:f+2t% 7:2+t1t%) (41‘:1 %)tz (t:f+2t% 7:2+t1t%)
02 b1 o2 .
211 (ﬁ ﬁ) (t1 T3 + 13) Ty (4%:1 +%> (t1 T3 + 3)
by . 1
2t1<ﬁ ﬁ) (t? 1o +2 11 T3 + 13) 2<ﬁ+41:2)t2 (t3 +3 18 12 +3 11 13 + 13)
301 . 2 p2
2 <4111 +ﬁ) T2 (13 +3 13 10 +3 11 T3 + T3) (ﬁ*’ 4112> (183 +2 11 13 + 73)
b1 o2 1
(42*%) (t%t§+2t1t§+t‘2‘) 2(4111 4112>(t%t2+3t%t%+3t1t%+t‘2‘)
3 p2 1
2 <4111 +ﬁ) (tf3t3+3t33+3 1y 15+ 13)
p1 02 U341 )
(4111 + ﬁ) (13 t2 po2 +3 tf thuop +3 T1 T3 o2 + T3 Ho2 )
D%H%,l B
(4111 + ﬁ) (t3 t2 Ho2 +3 % t3 o2 +3 T1 T3 Ho2 + T3 o2 )
:O%/J%,l .
(45 + 25 ) (Hroz +4 8 tomo2 +6TF thuoz +4 t1 oz + T8 1o2)
p1 P2 434 .
(4111 + 4112> (4 o2 +4 t3 T2 o2 +6 T T3 o2 +4 T1 T3 o2 + T3 o2 )
p1 02 T1 M1 .
(45 + 25 ) (renoz +4 7 Buoz +6tftduoz +4 11 T8 ho2 + T3 1oz )
03 t1 U3, .
(4111 + 4ltz> (v totop +4 13 3 o2 +6 T2 13 op +4 T1 T Lo + T3 Uo2 )
P1 P2 M%,o 03 M%,o
(4;*%) (t§t2+3t%t%+3t1tg+tg) <4111 4112)(t%t2+31%t§+3tltg+t‘2‘)
0%#%,0 N
(4111 + 4112> (t‘l‘+4t§ 7:2+61:% 7:%+47:1t§+1:‘2‘)
o1 02 30 )
(4111 +%> (t‘l‘+4t§ 7:2+61:% 7:%+47:1t§+1:‘2‘)
p1 02 T1 M0 .
(4111 + 4112> (t‘l1 t2+4t:f t%+6t§ t%+4t1t‘2‘+tg)
D% 1 H%,o B K2 14,0
(4111 + 4112> (tf 2 +4 T3 3 +6 713 +4 11 78+ 1) 4 Tq <41t1 + 41t2) 3
K1 14,0 3 K2 La0
2 <4111 + 41tz ) T2 (2 tf+6t% To +6 T1 t%+2tg) 2 (ﬁ ﬁ) (271 tg+2t‘2‘)
3 K2 T1 Hap K2 tf {a0
2<ﬁ+ﬁ) 253 +4t1t5+213) 2(4lt1+4112>(2t§t§+6t%t§+6tltg+2tg)
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TaylorPriceOneAsset =
TaylorPrice / /. utilparams /.s0l3 /.sol2 /.BifPt /. {bp »>©-b1} //. NoDeriv

1 e? . e® (p1 11+ P2 T2) U3o
T1+ T2 (t1+712)°
1 by . b1 o1 _
2 2(4i1+%>12 (5 +2 1% t2 + 11 3) (4];1+%>122 (B3 +2 1} T2+ 71 73)
P2 B b1 02
21 (41:1 +ﬁ) (its+13) (4%:1 + 4112> (t1 3 + 13)
bs . 1
2t1<ﬁ+ﬁ) (tf t2+2 711 T5+ 13) 2<41t1+ﬁ)t2 (B3 +3 812 +3 11 75+ 13)
301 . 202 .
2<4111+ﬁ)tg(tf+3t§t2+3t1tg+tg) (ﬁwL 4112> (tfth+2 1123 + 13)
b1 o2 _ 1 -
(4111 + 4112) (t5t3+2t1 3 +173) 2 (4111 +ﬁ) (tff t2+3 15 +3 1113 +13)
302 11 . p1 P2 U39
2 <ﬁ+ﬁ) (1:% z§+3t§t§+3z1 t§+tg) (41‘:1 + 4112> (t§t2+3f% 75%+3tl fg+f§)
03 130 ot 1o
(5 %) (Am-3dd-3nd.d) (f+q) Heddn6dddnd.d
01 02 130
(4111 + 4112> (tf+4 3 to+6 183 +4 11 13+ 13)

p1 P2 T1 U

+
(4111 + 4112 ) (thro+d43t3+633+4 18 +13)
% 1 kg B K2 4,0 B
(4111 + 4ltz> (t‘{ I2+4t% t%+6t% tg+4tl 7:‘2‘+1:g) 4 tq <41tl + 41tz ) t%
K1 14,0 . 3 K2 H4p
2 (4111 + _4112 )2 (23 +6f 2461 13+213) 2 <4111 + _41:2 ) (21 B3 +213)
3 K2 T1 4o . K2 T U4o
2 (4111 +ﬁ) 233 +4t18+213) 2 (41‘:1 + 4112> 23 3+6t3th+6 1y 3+2718)
We now compute the difference.
TaylorPriceTwoAsset - TaylorPriceOneAsset // Together // Simplify

2e* (p1-p2)% T1 T2 1By
(t1+ T2)° Ho2

= Equation 5:

We next computed('[0],£[0],%"[0],11"'[0]) by setting the=* components equal to zero. We do this since these third deriva-
tives may play aole in the utility analysis below.
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eql = eqnsll [[5]] //. utilparams /.sol3 /.sol2 /.BifPt /. {bp->©-Db1};
eq2 = eqns2l [[5]] //. utilparams /.sol3 /.sol2 /.BifPt /. {bp>@©-Db1};
eq3 = eqnsl2 [[5]] //. utilparams /.sol3 /.sol2 /.BifPt /. {bp->©-Db1};
eq4 = eqns22 [[5]] //. utilparams /.s0l3 /.sol2 /.BifPt /. {ba->©-Db1};
sol4 = Solve [{eql =0, eq2 =0, eg3 =0, eqd =0},

{e' [0], &' [O0], g [01, m"™" [O]}1[I1]1;
Utility Expansion

We want to evaluate the utility impact of the derivative.

m Utility
We next define equilibrium expected utility for type 1 investors as a function of the scaling parameter

utilsubs = {6->0[e], £>C[e], I-T[e], T>T[e]}
{6->06[€], £->C[€], I->1N[e], 2>T[e]}

Y1 = Expand [Y1]
yel+zael+ze0+e?0N+e?CT+ag+by-e?mb;
Ul=ug[Y1] /. utilsubs

Uirfar+br +yeclel +zaelle]l +ze0fe] —€?bynfe] +e?0[e] n[e] +€2 Cle] [e]]

tabutilderivs = {u{n—) [(@1+b1)] » A [N],

ui™ [ (az +b2)1 » Ax[nl, u{™ [as + bi] > A[n], ui™) [az + bp] = Ax[n]}

{ui™ (a1 +b1] > AL[n], uy™ [z +b2] > Az [n], ui" [a1+b1] > Arn], uz"™ [az +b2] > Ax[n]}

utillpow = Normal [Series [Ul, {g, 0,5 }]1] //.tabutilderivs;

utillpow = Expand [utillpow ];
utillpow = utillpow //. moments;
utillpow = utillpow /.sol4 /.sol3 /.sol2 /.BifPt //.tabutilderivs;

utl = utillpow //. utilparams;
utilexpansion = CoefficientList [utl, €e];

Table [utilexpansion [ri11, {i,1,4 31 // Simplify

T1-2b1 (t1 + T2)

a; +bi], 0,
{U1[ 1+b1] 2(t1+t2>2

(3p2 2 ((-1+by) ty+b1t2) +p1 71 ((-2+3b1) ta+ (1 +3b1) t2)) usp )
3 (t1+t2)4
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This last list shows that the moments of Yo have no impact on utility up to the third order. Therefore, we move to the fourth-
order terms.

m Utility difference - order 4

Compute the utility contribution of the new asset. The utility difference is the utility with a nontrivial Yo minus the utility
with trivial Yo, that is, a Yo witteero co-moments with z. We know that we only need to.set equal to zero. More
generally, we would use substitutions which would seE &l yi} for i,j>0 equal to zero.

utils = utilexpansion [[511 // Together;
UtilDiff = (util5 - (util5 /. {1 ->0})) // Expand

2pf a2y L2 b1 0% f t2 13, , Ap1p2 w2 roudy  4bip1oz of T2 U5,

(t1+72)° wop (t1+72)° wop (t1+72)° pop (t1+t2)° Hop

208 titardy | 2bioftiTondy | Plutiudy  2bipfn thud,
3 3 3 3
(t1 + T2)° Moz (t1 + T2)° Moz 2 (t1+T2) Moz (T1 + T2)° Ho,2

p102T1 Thusy  4bipipz it gy . 0% t1 T3 by L2 b1 03 t1 15 13,
5 - 5 5 5
(t1 + T2)° Ho,2 (T1+ T2)° Ho2 2 (t1+12)° Moz (t1 + T2)° Moz

We first determine the denominator of this expression for utility difference
UtilDiffDenom = Expand [Denominator [Together [ULtilDiff 111 // Factor
2 (t1+72)° po2

We next determine the numerator

UtiIDiffNum = Expand [Numerator [Together [ULtilDiff 111 //. EQmSubs

2 2 2 2 2 2 2 2 2 2
~4pf i tapusy +4b1 o7 T T2 5, +8 0102 T T2 51 —~8b1 o1 o2 TT T2 U5, -
2 2 2 2 2 2 2 2 2 2 2,2
4pstitopsy +4b1ps i tousy +PT Ta T sy + 4D T T T sy -
2 2 2 2 2 2 2 2 2 2
2p1p02T1 T5 U510 -8b1 o102 Ta TS UG, +05 T TH U5 +4 b1 o5 Ty TS LS

m Simplify criterion
We now take out the term in the utility expansion which involves Yo

crit3 = Simplify  [Coefficient [UtiIDiffNum, uz1 211 / UtiIDiffDenom

(p1-p2)2 12 (4 (-1+b1) ty+ (L+4by) o)
2 (t1+712)% o2

This term proves the utility change theorem.



