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Abstract: When using some classical methods, such us separation of variables; it is impossible to find a general
solution for some differential equations. Therefore, we suggest adding conformable fractional Fourier series to get
a new technique to solve fractional Benjamin Bana Mahony and Heat Equations. Furtheremore, we give new
numerical approximation for functions using mathematica coding called conformable fractional Fourier series

approximation.
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1 Introduction

Fractional Fourier transform is one of the most impor-
tant tools in applied sciences [1]. It has been proved
that we can solve partial differential equations using
Fractional Fourier transform [2]. Fractional partial
differential equations also appeared to have many ap-
plications in physics and engineering. See [1], [3],
[4], [5], [6], [7] and [8]. There are many definitions
of fractional derivative. One of the most recent ones
is the conformable fractional derivative [9].

For more applications on conformable fractional
derivative we refer the reader to [10], [11], [12], [13],
[14] and [15].

Recently [16], fractional Taylor power series was
introduced, and a beautiful theory was layed there.
However, no work is done on fractional Fourier se-
ries, though there is some work on fractional fourier
transform.

The aim of this paper is to introduce conformable
fractional Fourier series with separation of variables
as a new technique to help us solve some frac-
tional differential equations (Benjamin Bana Mahony
and Heat Equations). These equations can not be
solved using classical methods. Moreover, we create
a new numerical approximation for functions using
the mathematica coding called conformable fractional
Fourier series approximation.
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2 Basics of Conformable Fractional
Derivative

A definition called conformable fractional derivative
was introduced.

Definition 1 Ler a > 0, then we define the fractional
derivative of f of order o as

L)) = tim 1T =IO,

e—0 €

forallt > 0and o € (0,1). We shall write f*(t) for
Ta(f)(1).

One can easily show that T, satisfies all the prop-
erties in the following theorem.

Theorem2 Ler o € (0,1 and f,g be
a—differentiable at a point t > 0. Then

(1) To(af+bg) = aTo(f)+bTo(g), foralla,b € R.
(2) T, (tP) = ptP~, forall p € R.

(3) To(X) = 0, for all constant functions f(t) = \.
(4) Ta(fg) = 9Ta(f) + fTa(g).

(5) Ta( ) 9Ta(f) QfTa(g).

(6) In addition, if f is differentiable, then

To(f)(8) = 172G (1),

The conformable fractional derivatives of certain
functions:
(1) T (sin 2¢) = cos 1¢2.
(2) T, (cos éta) = —sin éto‘.
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(3) Ta(eat") = eal”,
4) T, (t?) = ptP~<, for all p € R.

On letting o = 1 in these derivatives, we get the
corresponding ordinary derivatives.

One should notice that a function could be
a—differentiable at a point but not differentiable, for
example, take f(t) = 2v/t.

Then 71 (f)(0) = lim 71 (f)(t) = 1.
2 t—0+ 2
Where T%(f)(t) =1,fort > 0.

This is not the case for the known classical fractional
derivatives since T (f)(0) does not exist.

3 Fractional Fourier Series

Let0 < a < 1, and ¢ : [0,00) — R be defined by
¢(t) =L and g : [0, 00) — R be any function.

Let f : [0,00) — R be defined by f(t) = g((t)).
For example, if g(t) = cos t, then f(t) = cos(%).

Definition 3 A function f(t) is called a—periodical
with period p if

J(t) = g(p(t) = glp(t) + ). for all t € [0,00).

As an example, f(t) = cos(t ) is a—periodic

with period p = (2a7r)§.

Definition 4 Two functions f,h are called
a—orthogonal on [0, ] if

/b FOR®
0 tl—«a :

Example 5 cos(t ) and COS(2%) are a—orthogonal

on [0, (a2m)a ]

Proof 6 Put the variable change % = x and use
property (6) in theorem 2.

We get dx =t~ 1dt = tld_t
Further, whent = 0, x = 0, and when t = (a27r)%,
T = 2.

Hence

1
(a2m)a ta TR |
I:/ cos(—) cos(2— ) g—dt
0 a a t+—¢

2m
I:/ cos(z) cos(2x)dz.
0

Using the fact that cos(2z) = 1 — 2sin?(z) and the
variable change u = sin(zx), then du = cos(x)dx,
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when x = 0, u = 0 and when x = 27, u = 0.
Then the integral I became :

0
I= / (1 —2u?)du = 0.
0
Hence a result as required.

In general, using the idea in Example 5; one can
easily prove:

Theorem 7

£) and cos(mL) are orthogonal on

(04271')%] forallm # m.
nt-) and sin(m %) are orthogonal on

o , forallm # m.
(3) sin(n —) and cos(m %) are orthogonal on

[0 ,(a27r)éjx forall n,m.

Now, let us define the Fourier coefficients of an
a—periodic function with period p.

Definition 8 Let f : [0,00) — R be a given peice-
wise continuous o—periodic with period p: Then we
define:

(1) The cosine a—Fourier coeﬁicients of f as

dt
/f cos(n )la,n:O,l,Q,...

(2) The sine a—Fourier coefficients of f as

e dt
=2 [ st

cos24/t.

—Fourier coefficients of the

=1,2,3, ...

Example 9 Ler f(t)
The cosine and sine

Sfunction f(t) is

a1 =1, anda, =0 foralln #1

1
2

and
b,=0,VneN
where
1 1
p = (a2m)a and o = 3
Now, we give the definition of the fractional
Fourier series:

Definition 10 Let f : [0,00) — R be a given peice-
wise continuous function which is a—periodical with
period p: Then the a—fractional Fourier series of f
associated with the interval [0, p| is

«

S(f) 24 Z an cos(n—) + b, sin(n—)
a

where a,, and b,, are as in above.
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Theorem 11 The fractional Fourier series of a piece
wise continuous «—periodical function converges
pointwise to the average limit of the function at each
point of discontinuity, and to the function at each point
of continuity.

Proof 12 One can easily prove the previous classical
results. See [10].

Example 13 Let f(t) =2/t if 0<t

t<(

)2

and f(t) =2Vt —2m if (5)* <t <7

B

and oo = L with p = ° on the interval [0, 7).

Then,

< [ s tlaz;ﬂ/jf(t)
27r</2 it [

0.

dt
Vi
(2Vt —2m)

ao

dt

On the other hand we have :

2 p >, dt
o = = [ fOostn D)
2
1 [ dt
= — t) cos(n2v/'t)) —
. /0 () cos(n2v) 7
1[G dt
= = 2Vt 2V/t)—
71_/0 cos(n )\/Z
1 [ dt
+ - (2v/t — 2) cos(n2Vt) —.
™5 Vi
Using change of variables: 0 = 2+/t, we get
dﬁz%. Observe that = 0ift=0,0 ==
ift = (5)% and 0 = 27 if t = w2 and using

integration by parts.

Hence, the integral becomes :

an = —
m

Similarly we get
2 t
a / f(t)sin(n )
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_a_

2(_1)n+1
" .

)

1 s 1 2m
/ 6 cos(nb)df+— / (0—27) cos(nB)do =
0 T Jr

0.
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So
Sa(f)(t) = 5 +Zan cos(n —i—bn sin(n 2)
= 22 j@)nﬂ sin(ng).

n=1

The figures below represent the function along-
side its «—Fractional Fourier series approximation for
10, 100, 10000 terms where o = %, a = % anda =1
(classical Fourier series) respectively.

f(t) and a-Fourier Series Approximation, 10 terms

w
T

Figure 1: f(t) and alpha-Fractional Fourier Series Ap-
proximation, 10 terms.

f(t) and a-Fourier Series Approximation, 100 terms

4+

Figure 2: f(t) and alpha-Fractional Fourier Series Ap-
proximation, 100 terms.
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f(t) and a-Fourier Series Approximation, 10000 terms f(t) and a-Fourier Series Approximation, 10000 terms
y y
3f 3p
2F 2r
1F Ly
| | | | Lot ! L L L L L
2 4 6 8 10 2 4 6 8 10
1k -1t
—2F -2F
-3F -3r
Figure 3: f(t) and alpha-Fractional Fourier Series Ap- Figure 6: f(t) and alpha-Fractional Fourier Series Ap-
proximation, 10000 terms. proximation, 10000 terms.
f(t) and a-Fourier Series Approximation, 10 terms f(t) and a-Fourier Series Approximation, 10 terms
y y
3t 3
2 * 2
1F 1
L L L L Il ’ 1 1 1 | L /\ i
2 4 6 8 10 2 4 6 8 10
1k -1
-2 , -2
f -3
-3 r
Figure 4: f(t) and alpha-Fractional Fourier Series Ap- Figure 7: f(t) and Fourier Series Approximation, 10
proximation, 10 terms. terms.
f(t) and a-Fourier Series Approximation, 100 terms f(t) and a-Fourier Series Approximation, 100 terms
y y
A 41
3 |
2l *
i 2
10 I
L L L L L L L L L L L L L L L L ¢ L L L L L L L L L L L L L L L L L al
2 4 6 8 10 2 4 6 8 10
-1}k
2L -2r
-3 7
i Wl
Figure 5: f(t) and alpha-Fractional Fourier Series Ap- Figure 8: f(t) and Fourier Series Approximation, 100
proximation, 100 terms. terms.
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f(t) and a-Fourier Series Approximation, 10000 terms

Figure 9: f(t) and Fourier Series Approximation,
10000 terms.

4 Solution of Fractional Benjamin
Bana Mahony Equation

We will attempt to solve an equation called Fractional
Benjamin Bana Mahony Equation using separation of
variables and fractional Fourier series :

DPDPU+ DU = DPDDEDOU. 0 <a <1 (1)
subject to the conditions :
U0,t) =0; U(1,t)=t*; z>0.

U(x,0)=0; U(x,1)=0;

Solution :
We will be using separation of variables technique.
Let

1>t>0.

Uz, t) = P(z)Q(t).
Substitute in equation (1) to get :
P(2)Q*(t) + P*(2)Q(t) = P**(2)Q*(1). (2)

Here P(z) and Q(t) are the unknowns.
From which we get :
Q¥() _ P(x)

Q(t)  P*(z) - P(a)
Since x and t are independent variables; then we get :
Q@) P*(x)
Q(t) ~ P(x) - Pla)

where )\ is a constant to be determined.
Hence we obtain :

QP (t) = AQ(t) =0. (3)
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AP (g) — P%(z) — AP(z) = 0. (4)

Conditions suggest that we work with equation (3)
first.
Then the auxiliary equation of equation (3) is

r2—\=0.

There are three possibilities for \ :

Case(i): A=0:
then equation (3) becomes :
Q¥ (t) = 0.
We get
B8
Qlt) = + g

for some constants ¢; and cs.
Conditions implies that : ¢; = c2 = 0. So

Q(t) = 0.

Hence, no non trivial solution exists when A = 0.

Case (ii): A = 2 > 0:
then equation (3) becomes :

Q*(t) — *Q(t) = 0.

So the characteristic equation of equation (3) becomes
r? — u? = 0, we get two distinct solution r; = ,

ro = —[.

Therefore the solution has the form

for some constants ¢; and cs.
But again conditions show that Q(0) = ¢1 + ¢2 = 0,
J=2 K
1 = —cg,also Q(1) = c1ef + coe ®
=3 _ K
So,ci1(ef —e ) =0,thus c; = ca = 0.
Hence, no non trivial solution exists when A = y2.

Case (jii) : \ = —p? < 0:
then equation (3) becomes :

Q¥ (1) + 12Q(t) = 0.

Then the auxiliary equation of equation (3) becomes
r2 + u? = 0, we get two distinct complex solution

r1 = i, r9 = —iu, and since the real part in r; and
79 equal 0.

Therefore the solution is given as follows :

8

Qlt)=c Sin(ﬂg)
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for some constants ¢; and cs.
Using conditions to get :

QO)=c2=0; Q()=ac1 sin% = 0.

Thus

.M .
sin= =0, so = =nm, ie p = nnf

B
wheren =1,2,3, ...
Hence

Qn(t) = ¢, sin(nwt?).  (5)

Now, we go back to equation (4) we find :
2r262 P2 (x) — P¥(x) +n’m?B2P(x) = 0. (6)

The auxiliary equation of equation (6) is :

2026242 —r 4+ n2n2p2 = 0.
Thus
A =1+4n'718* > 0.
So
~1+ VA —1—-VA
= 72n27r252 and ry = 72n27r262 .
Hence the solution of this equation is :
P(x) = k1e'a + koe™
for some constants k; and ko.
Conditions implies that :
P(0) =k1 + ke =0, so ky =—ky, thus
P(x) = ki(e"'a —e?'a).
Hence
Po(z) = ky(e"'s — ). (7)

Combining (5) and (7) to get :

Zb

Conditions show that :

twfz:b riela —7'26

n=1

o — e e ) sin(nat?).
)sm(mrtﬁ)

Using the 5—Fractional Fourier series of t2°, we find
that :

25 9 dt
by = 2 ["ps t9)—
n el sin(nm >t =5

9 p

= —g 38 sin(nat?)dt
P~ Jo
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Now we have to use this variable change u = t° and
du = Bt?~1 to get :

2 t1=p
b, = ﬁ/ 39~ sin(nru) ——du
2
= u” sin(nmwu)du.
pﬁ
Then
2 5 cos(nmu) sin(nmu) _cos(nwu) P’
bp=— |—u .
P nm n2n?2 n3md |,
Thus
cos(nmp®)  sin(nmp®)  cos(nmp?) 4
by = —2p° +4 — .
nm n2m2 pPn3m3  pbndxd
Therefore :
e et s tﬂ
Uz, t) = an(e”T — e a ) sin(nwf—).
n=1 /8
Where :
cos(nmp®)  sin(nmp®)  cos(nmp?) 4
by = —2p° +4 - .
nm n2n2 pPnd3md  pbndgd

S Application

Now, as an application we will use fractional Fourier
series to solve the Conformable Fractional heat partial
differential equation as demonstrated in the example
below.

Example 14
0% [(0%u(z,t)\ 0%l i)
ot ( ato ) T T g2 M
0<t , O<ax<L
u(0,t) = 0 ()
u(L,t) = 0 3)
D0 = (4)
(%0) =0 )
Solution:

Let us use separation of variables technique.
So let u(z,t) = P(x)Q(t), substitute in the equation

fo get
P(2)Q*(t) = *P*(2)Q(1).
Since x and t are independent variables, then we get
Q™ (1) _ P
Q) P(x) '
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for some constant .
Consequently,

Q**(t) = AQ(t) = 0 (6)
AP (x) = AP(z) = 0 (7

We start with equation (7), P?(z) — AP (z) = 0. Then
the auxiliary equation of equation (7) is r? — C% =0.
Now there are three possibilities for X :

Case i) : AN = 0. Then r = 0, so the solution
is P(z) = ¢1 + cou.

Using condition (2), we get ¢ = 0, again using
condition (3), we get ca = 0.

So P(z) = 0. Hence, no non trivial solution when

A=0.

Case (i) : A\ = p* > 0. Sor = +5, r = —K&, then
the solution is P(x) = cy sinh £ + ¢ cosh L.
Using condition (2) and (3), we get c; = 0 and
ca =0, 50 P(z) =0.

Finally, no non trivial solution when A > 0.

Case (iii) : X\ = —p? < 0. sor = +ik, r = —if,
then the solution is P(x) = ¢y sin £ + c3 cos L.
Using condition (2), we get co = 0, also condition
(3), we get

P(L)=cisin£L =0, sosin £L = 0.

Hence, n = %mr, n=1,2 3, .. which gives that
A= —(%TZT[')Q, n=123,...

Thus

P,(z) = cnsin(n%x) (8)

Now, we return back to equation (6),

Q¥ (1) = 2Q(t) =

So

Q™ (1) + (7 nm)*Q(t) = 0.
Its auxiliary equation is r* + ($nm)? = 0, thus we get
two distinct complex solution

. C
—1—=NnT

L

C
—Nnm, ry =

L

7"1=i

and since the real part equal 0, the solution is given
as follow:

ta (04
Q(t) =0 COS(%TL?TE) + by sin(%mrg).
Condition (5) implies that by = 0.
So "
=0 .
Q) = by sinfu’)
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Hence,

Qn(t) = by sin(nﬂ'%g) 9)

Combining (8) and (9) to get

- > . nm ct®
t) = Zan sm(fa: sm(mrzg)

Now, using condition (4), g—;(o, t) = t2%, to get

Za sin(n TI‘Eﬁ)
"L L«

Using the a—Fractional Fourier series of t2®, we find
that

2a0 [P e dt

— t2a Sin(nf) T—a

P Jo a’ e

2c0 [P te

— [ 3 lgin(n—)dt.

P Jo «

By using the substitution u = t%, and du = at®1dt,
then

2 tl a
an = a t3°‘ 1sm(nu) du
o
= / “sin(n—)du
= / u? sin du
P Jo
Consequently
2 [ 5 n .« on o a? e
an = — |—u”cos(—u).—+ 2u sin(—u).—
o | e 2 2 sin(). 5|
2 | n . a31”
+ — [2cos(—u) 3]
P | a " ne
2 [ 5 o O _n . a?
= — |—p™®cos(—p~).— + 2p° sin(—p%).—
o | 7P (Zp™).— 420" sin(—p%).—5
2 [ n a’ a’
— |2 cos(—p~ 2—
b2 sl % | - 2%
2
n e
= —2p“ cos(— 4 sin —
p* cos(—p%).— +4sin(—p%).
4 n . o o?
— cos(—p%).— —
+ e (ap ) 523

- > . oonm ct®
t) = Z an sm(fzv sm(mrzg)
=1
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Where

2
n « .on «
an = —2p%cos(—p®).— +4sin(=-p“).—
« n n

3 3

o O «o

+ —aCOS(—p )m 2;

IN our paper, we use the mathematica coding
programm to see the a—Fractional Fourier series
approximation and the classical Fourier series ap-
proximation of functions.

The figures bellow represent the solution of
Conformable Fractional heat partial differential
equation with three different terms.

u(x,t) Approximation, 1 term

Figure 10: u(x,t) Approximation, 1 term.

u(x,t) Approximation, 50 terms

Figure 11: u(x,t) Approximation, 50 terms.

E-ISSN: 2224-2880

468

Ahmed Bouchenak, Khalil Roshdi, Alhorani Mohammed

u(x,t) Approximation, 100 terms

Figure 12: u(x,t) Approximation, 100 terms.

6 Conclusion

The results explained in the previous sections show
that the separation variables with fractional Fourier
series technique solves some difficult problems that
cannot be solved with classical methods, also we
can use the conformable fractional Fourier series
approximation to approach some functions.

Closing remark:

(1) In the Example 11, o = % give best approximation
of the function f(t) then v = 1.

(i) Is the a—Fractional Fourier series give best
approximation of functions then the classical Fourier
series and vice versa ?

(iii) What is the value of o which give the best and
perfect approximation in aw—Fractional Fourier series

approximation ? and how to fix it ?
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